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PREFACE 


This book has grown out of some 12 ycuirs’ experience with a course in 
fluid me(;hanics for an undergraduate class in th(‘ mechanical engineering 
department of the Massachusetts Institute of Technology. 

The controlling importance of flow phenomena in neai'ly every type of 
machine and process led to the conversion of a traditional course in hydrau- 
lics into a more fundamental treatment of the action of fluids generally. 
The authors were more anxious that the student understand flow phenom- 
ena tlian that he be familiar with details of many pj*actic,al devices. They 
attempted to give unity to thi) subject by the can^ful development, at an 
adult level, of thc^ mechanics of fluids and to provide interest and utility 
by condensed treatment of sele(d-ed types of engine(‘ring jipplication. 

The course' is (essentially an introdiu'tion to a fl('ld of (engineering science 
that inceludes important subjecets for later professional study. An intro- 
ductory course should lay an adecpiate foundation for advanced work and 
should, therefore, deal both with mathematical reasoning and with ex- 
perimental results. Recent advances in the efficicency of macehines and 
engines have resulted from a better uncierstanding of their operation. 
This understanding requires not so mu(!h the determination of over-all 
pcirformance in terms of a few pressure and temperature measurements as 
a detailed exploration of flow conditicjns. 

In such investigations fluid mechanics is of first importance, both in 
machines actually handling fluid, such as compressors and turbirms, and 
also in engines, where controlled flow of air, fuel, and combustion gases 
is essential. 

The application of Newton ^s laws of mec^hanics to fluids with the aid 
of the tools of mathematics gives an exact description of flow phenomena 
for certain idealized cases but only an approximate description for many 
practical cases. The greatest difficulty comes in real fluids from the effect 
of friction and the resulting turbulence and separation from the boundary 
surfaces designed to guide the flow. When the type of flow is too confused 
to be postulated with any confidence, mathematical analysis from first 
principles is usually hopeless. 

First the naval architect and later the aeronautical engineer have been 
brilliantly successful in the use of models to solve such complicated prob- 
lems. For this, a theory of similitude is necessary to ensure that the model 
experiments shall predict full-scale performance under the desired condi- 
tions. In view of the increasing importance of controlled experiments in 
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mechanical engineering, in this text the authors have gone into the theory 
of dimensions and physical similitude with some care. They believe that 
the student is entitled to a full explanation of the apparently simple rules 
for conducting model experiments. 

The theoretical behavior of an ideal frictionless fluid has been discussed 
in order to introduce the student to basic (u)ncepts governing pressure and 
velocity distribution. While no n^al fluid is frictionless, in many engi- 
neering problems friction in the main flow may be neglected. At the same 
tim(^, friction can be the controlling factor near solid boundaries, as 
Prandtl showed in his theory of the boundary layer. The student is ex- 
pecte^d to appreciate the simiflicity and ele^gance of the mathemati(;al treat- 
ment of the ideal fluid and also the validity and logic of the simplifying 
assumptions on which th(‘ treatment of frictional flow is based. For 
these reasons, the authors have given more weight to hydro-mechanics 
and boundary-layer theory than might be expected in an introductory 
text. 

An explanation should pcaixaps be made of what may appear in the 
early chapters to be an overelaborate analysis of vS(if-evident phenomena, 
such as the conditions of static equilibrium. A mathematical formulation 
of very simple physic^al relations is developed with some care to ensure 
familiarity with certain powerful methods of analysis needed later. For 
example, the device of a potential furu^tion is introduced as the potential 
energy of a gravity field, in anticipation of th(^ later use of a velocity poten- 
tial to describe a velocity field. Teaching experience indicates that the 
calculus needs restatement when applied to physic^al quantities. 

The material in C'haps. I to VITI is essentially that presented during 
the first term of a two-term course in fluid mechanics. Parts of the re- 
maining chapters are covered in the second term, with emphasis on topics 
in C^haps. X, XI, XII, XIV, XV, and XVII. The students for whom 
this material is intended have had 2 years of physics and mathematics, 
including differential equations, and 1 year of applied mechanics. 

Since the student is taking a parallel course in thermodynamics at the 
same time, certain topics that might logically be included have been 
omitted. Furthermore, the class is also engaged in a sequence of labo- 
ratory exercises involving instrumentation, fluid measurements, and de- 
termination of the operating characteristics of many examples of machin- 
ery. While this book is designed to illuminate such laboratory work, it 
is in no sense a laboratory manual nor is it descriptive of current practice. 

The treatment of servomechanisms is included for use in a separate 
one-term elective course. 

Acknowledgment is made of valuable help from those who have given 
the course, notably R. von Mises, C. B. Millikan, and H. Peters. The 
chapters on lubrication were largely written by J. T. Burwell. M. Raus- 
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cher hclppcl with the material on jets, and C. E. Grosser with that on hy- 
draulic transmissions. The authors, however, are responsible for the end 
product. 

J. C. Hunsakkr 
B. G. Rightmire 

Cambridge, Mass. 

October, 1947 
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C'HAPTER I 

INTRODUCTORY SURVEY 


1.1. Definition. Fluid mechanics is the special branch of general me- 
chanics that applies its fundamental principles to fluids. These principles 
are Nevvton\s laws of motion, the cons(^rvation of energy, and the inde- 
structibility of matter. Fluid mechanics can describe and predict the 
behavior of fluids to the (extent that we know their physical properties and 
to the extent that practicable methods of applied mathemiitics can be 
found. 

1.2. Objective. The primary objective of fluid mechanics for a me- 
chanical engiiiecu* is twofold, (1) to explain the facts of experience by the 
deducti(m of general rules and (2) to apply such gcaieral rul(\s to predict, at 
k^ast to a practical approximation, the fluid plienomena involvcHl in the 
pcudormance of ships, airplaiu^s, (uigines, compressors, turbines, pipe lines, 
aiid wherever a working fluid is involved in the operation of machinery. 
The rules of fluid mechanics are also fundamental to lu])rication, convec- 
tional heat transfer, ballistics, oceanography, and meteorology, where 
important modern developments have taken place as a result of analysis 
of observed facts. In neai’ly all actual cases, somc^ simplifying assumptions 
must be made as to the physical properties of the fluid or as to the character 
of th(^ flow. 

1.3. Fluids and Solids. The word ^^flukF^ (from Latin JIaiuIus) means 
a substance having particles that readily change their relative positions. 
Fluid refers, therefore, to both gases and liquids, as opposed to solids. 

Solids and fluids behave differently under the action of an applied force. 
The force necessary to produce deformation of a solid depends mainly on 
the amount of the deformation, as, for example, in the case of a spring 
The force must be maintained in order to hold the deformation. In the 
case of a fluid the force depends primarily on the speed with which a 
deformation is produced. Such force tends to vanish when the speed of 
deformation approach(is zero. The increased resistance accompanying 
any increase in the speed of a solid body moving through a fluid illustrates 
this characteristic. 

1.4. Viscosity. A fluid has the property of resisting deformation in 
proportion to the rate of deformation. Experiment shows that in a flooded 
journal bearing in which the shaft and bearing are concentric the following 
proportionality holds: 

F V 

27raL h 

i 
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where F is the tang(‘ntial force acting on the lubricant at the surface of thci 
shaft and the other (luantities are shown in Fig. 1.1. Since it is known 
that a fluid does not slip at a boundary, the ratio V /h measures the rate of 
deformation of the oil in the bearing. The ratio F /2TraL is the shear force 




Fkj. 1.1, — Oil vi«fosity causes shearing stress on the shaft of a Hooded journal bearing. 


per unit area, or shear stress exerted on the oil. The factor oi‘ propor- 
tionality betwf^m shear stress and rate of deformation is a property of the 
lubri(iating fluid and is called the '^coefficient of vis(H)sity’' or, simply, 
"viscosity.” The defining (equation for viscosity of the lubricant in the 
journal bearing of Fig. l.l is 


Shear stress = 


F ^ V 
2Trah ^ h 


( 1 . 1 ) 


where ju is the viscosity. It is seen that the shear stress persists as long as 
the ratio V/h is gre^atc'r than z(‘ro. 


X= Displacement due to F 




Fig. 1.2. — Shearing stress is proportional to deformation of an elastic solid. 

Many substances, like metals, become true fluids when heated, while 
quasi solids, like jelly, pitch, and grease, may behave like fluids of very 
high viscosity. 
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For an elastic solid deformed by a shear force F the following equation 
holds: r. 

Shear stress (^*2) 

wher(‘ G is a property of the solid called the “sh(*ar modulus” and the other 
quantities are shown in P'ig. 1.2. The analogy between Kqs. (1.1) and 
(1.2) is obvious. 

1.6. Plasticity. Metals heated just short ('f the melting point or 
strained l)eyond the elastic limit no longei* behave as elastic solids but de- 
form continuously under a constant load. This phenomenon of creep is 
characteristic of the plastic, state of many solids. A metal in the plastic 
state is still polyc.rystalliru^ and is not a fluid until melted. Hot nu'tal in 
the rolling mill is plastic; so is cold metal under the vcay great local forces 
involved in wii‘e drawing, press-forming, or cold-riveting. A yielding ma- 
terial that does not r(\sist sh(uir in proportion to ili(' rate of shear is some- 
times calk'd a ‘‘non-Newtonian liquid.” Heavy grease at low tempera- 
ture's may ('xhil)it a definite yield point and act like a plastic rather than 
like a true liquid. 

The methods of fluid mechanics are ordinarily inapplicable to sub- 
stances in the plastic state. 

1.6. Perfect Fluid. Since real substances may partake of the^ fluid 
state t-o various degrees depending on conditions of tempca'ature and 
pressure, application of the principles of fluid mechanics can be greatly 
sirnplitied if the analysis is first made for an imaginary perfect fluid that is 
nonviscous, i.c., for one that is subject to no shearing strcvss during motion. 
The assumption of such a frictionless fluid, under many circumstances, 
leads to very fair jipproximatioiis to the behavior of real fluids of low 
viscosity, such as, for example', air, water, and alcohol. 

It should be nob'd that in problems of statics, since there is no motion, 
it is unnecessary to postulate a perfect fluid because the effect of viscosity 
is nil. 

1.7. Liquids and Gases. A fluid may be eitlier a gas or a liquid. A 
gas completely fills the region within given boundaries regardless of the 
amount of gas enclosed, while a definite amount of liquid is required to fill 
a given region. A smaller amount of liquid will fill only part of the region, 
a free surfaces being formed as one boundary. In the words of Sir Oliver 
Lodge: “A solid has volume and shape, a liquid has volume but no shape, 
a gas has neither.” 

The most important difference between a liquid and a gas, from the 
viewpoint of fluid mechanics, is the fact that a liquid, like a solid, is prac- 
tically incompressible under ordinary conditions, while a gas can be readily 
compressed. When the change in density of a gas is small, however, it can 
often be treated as an incompressible fluid to a good approximation. 
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A vapor is a gas that condenses to a liquid under lowered temperature 
or increased pressure. The pressure at which vapor begins to condense 
at any given temperature is called the “vapor pressure” or “saturation 
pressure.” This pressure forms a limit below which laws applicable to 
gases cannot be used. Strictly speaking, all gases are vapors, since they 
can be condensed under extreme conditions. Vapors, however, behave 
like true gases under conditions sufficiently far removed from the saturation 
pnissure. 

In this study of fluid mechanics the treatment will ordinarily be re- 
strictf*d to practically incompressible fluids, with consideration given to 
compressibility only in special cases. 

1.8. Concepts. The behavior of fluids is extremely difficult to describe 
or to observci in detail because there are no separate elements to be seen. 
In the mechanics of solid bodies we deal witli sc'parate entities of known 
dimensions and motions. A fluid, however, is continuous throughout a 
space, though its motion may be different at every point. Pressure, 
density, and temperature may vary throughout the space. Sometimes the 
flow seems to be regular, as if in layers, or laminae, and at other times it is 
confused and turbulent. Under some conditions large whirls or eddies 
occur. 

Analysis is hopeless unless we can distinguish the conditions that are 
associated with the various types of behavior. Our method will be first to 
obs('rve characteristic situations and then to devise simple idealized condi- 
tions that give an approximation of what has been observed. This method 
leads to a further classification, not as to the properties of the fluid itself, 
but rather as to the conditions under which the fluid is acting. Certain 
concepts will be required to define these conditions. 

1.9. Continuity. The most conspicuous feature of fluids is that they 
generally exist and move as a continuous body of substance without voids. 
We postulate for analysis continuous flow such that at no place is fluid 
created or destroyed. We, in effect, affirm conservation of matter. Fur- 
thermore, we observe that in general, as in a river, the velocity, pressure, 
temperature, and density vary continuously from point to point at a given 
instant of time but at a given point may vary with time if the flow is not 
steady. 

1.10. Continuum. This observation leads to the idealized conception 
of a continuum in which the quantities characterizing the flow, such as 
velocity, pressure, and density, are continuous functions of time and posi- 
tion. It then remains to consider under what conditions such a continuum 
represents our experience and also what meaning to attach to such ideas as 
pressure, density, and velocity at a point. When we examine these ques- 
tions later, we shall conclude that gas in a vacuum tube contains too few 
molecules to be treated as a continuum. We shall see also that, under 



Sec. 1.13] COMPRESSIBLE AND INCOMPRESSIBLE GASES 5 

some conditions of flow, velocity is not a continuous function of position 
but may change suddenly at a so-called ''surface of discontinuity'' which 
separates, for example, a jet of air from the surrounding atmosphere. 

1.11. Statics. We may greatly simplify oui- analysis if we first confine 
our attention to fluid at rest. It is common knowledge that liquids come 
to (Kiuilibrium with less dense fluid on top. We also know that the baro- 
metric pressure on a mountain peak is less than in a valley and that a deep- 
sea diver is subjected to greater pressure as he goes deeper. P'urthermore, 
the phenomenon of convection, due to heating lower layers of fluid, is a 
rupture of a previous condition of stable eciuilibrium. From the principles 
of statics we can explain why a shii) floats, why balloons rise in the air, and 
why other phenomena concerned with the stability of fluid at rest occur 
as they do. 

1.12. Dynamics. Since flowing fluid is subjected to dynamic forces due 
to the motion, the distiibution of pressure and density in the continuum, 
as determined by static conditions, (^an be greatly modified by thc^ motion, 
liy the principle of the conservation of energy we (^an predict the inter- 
changes bcjtween kinetic and potential energy as a flow proceeds, and by 
means of a special form of Newton's second law of motion we can predict 
the dynamic forces exerted by the fluid. 

In the mechanics of solids Newton's sei’ond law relates the force on a 
body of known mass to the rate of change in its momentum. In fluid 
mechanics individual masses are not distinguishable, and it is necessary to 
deal with a portion of the continuum contained within imaginary fixed 
boundaries. The resultant external force exerted on the fluid tbat at 
any instant lies inside this fixed "control volume" ecpials the rate of change 
of momentum of this fluid. Under certain conditions this force simply 
equals the difference between the rates of outflow and inflow of momentum 
across the boundary of the control volume. 

1.13. Compressible and Incompressible Gases. We may simplify both 
the static and the dynamic problems of fluid mechanics by the assumption 
of constant density throughout the continuum. This is exactly what has 
been done in hydraulics, which deals exclusively with licpiids. We know 
from experience that liquids are practically incompressible. Only when we 
deal with pressure waves in a liquid are we concerned with its compressibility. 

Gases, however, are easily compressed, and substantial volume changes 
are produced in various types of machinery. For moderate changes in 
level the atmosphere behaves like an incompressible fluid, and appreciable 
density change requires an increase in altitude of the order of a mile. 
Likewise, for ordinary velocities (less than 250 mph) the density change 
produced by the motion is only a small fraction of the normal density. 
For velocities approaching the speed of sound (about 750 mph) com- 
pressibility is very important. 
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The facts of experience, therefore, tell us that liquids and atmospheric 
air may be treated as incompressible fluids in many practical cases. Air 
need be treated as a compressible fluid only where great density changes 
are brought about, as by great change in height, by machinery, or by 
extreme velocity. 

For any object moving through a fluid there is some place on its surfac^e 
where the relative velocity of the fluid is substantially higher than the 
velocity of translation. Consequently it is i)ossibl(' for this local velocity 
to reach the velo(;ity of sound while the translatory velocity is subsonic. 



a b 


Fig. 1.3. — a. Flow past an airfoil at a speed well below that of sound, h. Flow in 
which sound velocity is reached kxuilly in a region below the slanting dark lines (shock waves), 
The flow is upward in both pict ures. 

The velocity of translation at which local sonic velocity is encountf^red 
determines a critit^al speenl for the particular shape of body, marked by 
the preseru^c of standing compression waves. 

Figure 1 .3a is a photograph of the upward flow of air past an airfoil at a 
speed of 0.422 sound velocity. Figure 1.36 shows the flow pattern for the 
critical air speed at 0.776 sound velocity. The photographic method used 
makes visible variations in air density. In Fig. 1 .3a the airflow is relatively 
smooth, and no marked discontinuity of density can be observed except 
close to the tail, where the flow separates to form a turbulent wake. At 
critical speed, Fig. 1.36 shows a great change. The dark lines across the 
airflow indicate regions of rapid change in density. Behind these lines the 
flow separates from the airfoil, and a broad wake is formed. The critical 
speed is marked by a large and abrupt increase in resistance. 

The difference in the flow for the two photographs is a consequence of 
compressibility. At critical speed the airflow next to the thickest part of 
the model has reached the speed at which a pressure wave is propagated. 
Hence, pressure changes on the rear of the model cannot influence the flow 
over the forward part since a pressure change cannot be propagated up- 
stream. To preserve equilibrium a discontinuity of pressure (and density) 
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occurs in the form of standing waves, or compression shocks/^ shown by 
tlie dark lines. The very sharp increase in pressure at the compression 
shocks forces the flow to separate from the model, leaving a broad wake. 
In general, a critical flow is unsteady, and the position of the compression 
shocks fluctuat(^s with time. 

Tfie techni(5al measiin^ of high speed is the Mach number Jlf, defined 
as the ratio of the giaieral flow' velocity to the velocity of sound in the 
fluid. Subsonic vtdcxdty is indicated by M < 1 and supersonic velocity 
b}^ M > 1. Airplanes fly at subsonic vc^locity but may reach a critical 
speed in a dive with consequent si^rious effects on (a)ni,rol and structural 
integrity. Propellers, supendiargers, and other machineiy fre([U('iitly 
handle air at critical speeds and higher. Bombs dr()])ped from a great 
height may attain and pass tli rough a (critical velo(,*ity. Projectiles are 
fired w ith an initial supersonic velocity. 

In the discussion of the dynamics of fluid motion, comjin'ssibility can- 
not be neglected when the Mach number approaches unity. 

1.14. Steady Motion. The simplest case of flow^ is a steady moti(m 
whose pattcu'n is th(' same at all times. Such a flow^ is si'en in the steady 
jet from a nozzl(‘, tiu' stc^ady (‘urrent in a. river, or th(‘ stc^ady wind at a 
good height above' t lu' ground. Mathematically w'e express this st.atement 
that the velocity fitid is independent of time and depends only on the space 
coordinate's :r, y, z thus: 

y 

Steady motion may be inconipressil)k' or not, dc^jK'nding on whether 
the density is constant or a function of location. 

1.16. Boundary Layer. WIk'u one looks over the side of a vessei pro- 
ceeding in smooth water, a belt of so-called ‘'friction eddies” is seen, made 
visible by day because of air n'leased and often by night by phosphorescence 
in the water. Just outside this belt the flow' seems to be steady and of the 
order of the velocity of the ship. Since the water wets the ship and is 
carried along with it, there is, close to the ship’s hull, a high velocity 
gradient that makes viscosity important and creates a strong frictional 
drag on the hull (see Fig. 1.4). 

Outsidi' the boundary layer the velocity gradients arc small; hence, 
for this steady motion, frieJion or viscosity should be unimportant. The 
fluid outside the boundary layer seems to flow^ in a steady and frictionless 
manner. 

Accordingly, to approximate the complicated motion of real fluids, it 
has been found generally usc'ful to consider the continuum as made up of 
two distinct and separate portions, the boundary layer and wake, where 
friction controls the motion, and the region outside, w^here friction can be 
neglected. The justification for this concept, due to Prandtl, is its evident 
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resemblance to the observed state of affairs and the useful practical results 
that can be obtained from analyses based on it. 

Observation of real fluids shows no discontinuity in velocity through 



1.4. — partirIcH oiitoririg the boundary layer adjacent to a body arc set into 

rotation by the action of viscosity. 


the boundary layer. Figure 1.5 indi(;ates a rapid but smooth transition 
of velocity from zero to Uo in passing out from the ship’s side through a 
boundary layer such as is n^presented in Fig. 1.4. 



Fig. 1.5. — Velocity distribution in a boundary layer. 
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1.16. Discontinuity. Where a sharp comer projects into the flow, the 
steady stream of fluid would be thrown clear, as in Fig. 1 .6a. On one side 
of DD tluire is dead water and on the other the full velocity of the stream. 
There is consequently a discontinuity of velocity, but not of fluid. The 






Jet 


velocity gradient is, for an ideal fluid, infinite at such a ‘^surface of dis- 
continuity/' 

For real fluids having friction the abrupt change in velocity (high 
velocity gradient) causes large frictional forces tangential to the direction 
of motion. The dead water is set into rotation by the stream. The eddy 
that builds up is indicated in Fig. IM. 

A liquid jet in aij*, as from a nozzle, is surrounded by a surface of dis- 
continuity. Her(‘ the liquid continuum may be considered to extend 
throughout the tank and the jet but not to cross the surface of the jet into 
the air (see Fig. l.Gc). 
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Observed phenomena frequently show a distinct separation of the flow 
from the object about which it flows. Such separation appears to Ix^ 
associated with a rapid change in contour, which the fluid will not follow. 
Flow separation involves a surface of discontinuity that breaks up into 
eddies. The ideal (xmeept of a continuum can represent only the region 
not containing a surfac^e of discontinuity. 

Flow separation is of great tec^hnical importance bec^ause smooth flow 
is destroyed and (energy losses become very large. An airplane stalls when 
the flow separates from the wing flown at too high an angk^ of incidcaice. 

1.17. Laminar and Turbulent Flow. Observation shows that fluid 
flowing Yory slowly through a pipe or flowing through a very small capillary 
tube moves steadily in parallel layers having different speeds. This kind 
of motion is called ‘Taminar flow.'^ The boundary layer on a smooth 
object in a free stream may likewise show laminar flow for low speeds. 

In pipes of sufficicait size and at sufficient vc'locity the flow l>reaks up 
into a (ionfused turbulence. A similar transition from laminar to tur]:>uleiit 
flow, depending on flow conditions, is observed generally in boundary 
laj^ers. 

It is helpful to (classify any flow in the region of a boundary or in a, pipe 
as either laminar or turl)ulent and to devehjj) an analysis for each. Each 
is observed in nature and must be accounted for in any theory that pretends 
to predict natural phenomena. 

1.18. Rotation, In the flow of real fluids it is observed that abrupt 
deflection of the flow by a solid object often gives rise to separation, fol- 
lowed by whirling eddies, or vortices. Parts of the fluid are evidtmtly set 
into rotation of a peculiar sort, which persists for an apprecial)le time. A 
surface of discontinuity seems to be unstable and to roll up into a vortex. 
Another sort of rotation of fluid is an obvious feature of centrifugal pumi)S 
and hydraulic turbines. 

We, therefore, must examine the nature of rotation in a fluid continuum. 
For this purpose a farther classification of fluid phenomena will be dis- 
cussed, viz,, irrotational and rotational flow, corresponding somewhat to 
the appearance of what is observed. 

1.19. Circulation. When a solid body, submerged in a fluid stream, is 
placed in such an attitude as to deflect the stream, a force is created trans- 
verse to the stream. On an airplane wing this force is called a “lift”; on a 
propeller blade it is called a “thrust.” Experiment has shown that the 
pressure on the surface of a deflector is higher than normal over the face 
and lower than normal over the back, evidently giving rise to the lifting 
force observed. There is also experimental evidence to indicate that the 
flow is speeded up along the back of the deflector and slowed down along 
the face. This observed speeding up and slowing down csin be accounted 
for if we imagine an idealized case in which there is a circulation of fluid 
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about the deflector which combines with the transverse flow to produce 
the velocity distribution observed in nature. This concept of circulation 
leads to a useful theory of lift applicable to machinery, making use of 
dynamic forces transverse to the general direction of fluid flow. 

1.20. Density. Newton’s second law states that the product of mass 
times acceleration equals the sum of all external forces acting on the body 
under consideration. To apply this statement to a fluid requires careful 
consideration of the concept of mass with special relation to a fluid con- 
tinuum. 

A fluid mass distributes itscilf throughout a continuum in such a manner 
that there are no voids; consequently, there is fluid at every point. We 
can consider llu^ (piotieut obtained by dividing the mass I^m, within a 
small element of volunu^ enclosing the point, by the volume AF of this 
element. The result is in terms of mass per unit volume and is called the 
''average density” of Am. 

It is a basic assumption of a fluid continuum (without voids) that 
every element of volume AF contains a definite mass of fluid Am, and it 
follows that the density must have a definite value at every point. We 
define density at a point, therefore, as the limit of Ar^/Al" as A F 0, or 
p = d7n/dV. 

Since a finite mass rn = J'dnij it follows that m = fpdV. 

d'ho density may vary in a continuous manner from point to point. 
If the fluid flow is unst(\ady, the density at a given point may also vary 
with time. In general, for the idealized continuum, density is a single- 
valued continuous function of time and position, or 



Density has no physical significance if AF, as it approaches zero, mo- 
mentarily contains no molecules. We therefore restrict our concept of a 
continuum to apply to fluids in w^hich there is a large number of molecules 
in any volume element which is small relative to the extent of fluid. Thus 
for air at atmospheric pressure a volume element of 1/10^ cu mm contains 
some 3X10^ molecules. 

Although molecular agitation causes molecules continually to pass in 
and out of a fixed element of volume, the average number contained in 
such an element will remain substantially constant and the fluid can be 
treated as a continuum with a definite density at every point. The concept 
of density at a point as a statistical quotient also applies to the analogous 
concept of temperature, which is measured by the mean value of the 
kinetic energy of the molecules per unit volume. 

In a vacuum tube the mean free path of the molecules may be of the 
order of the size of the tube, and density at a point can have no mean- 
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ing. The concept of a continuum does not apply to problems of high 
vacua. 

In a real fluid, volume elements lose identity through interchange of 
molecules by diffusion, but the continuum approximates a state of affairs 
that exists for an appreciable period of time. The interchange of molecules 
between volume elements is also responsible for internal friction or vis- 
cosity (interchange of momentum between layers of fluid in relative motion) 
and for heat conduction (interchange of molecular kinetic energy). 

In an ideal fluid continuum we ignore molecular agitation. Observed 
large-scale phenomena such as viscous shear and heat conduction are 
satisfactorily accounted for by assigning to the continuum the properties of 
viscosity and thermal conductivity, which vary continuously with position 
and time. We choose to overlook the molecular origin of these properties. 

1.21. Pressure. In fluid mechanics not only density, but also pressure, 
has special significance and requir(^s precise^ definition. It is obvious that 
any portion of a fluid must experience a force acting on it due to the sur- 
rounding fluid. If this were not the case, a portion of the fluid could move 
under the influence of gravity and there would be no state of rest or equi- 
librium. We must, therefore, accept the compulsory hypothesis of ex- 
ternal forces proportional to the surface area. There will also be body 
forces proportional to the mass of the element of volume in consideration, 
e.g.j its weight. 

In addition to external surface and body forces there will be internal 
forces within any volume element; but, as is the case for solid bodies, the 
internal forces mutually cancel. 

As the element of volume is imagined to contract toward zero, the body 
forces, which are proportional to volume and hent^e^ to the third power of a 
linear dimension, become negligible with respect to the surface forces, 
which are proportional to the surface and hence to the square of a linear 
dimension. 

Consequently, we have left for consideration only the external surface 
forces, which must be in equilibrium among themselves for a sufficiently 
small portion of a fluid. 

For an ideal fluid without friction the surface force on an element of 
fluid must be perpendicular to the surface on which it acts. For a real 
fluid at rest the surface force is also perpendicular since, when there is no 
motion, there is no friction. This conclusion applies only to a true fluid 
whose viscosity is defined by the Newtonian relation between force and 
rate of deformation. 

We now examine the meaning of pressure at a point’ ^ in a fluid at rest 
in the light of the two conclusions that the surface forces on a sufficiently 
small element of volume are in equilibrium and are perpendicular to the 
surfaces on which they act. 
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Pressure is defined as stress, or surface force per unit area, 


P = 


AF 

lim 


dF 

dA 


Since we may choose a volume element of any form, consider a small 
prism as shown in Fij:^. 1 .7 near a point 0 in a fluid at rest. We choose the 
volume so small that body forces can be ne^^lected; hence the element to be 
in equilibrium must have no resultant horizontal or vertical surface force 
acting on it. 

Hence, 

P3 dy dz = p2 d?y V dxr + dz- sin a 

and 

Pi dy dx = p2dyV dx~ 4* dz^ cos a 
But 


cos a 


dx 


V dx^ f dz^ 


and 


Therefore 


sm a = 


dz 


V dx^ + dz^ 


VZ = P2 = Pi 



Fui. 1.7. 


Since the volume element may be 
chosen with any oricmtation and since 
we may make the clement as small as 
we please, we may say that the pres- 
sure p at or near the point 0 is independent of the orientation of the 
surface element on which it acts. The name ^‘hydrostatic prcissure” is 
given to p, a scalar quantity expressed as force per unit area. 

We may consequently define p as a continuous function of position. 


P = 


This statement is true for all fluids at rest. For a viscous fluid in motion 
there is friction, and the force on a surface element near any point depends 
on the orientation of the surface element with respect to the motion. 
Therefore, to describe the stress distribution at a point, we nc(^d a sphere 
for a fluid at rest, and an ellipsoid for a viscous fluid in motion, identical 
with the ellipsoid of stress for a solid. For an ideal fluid the pressure at a 
point is independent of the direction of the surface element on which it 
acts, regardless of whether the fluid is at rest or in motion. 

1.22. Concluding Remarks. The foregoing discussion is intended as a 
general survey of the problem of fluid flow. It is to be noted that the 
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problem can have many aspectvS, each characterized by a concept peculiar 
to a recognizable type of How. These concepts are justified only to the 
extent that th(\v lead to useful approximations. 

Historically, the science of fluid mechanics stems from Archimedes, 
who understood statics. Euler developed the concept of the ideal fluid 
continuum and the dynamic equations of motion. He may fairly be 
credited with establishing the dynamics of ideal fluids, or the scaence of 
hydroincHdianics, which was notably extended in tlu^ niiK'tecmth century 
by the tlu'on'tical work of Helmholtz, Kii'chhoff, ivc'lvin, Lamb, and 
Rayleigh. However, it was not until after the stimulation given expei’i- 
mental resear(4i by aeronautics, in the present (aaitiiry, that th(' bcRavior 
of real fluids Ix^gan to be understood. To one man mon^ than to any other, 
L. Prandtl of (uittingen, belongs the credit for illuminating the facts of 
observation by [ipplication of the general priiua'ples of mechaiucs. 

Three fundamental concepts, dcifining simplifying assumptions, mark 
the renaissance" of nineteenth-century classical hydromechanics into the 
practical fluid mechanics of today. The first is the cemcept of the boundary 
layer surrounded by an ideal continuum, due to Prandtl. The second, 
independently proposed by Lanchestcr and Kuttaand later developed into 
useful form l)y Joukowski and Prandtl, is the circulation theory, by means 
of which forces on wings and propeller blades may be predicted. A third 
concept, of great practical utility, is the theory of dimensions, v Inch we 
shall discuss in connection with experimental work. Though dimensional 
theory was not new to physics, Lord Rayleigh showed how it could be used 
to generalize th{» results of empirical but controlled model (experiments to 
yield information needed for the deesign of airplanes, ships, ma(;hineiy, 
and many other engineering applications of fluid mechaiiicts. When' the 
actual flow is too complex for theoreti(*al analysis, tests with a scale model 
can often guide the designer to a practical solution of his problem. 



CHAPTER II 
STATICS 

The eciiiilibrium and stability of a fluid at rest will be developed from 
the fundamental concept of a fluid continuum in v\'}ii(5h the pn^ssure at any 
point has a singl(‘ positive value p = f{x,y,z). The fluid may be viscous, 
but if so it must be of so-called '‘Newtonian” character. The statement 
regarding pr(\ssure could also be made regardinf^ tlu^ dcmsity at any point 
p ■= since pressure and density are related by a simple physical 

law, th(' equation of state. The concept of mass will be required in the 
discussion of dynamics of a fluid, but it is not esscuitial to statics. We are, 
how ever, dii'ectly concerned with tlu^ weight of tlu^ fluid since w eight is the 
primary cause of hydrostatic pressure. 

Under what (umditions does a fluid remain in equilibrium? Wo define 
(H|uilibi-ium as a states in w hich each particle or portion is at rest or has no 
velocity with r(‘spect to a suitable system of ixierence. (Vmsequcntly, 
there can be no niative motion between adjacent portions of the fluid. 
As a suit-able systeau of reference for pra(^ti(;al problems of engineering we 
can use a systcan either rigidly connected to the earth or having a uniform 
translation with respect to the earth. In either case the fluid under con- 
sidc'ration has no ac(‘eleration with respect to the earth. The absence of 
a(;c.elei*ation is id(aitical with the condition that the sum of forces is zero. 
Tlius we can say that eejuilibrium is a state in which the resulting force 
on (^acii portion of tlu^ fluid is zero. 

dliere are tw^o kinds of force to be considered, one due to gravity, the 
other due to the interaction between neighl)oiing particles, the hydro- 
static pressure. There are no frictional or tangential forces in the absence 
of relative motion between portions of the fluid. 

2.1. Gravity Force. Gravity acts tow’^ard the center of the earth, but 
in engineering problems w e can assume that all gravity forces are parallel. 
The magnitude of the gravity force, or weight, acting on an element of 
volume d V is 7 dU, where 7, the weight per unit volume, or specific weight, 
is equal to pg, the product of density times the acceleration g. There are few 
cas(^s in engineering in which the decrease of g at high altitudes is important. 

2.2. Pressure Force. The problem in the theory of equilibrium of 
fluids is to find an expression for the resulting force on the surface of an 
element of volume dV due to the surrounding fluid. Consider an element 
of cylindrical shape (Fig. 2.1). The cross section of the small cylinder is 
dX, and its length is dx. The orientation of the cylinder is arbitrary, so 
that we may choose as its direction that of our x, axis. The volume of the 

15 
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element dV - dA dx. There are three groups of pressure forces acting on 
the cylinder, (1) the pressure forces acting on the (convex surface, which 
have different directions but which are all perpendicular to tlu^ x axis; 

(2) the pressure force on the left-hand base, which has the x direction; and 

(3) the pressure force on the right-hand base, wliich has the opposite, or the 
minus, x direction. If we confine ourselves to th(^ x component of the re- 
sulting force, we may disregard forces 1 and consider only the difference 
between force 2 and force 3. If p is the pressure at the center of the left- 



hand base, we can say that p dA is the magnitude of force 2. We really 
assume that p may be treated as constant over an infinitesimal area. 

The pressure at the center of the right-hand base will in general be 
different from p. Let us call this pressure p + dp. But since p is a func- 
tion of the location of a point in the fluid, or of x, y, 2 , the notation dp by 
itself is not clear. The change in p is not the same for ea(di direction when 
we proceed from a given point. What we need to know is the change in p 
that corresponds to proceeding a distance dx along the x direction. It is 
usual to denote the rate of increase of a variable p by dp/ dx when the point 
in consideration is moved in the x direction, (dp/dx = partial derivative 
of p with respect to x.) Therefore our dp, which measures the increase of p 
from one point to a neighboring one on the x axis, is written {dp/dx) dx. 
It follows that the resulting force in the x direction is given by 

p dA — ^p + ™ ^ dx dA (2.1) 

If we divide this expression by the volume dV ^ dx dA, we obtain the 
resulting pressure force in the x direction per unit of volume 

— dx dA dp 

dx dV dx 


( 2 . 2 ) 
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The X component of the resultant of all pressure forces acting upon an 
infinitely small ekment has, per unit of volume^ the value — dy/dx^ that is, 
the negative partial derivative of p with respect to x. 

The expression ^'x direction” is used here quite arbitrarily; we could 
replace it by any other, such as y direction or z direction. In (^ach case the 
component of the resulting pressure force per unit of volume is determined 
by the negative partial d(^rivative of p in the corresponding direction. If 
we use the ordinary rectangular coordinate system with or, y, and z axes, 
calling Kx, Ky, Kz the resulting pressure forces per unit of volume in the 
X, y, and z directi(ais, we have 


Kx 


K 


V 




dp 

dx 

dp 

dy 

dp 


(2.3) 


In vector analysis, tlu^ gradient of a scalar function is the vendor whose 
cornpoiK'nts parallel to the thi*ee axes are the partial derivatives of the 
function with respcM't to tlu^ three coordinates .r, y, z. ( Gradient means rate 
of inenjase. We may concisely state that the resulliny force per 

unit of volume is the negative gradient of p where p is considc'red a fumdion 
of X, y, and z. Note that the hydrost-ati(*. pressure p at any point is a scalar 
quantity without dii’ection, while the resulting force per unit volume due 
to hydrostatic, pressure is a vector having a definite direction determined 
by the graditait of p. 

C'onsider, for example, a pressure distribution that is a linear function 
of x, y, z: p ax by cz. Here the partial derivatives of p arc 
dp/dx = a, dp/dy = 6, dp/ dz — c. The resulting pressure force per unit 
of volumes has therefore the constant value V + />“ + and its direction 
is determined by the constant ratios afb/'c. The pnjssure is constant in 
each plane the equation of which is given by ax by + cz — constant. 
The normal to this plane is again given by the ratio afbic. According 
to the well-known formulas of analytic g(H)metry these are the ratios of the 
three direction cosiness, cos a/cos ^/cos y. The same direction is the 
direction of the force vector whose components are a, b, and c. From this 
example we can make the general statement that the resulting pressure 
force is perpendicular to the surface on which p has a constant value. 
Such surfaces arc called ‘risobars,” and the resulting pressure force is 
normal to the isobar passing through a point and is dire(;ted toward the 
isobars with smaller pressure values [because of the minus sign in Eep (2.3)]. 

All this becomes clearer if we consider the special case in which the 
constants a and b are zero and p is simply equal to cz. Then dp/ dx = 0, 
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dvjdy = 0, and dp/dz = c. The xy planes are the isobars, or surfaces of 
constant pressure. The nvsultant pressure force, or the gradient of p, is 
parallel to the z axis since its x and y components are zero. If the positive 
z direction is assumed to be upward, the z component of the resultant force 
is directed vertically downward for a positive value of c, and vice versa. 

In the pr(\sent discussion it does not matter whether the fluid is com- 
pressible or incompressible. In either case the resultant pressure force 
per unit of volume at any point has the components — dpjdx, — dp/dy^ 

rr dp; dz. 

2.3. Conditions of Equilibrium. When the expression for the resultant 
pressure force is known, there is no difficulty in setting up the conditions 
of equilibrium for a fluid. As was mentioned before, the only forces acting 
on a fluid particle are diu^ to gravity and hydrostatic pressure. The gravity 
force pin’ unit volume (or spe(*ific weight) has the magnitude 7 and is 
directed vertically downward. The pressure force per unit volume has 
th(‘ components — dp/dx, — dp/dy, — dp/dz, and its direction at any 
point is normal to tlu' isobar* passing through tlu^ point and is directed 
toward decreasing valiu's of p. In a coordinate system of arbitrary orienta- 
tion the components of the w(aght per unit volume may be called 7 ^, 7 ^, 7 ^, 
and the eciuilibriurn conditions at any point, x, y, z, will be 


7x 



Jy- 


7 ." 


dy 

dp 

dz 


- 0 

= 0 


(2.4) 


Usually it will be conveiiicait to use a coordinate system where the z axis 
is vertical and th(^ positive z direction is upward. In this case gravity has 
no X or y components, and its z component is negative. 

7 x = 0 7 i/ = 0 7 . - - 7 (2.5) 


With respect to such a coordinate system the three equilibrium condi- 
tions simplify to 


|i-.o 

OX 


or, in words: A fluid mass is in equilibrium if the isobars are horizontal 
planes and if the pressure increases downward at the rate 7 . The fact that 
dp/ dx and dp/ dy are zero means that p is a function of z alone. It follows 
that dp/dz can be written in the form dp/dz in this case. The pressure 
gradient dp/dz, or the resultant pressure force per unit of volume, has, 
therefore, a constant value in each horizontal plane. 
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We draw an important conclusion from the fact that dp/dz is constant 
for each horizontal plane. Since Kcp (2.6) shows that - dp/dz = 7, the 
specific weight and c.ons(H|uently the dcmsity p must ho constant in a 
horizontal plane if the fluid is in equilibrium. (We assume that variations 
in g = yip are negligible.) This statement is of course of no interest for an 
in(a)mpressible fluid, where density has the same value evauy where, but it 
is important for gases or other conq^ressible fluids. For this latha* case we 
have (\stablishcd the fact tliat a fluid mass can be in equilibrium only il the 
density is constant along horizontal isobars. A mixture of insoluble licpiids 
at rest becomes stratified with light(‘r licpiid on to]). 

If we took the s|)h(‘rical shape of the (‘arth into account, the isobars 
would be concentric s})hei‘es with (renters at the cvnior of tlie earth. In the 
cas(‘ of a comi)ressible fluid like the atmosphere', tlu' dcaisity would be con- 
stant over all sucrh splK'ric-al suihicars if t,he fluid mass were in perfect 
equilibrium. 

When the vertical distance 2: alone appears in the (‘(luations of c'qui- 
lit)rium, wo do not need a thi‘(*e-c(j<jrdinaf.e system. We shall use the letter 
h (iK'ight) instead of -2 to denote the v(‘i‘tica] distance of a point above an 
aibitrarily clujsen level. 

We can now summarize the conditions for static (ajuilibrium in the 
following thr(?e statements: 

1. Pressure is constant in each horizontal plane. 

2. Pressure decreases upwaid at the rate 7, or 


dp 

(Ik 


- y 


(2.7) 


3. In the case of comprcissibhr fluids, d(‘nsity is constant in eacrh hori- 
zontal plane. 

Note that in the theory of static eciuilibiium there is no difference be- 
tween ideal and viscous fluids. The three above-staterd e(iuilil>rium condi- 
tions are valid for both (^asc^s. 

2.4. Potential. It will later be necessary in the discussion of dynamics 
to introduce a potential function to facilitate the analysis. For statics the 
concept of potential in a gravity fmld is especially simple owing to its 
identity with potential energy. 

For a fluid at rest under gravity, the weight per unit volume is 7 = gp^ 
acting downward. The acceleration of gravity is a vector of constant 
magnitude, and unit mass of fluid has the same weight g regardless of 
position. 

Define a potential function P of h such that 


dP 

dh ^ 
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Therefore 


P = 



dh = — g{h ~ 


h) 


where h and //o are heights above some arbitraiy datum kwel and the value 
of P at ho has been arbitrarily taken as zero. Note that, for a given eleva- 
tion, P is constant and that the gradient of P in tlie direcition of li gives th(^ 
gravity force — g in the same direction. Define potential (aic'rgy per unit 
mass at height h with respecd to height Ih as the work done in lifting unit 
mass from ho to h, 

Pi = - g{h - h^) 

Since Ei and P are identical, we can state that the nuraei*ical value of the 
potential function at any level is ecjual to the potential energy of unit mass 
of fluid at tliat. lev(‘l. 

'’TIk^ kinetic (aiergy of unit mass after falling fnn^ly a distance h — ho has 
the same numerical value, 


I'h = >2(n = - Ml'- = uih - ho) 


2.6. Equilibrium of Incompressible Fluids (Hydrostatics). Water, oil, 
and similar licpiids can be considered as incompressible^ and the density 
as constant throughout the continuum. Under this condition the basic 

h 



equation of equilibrium, Eq. (2.7), can easily be integratcKl. From 
dp/dh = - 7 follows 

j) 

p + yh = constant or ^ ^ = constant (2.8) 

Pressure is evidently a linear function of /q increasing downward at a 
rate y. The pressure diagram that has /i as a vertical coordinate consists, 
therefore, of an obliepie straight line as shown in Fig. 2.2. 

Along the side wall of a vessel filled with liquid the pressure increases 
from its value at the top to its value at the bottom according to the linear 
law as shown. The shape of the wall has no influence on the pressure at a 
given level. 
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The lighter the fluid, the smaller the angle a between the oblique 
straight line and the vertical. 

'In the ordinary problems of hydrostatics, we shall often have as refer- 
ence level the free surface of the liciuid exposed to the atmosphere. The 
vertical pressure gradient of the atmosphere is dp/dh = - 7 „, where ja is 
the specific weight of air. Since the density of air is very small compared 
with the density of liquids, we shall be justified in neglecting it. Therefore, 
within a restricted region we can assume a constant atmospheric pressure 
Po, regardless of elevation of the 

liquid surface. t P'' 

Where the liquid touches the 
atmosphere, the pressure in the 
liquid must equal the atmos- 
pheric pressure po. It follows 
that the boundary between liquid 
and atmosphere is an isobar 
p = Pq; and since all isobars are horizontal planes, w(‘ have proved the 
well-known fact that the free surfac.e of a liquid in equilibrium is a hori- 
zontal plane. 

Two exceptions may be mentioned. (1) In problems involving very 
large dimensions, such as an expanse of ocean, the free surface will be a 
spherical one with the center at the center of the earth, and the isobars 
will be spherical surfaces. (2) In certain problems involving very small 
dimensions additional ’molecular forces exerted on the licjuid particles by 
a wall must be considered. 

The general condition of equilibrium for incompressible fluids as given 
in Eq. (2.8) can also be written in the form 



Fig. 2.3. 


nn -I- 


where the pairs p, h] pi, hi, and po, h) refer to three different levels in the 
fluid. We may take, as in the case of Fig. 2.3, the bottom of the tank as the 
level of reference, calling this level 1. Then the height h^, which is expial to 
the depth of the water, refers to the top where the pressure po is the at- 
mospheric pressure. At an arbitrary height h or at a depth ho — h the 
pressure is p, and Eq. (2.9) shows that 


or 


p + 7/1 = Pi = Po 4- yl^io 

p — Po = y{h ~ h) and pi — po = yho (2.10) 


The last equation can be read as follows: The pressure increase from 
the surface to any point within the fluid equals the product of 7 times its 
depth below the free surface. It is convenient in many cases to use as the 
measure of pressure the pressure difference p — po, that is, the absolute 
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pressure minus the atmospheric pressure. This difference is often called 
the ‘‘gauge” pressure?, or ()V(?rpressure. 

Ix‘t us now consider the second form of the equilibrium equation as 
given in Eq. (2.8) 

— + = constant 

7 


The quotient p/7 should have the dimensions of a length; otherwise it 


could not be a term summed up with 

B| I 



. But it is evident that, since p has 
the dimensions force/length*^ and 
7 the dimensions f orce/lengtlr^, 
p/7 has the dimension of length. 
This length p/7 has an imme- 
diate physical significance, which 
can be illustrated by an ex- 
ample. 

Pj Consider a vertical column 
of fluid from A to B (Fig. 2.4), 
where B is a free surface. Then 


Pi — Po = yhi), where //o is the length AB. It follows that 


AB - Jh 



We sec that, if pi — po is the gauge pressure at the bottom of the column, 
then the height of the (column is (pi — 7>u)/7- In this way pressure values 
can be visualized hy lengths, z.c., heights of columns with a free surface 
and a certain pressure value at the bottom. In hydraulics it is usual to 
call the quotient p/y the pressure head corresponding to p. 

2.6. Some Applications of the Hydrostatic Equation, a. Communica- 
ting Vessels. The pressure in a fluid is a function of height only, and at the 
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free surfacjes is equal to the general atmospheric pnissure. Therefore, the 
free surfaces in all communicating vessels ai*(; at the same height. 

It has been mentioned that the equilibrium conditions within a fluid 
mass are in no way altered by the shape of the vessel which contains the 
fluid. As long as the fluid forms a (iontinuum, the equation p + yh = con- 
stant applies to all its parts. If the vess('l in Fig. 2.5 is filled with a liciuid, 
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the level of the rree surface in each leg is the same. Also, the pressure p in 
any horizontal plane is the same in each leg. Nothing could be said about 
the levels and pressures if the fluid were s(q)arated by a wall along the 
line AB. 

b. Barometer and Liquid Manometer, Referring to Fig. 2.6 we see that* 
in the manometer, at /q, 

p = P] 

while at /i 2 , 

p = P2 

Pi~V2 = 7 A/?, 

In the barometer, 

Pi = Po 

P 2 == 0, approximately 
Pi - P2 = Po = T A/i 

In the barometer, p 2 is nearly zero if the instrument is carefully filled 
with mercury initially. The right-hand leg is open, so that there the 
atmospheric pressure po acts on the mercury. If designates the specific 
weight of mercury (848 lb per cu ft) and po the atmospheric pressure, the 
equilibrium condition yields the equation 

Po 
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Since is known, the reading of the distance Ah indicates the atmos- 
pheric pressur(\ The pressure of the atmosphere is often expressed in terms 
of pressure head of mercury. The usual average value for sea level is 760 
mm, or 29.92 in., llg. 

c. Hydraulic Press. A well-known application of the laws of hydro- 
statics is made in the hydraulic press, as shown in Fig. 2.7. In order to 
exert a large force F on the piston of area A, it is sufficient to produce the 



Fia. 2.7. — Hydraulic press. 


pressure p — Fj A above the piston. This can be done according to the 
law of communicating vessels by producing the same pressure p in the 
smaller cylinder of area By which requires only the force pB = FB/A . 
The small differences in height are neglected here, and so are friction and 
inertia forces, as we assume very slow motion of the pistons. If the body 
underneath the piston A has its height reduced by e, the work done is 
= pAe. This movement requires a transition of a volume of liquid Ae 
from the small cylinder to the large one. It follows that the small piston B 
must move a distance Ci = eA /B. The work done by the piston B is 


pBei = pBeAjB = pAe, 
equal to the work done 
by the large piston in 
compressing the body 
below it. The small pis- 
ton has the greater mo- 
tion, but a small force on 
B can balance a large 
force on A. 

d. Pressure on Floors; 




Hydrostatic Paradox. Since the pressure po at the free surface is the 


same for both vessels of Fig. 2.8, the pressures at the same depth in 
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each are equal provided that both are filled with fluid of the same density. 
Hence if the areas of the bottoms A are equal, the total force pA is the 
same on the bottom of each vessel in spite of the obvious difference in 
the total weights of liquid contained. 

c. Pressure on Walls. Let h be the distance, or “ head,” measured down- 



ward from the free surfac^e of Fig. 2.9. Then, at depth h, p - po + jh, 
and the normal force per unit width of a vertical wall. 


^ = f iPo + yli) dk 

•/ 0 

The normal force per unit width of a sloping wall, 


J f^h/nin 0 ph 

(po + yh) (is = / (po + 

0 t/o 


yh) 


_dh 
sin 6 


F 

sin 6 


when 6 is constant. 

The horizontal component of the force on the sloping wall is F 
- Fs sin 6. In general, the horizontal component of the total force due to 
hydrostatic pressure on a wall of any slope or shape is equal to that on a 
vertical wall of the same depth. 



J. Force on an Area. We first compute the total hydrostatic force on 
the water gate in the sloping dam shown in Fig. 2.10. 
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Area of gate = 


A = 



dA 


Force on gate 


F = f (p- po) dA 

Jhx 



hdA 


Let h be the distance measured along the face of the dam to the center of 
gravity of the area of the gate. The moment of the area A about 0 is 


and 




hdA 


1 F 
sin d 7 


F = Ayb sin 6 

But the pressure at the center of gravity of A is 
Pc = yh sin 6 

Therefore, 

F = Apc 


The general rule follows that the total force due to hydrostatic pressure on 
an inclined plane surface is equal to the area of the surface times the pres- 
sure at its center of gravity. This force is independent of the inclination 
of the surface. 

g. Center of Pressure. Referring again to Fig. 2.10, we ask for the point 
on the gate of area A through which passes the line of action of the force F. 
Call this point the center of pressure, and let it be a distance a from 0. 
The moment of F about 0 is Fa. 

The pressure at the center of an element of area dA is yh, and the nor- 
mal force on the element is yh dA. The moment of this force about 0 
will be yh dA (h/mn 6), and the moment of all such forces will be the sum, 
or integral, of such elementary moments. 

Then, taking the moment of F about 0 and remembering that F is nor- 
mal to the gate, we find 



= yl sin 0 

where I is the moment of inertia of A about 0. But F = yh sin 6 A; and, 
by substitution for F in the above equation, 

_ I _ moment of inertia about 0 
bA moment of area about 0 

If Ig is the moment of inertia of the gate about its center of gravity, 
I ^ Ig + b^A and a — b Ig/hA, which is always positive. The center of 
pressure, therefore, lies below the center of gravity. 

Note that the location of the center of pressure relative to the center of 
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gravity is independent of the density of the fluid and depends only on the 
geometry. 

h. Convection. Suppose a chimney of height h discharges smoke and 
warm air into the atmosphere at pressure pc corresponding to the level of 
the chimney top of Fig. 2.11. Let the pressure in the 
fireplace be p/ and the pressure in the air outside be po. 

Assume the average specific weight of the warm gases in 
the chimney to be 7c and that of the cool air outside to 
be 7a. The warm gas is lighter, and 7a > 7c. Neglect- 
ing any acceleration of the air, we find by the hydro- 
static equation 

P/ - Pc = yji Po - Pc = yji 

and 

Po - P/== Iliya- Jc) 

This approximate analysis, based on the assumption of 
equilibrium, shows that the two columns of ecjual height 
are actually not in equilibrium and air will flow into the 
fireplace. A rising column of fluid caused by unequal 
heating is called a convection current.^’ It is not nec- 
essary to have a fireplace and chimney to start con- 
vection. Any local heating of a portion of fluid in a 
continuum will destroy the previously established condition of equilib- 
rium. The convective currents tend to establish a new state of equi- 
librium. Convection in the at- 




Fig. 2.12. 


mosphere due to unequal 
heating of the surface of the 
ground may be very marked 
over a region with adjoining 
areas of bare ground, forest, and 
lakes. On a clear summer day 
an airplane^s flight may be very 
rough although no evidence of 
disturbance of the air is visible. 

2.7. Pressure Measurement. 
If we wish to know the pres- 
sure at any point P in a liquid, 
we attach a tube as shown in 
Fig. 2.12. This tube may be 
filled with any liquid that does 
not mix with and that has a 


greater density than the liquid in the vessel. We must take care that the 


liquid in the tube is in equilibrium. Then the distance AB between the 
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level of P and the free surface in the tube multiplied by the spe(afic weight 
of the manometer licjuid equals tiie overpressure at P, 

The precision of such a manometer can be seriously impaired if the tube 
containing the liquid is so small that capillarity comes into play. Further- 
more, if the inner surface of the tube near A is clean and near B is dirty 

or otherwise of different nature, the 
wetting of the tube surface by the 
liquid may be so different as to affect 
B' seriously the observed pressure read- 
ing. For very small pressure differ- 
ences the ordinary IJ-tube type of 
manometei* is inadeejuate. 

In some pj*essure-measuring ar- 
rangements different liciuids are in 
contact, for example, water and oil, 
water and mc^rcury, mercury and al- 
cohol. It is assumed, of course, that 
Fio. 2.13. the licjuids do not mix. Within one 

kind of liquid the isobars are hori- 
zontal planes, and the pressure difference Ixff ween two planes equals the 
specific weight times the distance between the planes. It follows that the 
interface of two fluids can be only a horizontal plane; for if it were inclined 
as s how n in Fig. 2 . 13 , the pressure difference between A and B would be 
and the pressure difference between A' and B' would be yA'B' 
= yAB. The consequence would 
be that either at A i or at Bi a pres- 
sure difference would exist across 
the interface. But a pressure differ- 
ence is impossible in the case of 
equilibrium. It follows that, if no 
rigid wall is put between the two 
fluids, an interface which is not hor- 
izontal is physically impossible. 

This statement may not be true for 
the part of the fluids very (dose to a 
vertical wall, where the fluid inter- 
face is usually curved as a result 
of surface tension. 

Let us assume, as shown in Fig. 2 . 14 , that there are three kinds of 
liquid in a IJ-tube with respective specific weights 71, 72, and 73. The 
pressure at the top levels of fluid 1 and fluid 3 is atmospheric, and the pres- 
sure at the interface of 1 and 2 is pi and at the interface of 2 and 3 is p2. 
If Ai, ^2, hzf and h are the different heights as shown in the figure, the 
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equilibrium conditions for each of the three fluids supply the following 
equations : 


Pi - Po 


7i 


hi — //.2 



P2 - PO 
73 


lu - hs 


Pressure measurements based on the use of a liciuid manometer depend 
directly on j)recise knowledge of the weight of unit volume of the fluid used 
and on ])re(ase observation of the 
levels at whi(*.h the fluid stands. 

Th(' measiireiiK'nt- of vcay small pres- 
sure diff(U’(aices is obviously difficult, 
and various niodifi(;ations of the 
simple' manometer have been de- 
visenl to suit, speaaal ceases. 

a. Three-liquid Manometer. In 
Fig. 2.15 a manoiiK'ter is sketched 
that contains three nonmiscible liq- 
uids of dcaisities 71, 72, and 73. The 
unknown pressure p is communi- 
cate^d to a (dosed vessel by a tube 
as shown. The manometer is filled 
through the stopcock X. 

By observing hi, //2, and Jh and 
knowing the values of 71, 72, and 
73, p can be computed. Note that the weight of air or other gas that trans- 
mits the pressure p to the closed vessel is neglected. 

At level A B, pressures are equal in each tube, and hence 

Po + //27i + hiy2 = p + /i373 + hijz 

and 

p - Pi) = //I (72 - 73) + h^ji - hsys 

h. Two-liquid Manometer. If 72 represents water yu>, and 71 and 73 are 
both kerosene yu, we can adjust the filling of the manometer to make 
equal to hz for the pressure to be measured and have 

P - Po = hiiy,, - yi) 

The head hi to be measured is now larger than would be the case for a 
simple water manometer, p — po = hy^. The amplification is greater the 
nearer the two liquids are to the same density. 
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Note that, when both yi and 73 are air 7 a, Jw ~ 7 a « Jwil — 3^oo) == Jw 
and the weight of air in the connecting tubes can be neglected. 

c. Inclined-liquid Manometer (Draft Gauge). When p = po, liquid 
stands at level A (Fig. 2.16). For a pressure difference p — po, liquid in 

the inclined tube rises to level 
B. The change in level of the 
large reservoir is negligible if 
its cross section is made very 
large compared with that of 
the tube. Provided that the 
tube is straight, 

p — Po = yh = yl sin 6 

The distance Z can be ob- 
served with precision. The 
amplification of h is 1 /sin d 
for a given liquid. If further 
amplification is desired, a 
lighter liquid can be used pro- 
vided that it makes a clear meniscus with clean glass. 

The effect of capillarity in the tube is presumed to be the same at B 
as at ^ and not to affect the distance Z. The tube is thus assumed to have 
a uniform bore and surface condition. 




(b)Rubt)er tubing; (m) metal block carried by screw (s) and sliding on guide post (g> 

Fig. 2.17. — Krell, or Prandtl, manometer. 

d. Krellf or Prandtl^ Manometer. Errors due to capillarity and to 
change in reservoir level are eliminated by having the liquid meniscus 
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always at the same marked place in the glass tube of Fig. 2.17. The in- 
clined tube is carried parallel to itself by a low-pitch screw with micrometer 
head. When p = po, the level is noted at A. When p — po = yh, the value 
of h is read from the micrometer head. Only one reading is necessary to 
determine h. The inclination of the tube determines the sensitivity of the 
manometer, and very small deviations from a desired pressure can be de- 
tected. The number of turns of the screw needed to bring the meniscus 
back to a reference mark on the tube measures this deviation. 

6. Inverted-cup Manometer, In Fig. 2.18 the pressure difference p — po 
is measured by the force tending to lift the cup, 

h F 

P ~ Po = - -r 
a A 

If the cup is large, a small pressure is measured by a substantial force. 



/. Spring-type Gauges. All such pressure gauges separate two regions 
of static pressure, p and po, by an elastic solid whose deformation depends 
on the spring constant of the apparatus. These gauges must be calibrated 



Bourdon tube Diaphragm 

Fig, 2.19. — Spring-type gauges. 



Aneroid 
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against some type of manometer whose indications are based on the hydro- 
static equation. Some well-known examples are shown in Fig. 2.19. 

2.8. Archimedes* Principle. The theory of flotation and fluid displace- 
ment originated with Archimedes, and its formal statement is still called 
‘^Archimedes' principle." 

Consider the solid body of Fig. 2.20 suspended by a thread below the 

surface of a liquid. Since the 
body and all parts of the liquid 
are at rest, the pressure distribu- 
tion throughout the liquid and on 
the surface of the body is de- 
scribed by the hydrostatic equa- 
tion. 

Avssume a small vertical cyl- 
inder of cross-sectional area dA 
cut through the body as shown, 
extending from depth hi at the 
top to depth }hi at the bottom. 
As dA is small, the pressun^s on 
the exposed, or wetted, ends of 
the cylinder may be taken as pi 
and p 2 . The forces due to the hy- 
drostatic pressure is normal to the 
surface of each wetted end. The 
vertical components of these forces are independent of the inclinations of 
the surfaces and are of magnitudes yi dA and jh dA. 

Since />2 > pi, there will be an upward force (p 2 — Pi) dA on each ele- 
ment of volume — hi) dA and the total lift, or buoyancy, of the hydro- 
static pressures all over the wetted surface of the body will be 

B = f (p2 - jh) dA = f y(h2 - Jh) dA 

Ja Ja 

But the volume of the body is 

v = hi) dA 

and hence 5 = yV. The weight of the body, if of average specific weight 
yh, is 

W = ytV 

The apparent weight on the suspension is therefore 

W- B = V(yb - 7 ) 

The effect of the horizontal components of the forces on the wetted 
surface may be dismissed, as the body is hanging at rest. An analogous 
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analytical procedure could be undertaken to show that the pressure forces 
on the ends of small horizontal cylindrical volume elements are equal and 
opposite, because they are at the same level. Consequently, the integral 
over the wetted surface of all horizontal forces is zero. 

Archimedes' principle may now be stated thus: A submerged body is 
subject to a buoyancy equal to the weight of fluid displaced. 

A further conclusion of importance can also be drawn. We know that 
the resultant of the gravity forces on a body passes through a certain point 
called the center of gravity. Since the buoyancy is the sum of a number of 
elementary forces, each equal in magnitude to the weight of a small 
cylindrical portion of fluid, it follow^s that the line of action of the buoyancy 
must pass through the center of gravity of the fluid mass which we can 
imagine put in place of the solid body. Tn other words, the center of 
buoyancy is the center of gravity of the displaced fluid. 

2.9. Stability of Submerged Bodies. A completely submerged body, 
such as a submarine (Fig. 2.21), can remain in eciuilibrium at rest only if 
the buoyancy B is eciual to the weight W and if the center of gravity (C.G.) 

Free surface 


B 



lies directly below the center of buoyancy (C.B.). Submarines must use 
balancing tanks to make B = W and trimming tanks to bring the C.B. 
over the C.G. An airship similarly must use ballast or let out gas to keep 
in balance and trim as fuel is consumed or weight changed by rain or ice. 

The equilibrium of a submerged body is stable with the C.G. below the 
C.B.; for if the body is rotated through a small angle 0, there is a righting 
moment, as shown in Fig. 2.22, 

R « Wa sin 6 == Wad 

The body thus tends to return to its original position. In general, an equi- 
librium position is said to be stable if a small change of this position arouses 
forces that oppose the change. 
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The period of the rolling oscillation T evidently depends primarily on 
the relative magnitudes of the righting moment and the moment of inertia 
of the body. We might neglect, for a first approximation, the frictional 
damping of the water. For a given body the righting moment depends on 



Fio. 2.22. 


Wady while / = {W/g)k'^y where k 
is the radius of gyration of the body 
with respect to the axis of roll. 
Their ratio is gadjk^y and we as- 
sume that T is some function of 
this quantity, or 



We might further assume that the 
function is approximated by 





where C is a constant. But T has dimensions [T] and (gad/k^)^ has dimen- 




where the brackets indicate that the dimensions only of the enclosed quan- 
tity are represented. Consequently, for both sides of the equation to be 
of the same dimensions, x must equal — Then 


T^c-^Md) 

Vga 


ym 

Vga 


where f‘ 2 (d) is an unknown function. Note that the power of d cannot be 
determined by balancing the dimensions l>ecause d is already a dimension- 
less variable. Experiments show that f 2 id) is practically constant for small 
values of d. It is seen that T is directly proportional to k and inversely 
proportional to the square root of a. 

The equilibrium of a submerged body is unstable if the C.G. lies above 
the C.B. because the body will tend to move away from its original position 
if slightly disturbed. The equilibrium is neutral if the C.G. and C.B. 
coincide. 

In general, if the equilibrium is stable, the stability is said to be posi- 
tive; if the equilibrium is unstable, the stability is negative; and if the 
equilibrium is neutral, the stability is zero. 

2.10. Floating Bodies. Archimedes^ principle can be applied to bodies 
that are partly submerged and floating on the free surface of a liquid. 
Consider a body as shown in Fig. 2.23 submerged to a certain extent in 
an incompressible fluid of specific weight y. Above the free surface the 
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atmospheric pressure is po- To find the vertical force exerted by the fluid 
on the solid body, we proceed as before, sulxlividing the body into small 
vertical cylinders of cross-sectional area dA . In this case we find that the 



verti(!al force acting on each small cylinder whose upper (uid is above the 
fluid surface is (p - po) dA. The hydrostatic equation gives p - po = yh. 
Thus we see that the vertical force yh dA equals the weight of a fluid cylin- 
der of cross section dA and of height h. The vertical force on a completely 
submerged small cylinder is the same as in the case of a totally submerged 
body. The total buoyancy exerted by the fluid upon the solid body has, 
therefore, the magnitude of the weight of the fluid displaced by the sub- 
merged part. The further steps of the argument concerning the horizontal 
components of the hydrostatic forces and the position of the C.B. can be 
repeated in exactly the same way as for the case of the fully submerged 
body We arrive at the following conclusions: A body partly submerged 
in an incompressible fluid is subjected to a buoyancy that equals m 
magnitude the weight of the fluid displaced by the body and that also 
has the same line of action as this weight. 

According to the principle 
just stated, equilibrium requires 
that the total weight of the body 
equal the weight of the displaced 
fluid and that the C.G. of the 
body lie on the same vertical line 
as the C.G. of the displaced 

A floating body to which a weight AW is added will sink sufficiently to in- 
crease its displacement a corresponding amount (Fig. 2.24). If AW is small 
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with reference to the total weight, AW = yA Ah, where Ah is the sink- 
age caused by AW and -4 is the area of the horizontal section at the 
water-line plane. With AW expressed in tons and Ah in inches, the ratio 
AW /Ah is called by naval architects ‘‘ tons per inch immersion.” This is an 
important characteristic of a vessel, since it is constant for small changes 
in draft. The captain, for instance, can check by o])servation of the change 
in draft the weight of fuel reputedly placed on board by a contractor. 

Consider as an example a short w^ooden cylinder of circular cross section 
with radius a and height h floating in water. What is the relation between 
the densities y and yi, and the depth of submergence? First assume that 
the axis of the cylinder remains vertical. If t denotes the depth of the 
submerged part, the principle of Archimedes yields the ecpiation 
yd-TTt = yi,a^7rh. Therefore t/h — yi/y. If, for example, the density of 
the body is one-half that of w^ater, half of the cylinder will be submerged. 

2 . 11 . Stability of a Floating Body. A cylinder with a large ratio of 
length to diameter will not float wdth axis vertical but will lie flat on the 
water. Each position of the cylinder, vertical or horizontal, is, however, 
an equilibrium position. One of the two cciuilibrium positions is stable, 
while the other is unstable. 

A submerged body is in stable equilibrium when the C.G. lies below 
the C.B. A floating body, on the contrary, may be in stable equilibrium 
(against rolling over) when the C.G, lies considerably above the C.B. 
It is a well-known fact, however, that a vessel has a very limited range of 
stable locations for the C.G. The criterion of the initial stability of a 
floating body is the position of a fictitious point, the metacenter, discovered 
by the French naval architect Bouguer in the eighteenth century to be 
inherent in the form of the submerged portion of the hull. This portion of 
the hull is called the ‘^carene,’^ 

The concept of the metacenter is illustrated by the pair of sketches of 
Fig. 2.25. The left-hand sketch represents a cross section of a vessel float- 
ing upright at water-line level WL, in equilibrium. The right-hand sketch 
represents the same vessel inclined through an angle of roll d and held over 
at this inclination by some external agency as by a sail. The new water 
line is marked W'L'. For convenience, the former water line and the 
former vertical axis are also indicated. 

The C.G. of the vessel with all weights on board is assumed to be at (?. 
If none of the cargo shifts, the C.G., when the vessel is inclined, will remain 
at G. 

However, the C.B. w411 not remain fixed with reference to the vessel as it 
heels over. Recall that the C.B. has been shown to be at the C.G. of the 
displaced fluid. This is the center of volume of the carene. But the carene 
has a different shape when the vessel is inclined. The volume of fluid dis- 
placed is decreased on the high side by the wedge-shaped portion marked 2 
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in the figure and increased on the low side by the corresponding wedge 
marked 1. Since the weight of the vessel is unchanged, the displacement 3 
lost on the high side must be equal to the displacement 1 gained on the 
low side. Consequently, there is a shift of the C.B. to the low side. As the 
vessel is progressively inclined, the C.Jl moves from B to a succession of 
positions toward the low side and reaches a definite location 7?' for the 



inclination shown. Note that the location of B' is a function only of d 
and the outer form of the hull. 

In the upright position, the vessel floats in equilibrium with weight W 
and buoyancy W, acting along the vertical axis. 

In the inclined position, the weight W acts downward through G, but 
the buoyancy W now acts upward through B\ fortunately well to the low 
side of the vessel. The intersection of the vertical through B' with the 
axis of symmetry of the vessel (the vertical through B and G in the upright 
position) is at M. M is named the metacenter. 

Now it is apparent that, as long as M lies above G, the couple of the two 
forces W is of a nature to resist the inclination and to restore the vessel to 
the upright position. Conversely, if M should fall below G, the couple 
would roll the vessel over. 

The magnitude of the righting moment at a given inclination, or heel, 
could be readily computed if we knew the location of M , For if the distance 
GM is known, the arm of the couple would be GM d, for a small angle. 
Then the righting moment would be 

R = WGMd 

2.12. Metacentric Height. Naval architects name the length GM the 
'^metacentric height^’ and make careful estimates of its value under various 
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conditions of loading and damage before the design of a vessel is accepted. 
In the previoiLS section it was noted that the righting moment was propor- 
tional to the metacentric height. However, if the righting moment can 
be computed without knowledge of the metacentric height, then the 
metacentric height can be found. 

We observe that the moment of buoyancy of the carene about B in the 
upright case is zero, while this moment about the same point becomes 
WBB' when the vessel is inclined. This change of moment of the buoyant 
forces due to a shift of the C.B. from B to B' is caused by a shift of the dis- 
placement of wedge 2 on the high side to wedge 1 on the low side. We may 
then equate the moment due to the shift of the C.B. to the moment of the 
couple due to the shift of displacement from wedge 2 to 1. 

Since the momemt of a couple is the same for any point in its plane, the 
moment of the wedges may be taken about point 0 for convenience in 
computation. 

Let V be the volume displaced by the vessel, or F7 = W, Let x be the 
distance from the center line of the vessel to an element of volume as shown 
in Fig. 2.26. The element has transverse thickness dxj height ftr, and 
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length i. Assume 0 to be a small angle. Then the moment of the displace- 
ment of wedges 1 and 2 about 0 will be the sum of the moments of the 
weight of fluid in each such element of volume, Idx dx, 


Moment of 


wedges ^ ^ 


W dx = ydl 


where I is the moment of inertia of the water-plane area, the horizontal 
section of the vessel cut by the plane of WL. 
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Since the moment of this couple about 0 and B is the same, we may, 
as was mentioned before, equate it to the moment about B due to the shift 
of the buoyancy from B to B'. Therefore, WBB' = yVBMO = ydl, and 
BM^IIV. Since BM = GM + BG, 

GM=^~-W 

It is of particular importance to note that we have obtained an expression 
for the metacentric height that is independent of the specific weight of the 
fluid 7 and of the inclination d. 

The metacentric radius BM = I jV depends on the geometry of the 
vessel and can be computed from its plans. BM also depends on the draft, 
as both I and V change with the water line corresponding to the loading 
of the vessel. For a vessel of parallel sides, I will remain constant, but V 
becomes less as load is removed. BM should, therefore, increase. 

The stability of the vessel, however, depends very much more on the 
location of the C.G. If cargo is removed from a deep hold, the C.G. in 
light condition is relatively higher, while at light draft the C.B. is rela- 
tively lower. Consequently, BG may increase so much at light draft 
that the metacentric height (and consequently the stability) may van- 
ish. 

It is evident from the expression GM = I/V — BG that to gain stability 
the C.G. should be low (BG small) and the beam wide (I large). 

In the discussion of stability in terms of metacentric height, it must be 
remembered that 6 is assumed to be a small angle. Therefore only the 
initial stability of a floating body is indicated by this analysis. 

The initial metacentric height is 1 to 2 ft for passenger steamers and 
3 to 4 ft for naval vessels and sailing ships. Experience shows that the 
period of roll is shorter and rolling is more uncomfortable for a large 
metacentric height. 

2.13. Period of Rolling. The applied moment WGMd and the mass 
moment of inertia of the vessel about the axis of roll are the most important 
factors on which the period of roll depends. The frictional damping is a 
second-order effect. Denoting the mass moment of inertia by (IT /g)k^j 
where k is the radius of gyration of the vessel , we fi nd by an analysis like 
the one of Art. 2.9 that the period T = {k/^gGM)(j)(d)j where (<^0) is an 
unknown function. <^(0) is found experimentally to be constant for small 
values of 0. 

We conclude, as has the practical seaman, that large GM produces quick 
rolling. River steamers, not designed for a seaway, customarily have 
relatively great beam (large //F), a high C.B. (small BG), and a meta- 
centric height of as much as 20 per cent of the beam. 

A floating cylinder has zero stability ; M lies on G, and GM = 0 
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(Fig. 2.27). A vertical side or, even better, a flare is required for stability. 
“Tumble home’' as on some whaleback steamers and on submarines awash 

can give doubtful stability. 

A fair GM initially is not enough to 
give safety, as stability may vanish 

j— when the deck edge dips because I de- 

V ' B J creases abruptly. To preserve a “ range 

^ of stabihty” through a large inclina- 

? tion, adequate freeboard is recpured. 

\ L 2.14. Inclining Experiment. Tode- 

\ / termine GM experimentally in order to 

^ verify the safety of a loaded barge or 

other vessel is a common precaution. 

\ A weight F is moved across the dcjck a 

V J distance x (Fig. 2.28). The change of 

X moment Fx causes an observed heel, 

i ? or list, 6 balanced by a righting mo- 

^Freeboard Stable ment WGMd. W can be computed 

^ from the plans of the vessel correspond- 

ing to the observed draft. Then 

W^e = Fx and Wfl = Fx/Wd 

Fig. 2.27. — Floating bodies having « < e ^ i. Ti. u 

varying degrees of stability, a. Circular 2.15. Free-SUTiace Effect. It Can DC 

cylinder ~ zero stability, h. Hull with shown, by methods identical with thosc 
flared sides — very stable, c. Hull with , . . ‘x* i* 

“tumble home “ — doubtful stability, ibsed to compute the position ol the 

d. Range of stability of a typical hull metacenter, that, if any compartment 
form depends on the freeboard. - i • i p t • i r 

of a ship has a free liquid sun ace, the 
metacentric height of the vessel is lowered by an amount equal to 
i/V, where i is the moment of inertia of the free surface about its center 
line and V, as above, is the volume of the carene. In damaged condition, 
a vessel with several compartments open to the sea may (*,apsize before 


Fig. 2.27. — Floating bodies having 
varying degrees of stability, a. Circular 
cylinder — zero stability, h. Hull with 
flared sides — very stable, c. Hull with 
“tumble home” — doubtful stability. 
d. Range of stability of a typical hull 
form depends on the freeboard. 


it sinks. 



Fio. 2.28. 
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2.16. Statics of Moving Systems. When the entire continuum is in 
uniform rectilinear motion, our conclusions regarding the statics of a fluid 
in the gravity field of force apply without change. This follows from 
Newton^s fundamental concept that force results from change of motion. 
When there is uniform motion of all particles of a system, there is no 
change of motion for any of them, and liencf^ no change in the forces that 
would act on them when at rest. 

Consequently, we may ignore a uniform velocity of translation and 
write as before for the hydrostatic equation. 

p - Po = yh 


2.17. d’Alembert^s Principle. C-onsider a particle or small portion of 
fluid of mass m in a continuum, located at x, ?y, z, and moving at a given 
time with an acceleration whose components are d^x/df, dryldf^ and 
dH/di?. The presence of such an acceleration implies, from Newton, that 
the resultant force acting on the particle has effective components equal 
to mid^xjdf)^ m{dhjldt^), and m{d?‘zldfF). Now the resultant force acting 
on the fluid particle is the sum of the external surface and body forces. 
L(^t its components l)e A^, F, Z. Note that the resultant external force is 
acting in the direction of the resultant acceleration. 

The equations of motion for the particle are thus: 


A" == 7n 


d^x 

de 


or 


d\r 


Y = w 


dP 


Z = m 


dP 


Y - m— = Q 
^ ^ dP ^ 


d^z 


The latter form of the equations of motion is identical in appearance with 
the three eciuations of equilibrium for a particle without acceleration. It is 
therefore obvious that, if a fictitious force with components — m(d?x/df)y 
— vi{d-y/dC'), — m{d?zld^) is considered to act on the particle in addition 
to the real forces, then this system of fictitious and real forces is in eciui- 
librium. The fictitious force is called the “inertia force,” and the fictitious 
equilibrium is called “dynamic equilibrium.” 

The principle of d’Alembert is embodied in the last paragraph. It is 
seen that this principle enables us to reduce a problem of motion to one of 
equilibrium simply by taking into account the inertia forces which act on 
the masses involved. 

2.18. Uniform Rectilinear Acceleration. Consider the liquid in an 
open tank moving with constant acceleration a in a horizontal direction 
as shown in Fig. 2.29. By d’Alembert’s principle, we may consider the 
liquid at rest in the tank in a field of force determined by g units of force 
per unit mass downward and a units horizontally, toward the left. The 
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resultant force vector is Va^ -f and is directed away from the vertical 
by 0 = tan~^ a/g. The direction and magnitude of the force vector are 
the same at all points. 



The force on unit volume of fluid that when at rest is y = pg is now 
y' = pVa^ + g\ and the hydrostatic equation becomes 

p - Po = y'2 = p Va‘^ + 2 = (2.10a) 

cos u 

where z is measured normal to a surface of constant pressure, as shown in 
Fig. 2.29. 

The free surface at s = 0 and p = po is inclined to the horizontal at an 
angle 0 = tan~^ a/g. If the horizontal acceleration is p, the liquid banks 
up at a 45-deg angle. The surfaces of constant pressure are parallel to the 


\ 



Fig. 2.30. — A catapulted airplane may be momentarily starved of fuel. 
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free surface. The maximum pressure is at the corner of the tank where z 
is a maximum. 

This type of analysis applies to the design of a tank truck where brakes 
may be applied roughly or to a tank car for a railway. An interesting ex- 
ample (Fig. 2.30) is furnished by the fuel system of an airplane launched 
by catapult (with a horizontal acceleration usually greater than g), A 
gravity feed will not oj)erate; instead, the carburetor may be drained back 
into the tank, and fuel may pour out of 
the vent of the main tank. Obviously, a 
check valve is required, or a pressurized 
fuel tank. 

2.19. Uniform Spin. When a body of 
fluid rotates uniformly as a whole without 
relative motion of its parts, each particle 
moves in a circle as do elements of a rigid 
body. 

]jet the constant angular velocity be a?, 
and let p be th(‘ density of the liquid. 

Choose polar coordinates with z and r as 
shown in Fig. 2.31. The centripetal ac- 
celeration of a particles at radius r is coV. 

Consider the dynamic equilibrium of the 
particle by d’Alembert’s principle. In the 
horizontal plane the pressure must in- 
crease radially to balance the centrifugal 
force p dr dz dn r. In the vertical plane the pressure must increase with 
depth to balance the weight pg dr dz dn, as for a fluid at rest. Therefore, 

p dr dz dn coV = dr dn dz or pcoV = ^ 
or or 



p dr dz dn g dz dr dn 
oz 


- P<7 = 


Since p depends only on r and z, we can write that 

dp = ^dz + ~ dr = — pg dz-^ /)CoV dr 
oz or 


P = J ~ dr = - pg{z - Zo) + h po 


At the free surface where p = po, 2 = 2o + {o)^/2g)f\ a paraboloid of revo- 
lution. 

Surfaces of constant pressure are similar paraboloids of revolution with 
common axis, 
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^(j pg 

Where r == 0, the variation of pressure is as in a fluid at rest, 

p - Po= - pg{z ~ zq) 


Note that, for constant z, p increases as r-. A centrifugal pump and a 
centrifuge make use of this principle. An enclosed mass of water is whirled 
rapidly to ci'eate a great differen(*e in pr(\ssure ])etween its center and its 
periphery. 

2.20. Overshot Water Wheel. On unit mass of water in a bu(‘k('t as 
shown in Fig. 2.32, the force field can by d'Alembert’s principle be con- 


C 



sidered as made up of a component (j due to gravity and a component 
due to centrifugal force as shown. The resultant force/ cuts the vertical at (7. 


OC ^ DC ^ g 
OP R cvm 
or 

OC = -^ = constant 

Consequently, C is a fixed point for all buckets, and the water in each is 
in equilibrium under a force field directed along a line CP, The free surface 
of water in each bucket will be normal to CP for all positions. 
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2.21. Statics of Compressible Fluids. Th(^ general condition for the 
equilibrium of a fluid at rest holds for both compressible and incompressible 
cases, Lc., the pressure gradient ecpials the specific weight and is directed 
vertically downward. For the usual coordinate system, with the h axis 
upward, we have from Ecp (2.7) 


dp 

dTi 


- 7 


(2.7) 


The surfaces of constant pressure are horizontal planes as in the case of the 
incompiessible fluid, and p is a function of h alone. From the relation 
dp/dh — y we also conclude that y (or pg) depends on h. In the in- 
comp]*essibl(‘ case, density is constant, but for a compressible fluid the 
d(uisity, which obviously decreases with j^ressure, must also decrease with 
h and must be constant over ea(4i horizontal plane. 

If we knew the relation between height and density of the fluid, we 
could predict the pressure change between level hi and a higher level h by 
integrating the (Kpiation to obtain 


or 


p - Pi = - 
h -hi = - 


f 

S' 

»/ pi 


y dh 

dp 

7 


2.22. Physical Properties of Liquids and Gases. For practical prob- 
lems, however, we a’-(‘ usually able to relate density or specific weight only 
to pressure and temperature. For liquids, the relation between specific 
weight and pressure is usually given in the form 

= ( 2 . 11 ) 

where (3, called the “bulk compression modulus,’’ is practically constant 
over a large range of pressures; and the reciprocal of 7, is called the 
“specific volume.” 

For water, /3 = 310,000 lb per sq in., for usual hydraulic work where 
temperatures are not near freezing or boiling and pressures are less than 
10,000 lb per sq in. Thus for a pressure increase of 1,000 lb per sq in. there 
is an increase in specific weight or density of 0.32 per cent and a decrease 
in specific volume of the same amount. 

Water is peculiar in its change of density with temperature. For 
moderate pressures there is an increase in density of about 8 per cent at 
the change from ice to liquid. There is a further increase to a maximum 
density at 4 C (39 F) and then a density decrease of about 4 per cent up 
to the boiling point. At the transition from liquid to steam the density 
decreases by a factor of 1,700. 
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The following table shows the variation of specific gravity in the sea 
as a function of depth. The last column, headed With compression, gives 
the actual specific gravity resulting from the effects of both temperature 
and pressure. The adjacent column, headed Without compression, gives 
the effect on specific gravity of temperature alone. Note that there is little 
change in specific gravity (and hence in density) even at immense depths. 


Depth, ft 

Temperature, 
deg F 

Specific K^'i^vity 

Without 

compression 

With 

compression 

0 

80.8 

1.02220 

1.02220 

1,000 

40.1 

1.02739 

1.03215 

10,000 

36,7 

1.02768 

1.07123 


For engineering purposes, water may bo considered incompressible, 
provided that neither ice nor steam is involv^ed and further provided that 
it is not subject to severe acceleration giving rise to compression waves 
(water hammer). Other liquids likewise may be treated as incompressible, 
and the ordinary hydrostatic equation applied. 

P2 - Pi = - yih - hi) 

For the permanent gases, however, substantial density (changes ac- 
company changes of both pressure and temperature. At a height between 
3 and 4 miles, where pressure and temperature are considerably lower than 
at the earth^s surface, the atmosphere has but half the density at sea level. 
The well-known equation of state for a perfect gas is sufficiently accurate 
for most engineering purposes, 

pv^RT (2.12) 

where R is the gas constant for the gas in question and T is the absolute 
temperature. R has the dimensions of a length divided by a temperature, 
as shown by Eq. (2.12), 



A second relationship that applies to the permanent gases is the poly- 
tropic equation, connecting specific weight (or volume) and pressure. 


tyrt 




= constant 


(2.13) 


where n is a constant. The value of n depends on the process and on the 
gas. For a process in which friction and heat transfer are negligible (re- 
versible adiabatic process) it is found, to a good approximation, that 
n = Cp/cvf where Cp and Cv are the specific heats at constant pressure and 
constant volume, respectively. The ratio Cp/Cv is here denoted by k. 
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(ills 

k 

H 

7 

M/deg C j 

Ft /deg F 

Kg/m® 

Lb/ft® 

Helium. . 

!.()() * 

212.0 ' 

386.5 

0.1785 

0.01114 

Air 

1.40 

29.27 

53.35 

1.2928 

0.08071 

Oxygen. . 

1.40 

26.50 

48.31 

1.4289 

0.08921 

N itrogen . 

1.40 

30.26 

55.20 

1.2505 

0.07807 

Hydrogen 

1.41 

420.6 

766.5 

0.08987 

0.005611 


2.23. Isothermal Equilibrium. The general equilibrium condition for a 
compresvsible fluid, dp/dh = — y, cannot be integrated to obtain the pres- 
sure distribution unless 7 can be eliminated. This can be done by means 
of tlie ec]uation of state, 

pv = ^ = Rr or 7 = ^ 


(2.14) 


Substituting for 7 , we have 

dp ^ _ dj> 

"p Rf 

For the isotliernial case, T i.s constant. Accordingly, we find by integra- 
tion of E<i. (2.14), if h is measured above a reference level Ih where the 
pressure is pi, that 

p A, - li ' 


log p 


log Pi = log - 


RT 


or 


p = PiC^'“ “ 


(2.15) 


This is the pressure distribution for isothermal e<iuilibrium of a perma- 
nent gas. It may be noted that it corr(\sponds to and replaces the simpler 
formula p = pi + 7 (Ai — A) for an incompressible fluid. The two expres- 
sions become identical if {h\ — h)/RT becomes small, that is, for an eleva- 
tion of the order of 250 ft. For if x is small, c"' = 1 + a: (the first two terms of 
the power-series expansion for e^). In this case we can write Eq. (2.15) as 

p = Pi ^1 -f = Pi + (^1 — h) = pi + 7 i(Ai — h) 

substituting 71 = pi/RT from the equation of state. 

For the measurement of height from a knowledge of the pressures pi 
and p, Eq. (2.15) is put in the form of the so-called “barometric formula.” 
Since barometer heads bi and b correspond directly to pi and p, we can take 
bi/b = pi/p and write Eq. (2.15) in the form 

h-h = RT log ^ 


for the isothermal case. 

* At 760 mm, 0 C or 29.92 in. Hg, 32 F. 


( 2 . 16 ) 
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As an example, suppose a mercury barometer is observed to stand at 
29.8 in. at the foot of a hill and at 24.6 in. at the top. It is assumed that 
the average temperature of the air is 50 F. (Note that we neglect the 
temperature gradient up the liill. For a liigh mountain this would not be 
justified.) Then T = 50 + 460 = 510 F abs, and from Eq. (2.16) 

h - h = 53.3 X 510 log 1.21 = 2,256 ft 


2.24, Lapse Rate in the Atmosphere. In a})plying the barometer to 
the measuj‘emeiit of a great altitude, allowance must be made foi’ the de- 
crease in temperature with elevation. For the first few miles above the 
ground the rate of decrease has been found to be neaily constant.. Assume 
siudi a constant rate of temperature decn'ase, and let dT/dh, = — X, the 
constant lapse rate. 

The equation of state (2.12) and the fundamental condition of eejui- 
librium (2.7) have already been combined to give Eep (2.14). Eliminating 
dll by combining E(p (2.14) with dT/dh ~ — X, we get 

d/p _ \ dT 
y ” \ Fi f 


The last equation can be integrated to give log p - (1/X/i^) log T C or 



XH 

7h 

Ti 


(2.17) 


where pi and Ti are an arbitrary pair of values of p and T. 
of p/Ry for T, from the equation of state, gives 


p 

= (c) " constant 


Substitution 


(2.18) 


Comparison of Eqs. (2.13) and (2.18) shows that the assumption of a 
constant lapse rate is equivalent to the assumption of a polytropic relation 
between p and y for which the exponent 


I- \R 


(2.19) 


If n is taken as being equal to k for air, the corresponding value of X 
is called the '^adiabatic lapse rate/^ 


- (s)[' - ©] - (5o)[> - (n)] - '* 


or about 5 F per 1,000 ft (1 C per 100 m). 
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In the real atmosphere the lapse rate is usually about half of this value 
(X ^ \ad/2 = 0.0027 F per ft), and thus the corresponding value of 
n = 1/(1 - \R) = 1/(1 - 0.0027 X 53.3) = 1.17. 

To find the pressure distribution in the atmosphere or the relation 
between pressure and altitude, we substitute in Ecp (2.17) for T its value 
from T — Ti = h), which is merely the integrated form of dT/dli 

= — X. Thus we find, after solving for h — hi, 

If the gradient X and a set of corresponding values of /o, pi, Ti are given, 
this formula c;an be used for determining the altitude It from a barometer 
reading p. If we have for instance at the ground hi = 0, Ti = 540 F abs, 
and Pi = 29.92 in. Ilg, a barometer reading p = 17.5 in. Hg gives, for 
X = 0.0027, 


540 r p7.5Yi<4-i 

0.0027 L \29.92/ 


14,900 ft 


It is evident that the selection of the lapse rate has an important effect 
on the altitudes estimated from licp (2.20). An alternative form of the 
barometric e(iuation recpiires the selection of a suitable value of n, corre- 
sponding to the probable lapse rate. 

Substituting in F]q. (2.20) for X its value from Eep (2.19), we find 


h-hi^RTi-- 

n — 



/ j)\{n—\) In 


( 2 . 21 ) 


This is a general formula for determining h(dght from an observation of 
two pressures p and pi provided that n is known. 

A corresponding formula connecting height with temperature drop 
has already been obtained by integration of dT/dh == — X, 


h-hi = i (Ti - T) 
or 

h - hi = R {Ti - T) (2.22) 


2.26. Height of the Atmosphere, a. Adiabatic Case. Taking n = k 
= 1.4 for dry air, R = 53.4 ft per deg F, and 7\ = 592 F abs at the ground 
level, we find from Eq. (2.21) that p will be zero when 

h-hi = RTi = 92,000 ft 
ic — I 

or about 17 miles. 

We know that the atmosphere does not stop at 17 miles but extends, 
with diminishing density, for hundreds of miles. However, we also know 



50 


STATICS 


[Chap. II 


that the troposphere, or the part of the atmosphere next the earth, has an 
approximately adiabatic lapse rate for 6 or 7 miles and that thereafter an 
isothermal stratosphere extends to a considerable height. Let ns examine 
the extent of a hypothetical isothermal atmosphere to see whether a large 
extent is compatible with static equilibrium. 

b. Isothermal Case. The equilibrium condition for this case is embodied 
in Eq. (2.15), h — hi = RT log (pi/p), from which h is seen to be infinite 
if p = 0. An isothermal atmosphere would extend outward indefinitely, 
as seems to be the case with the actual atmosphere, although it is now 
known not to be isothermal. 

c. Constant-density Case. The height of a column of air of uniform 
density necessary to create the pressure under which wo live, or the 
^'head'’ of air, can be computed from the hydrostatic equation [Eq. (2.9)]. 
If the assumed value of density corresponds to p - 29.92 in. Hg and 
T = 32 F, the height of the column for p = 0 is found to be about 5 miles. 

2.26. Remarks on the Equilibrium of the Atmosphere. The lower part 
of the atmosphere, or troposphere, is constantly being mixed by convection. 
Water vapor is being taken up and again precipitated, and there are great 
movements of polar air and of tropical air into the temperate regions. In 
the tropics, owing to intense heating of the ground, air is rising. This 
produces a general circulation of air from the temperate regions toward 
the tropics (trade winds) and a drift near the top of the troposphere from 
the tropics toward the poles. Cold air aloft settles toward the earth to 
maintain continuity. This general mixing of the atmosphere is due to un- 
equal heating of the earth's surface, caused by variation of solar intensity 
with latitude and by unequal heat-absorptive qualities of land and water 
areas. As a result, the troposphere is kept in some average thermal and 
mechanical equilibrium whose disturbance we know as weather. This 
varies from day to day or even from hour to hour in an irregular manner. 

Climate is determined by the average weather at a given place over a 
long period of time. Thus climatology predicts from past records the safe 
date for planting crops. Meteorology predicts tomorrow's weather from a 
knowledge of the present condition of the atmosphere near a given locality. 
The convective mixing of the troposphere tends to establish a stable 
equilibrium, and there is a certain degree of continuity in our weather. 

That the lower atmosphere should have an approximately adiabatic 
temperature gradient is suggested by the fundamental nature of convec- 
tion. Air next the ground that is heated more in one locality than elsewhere 
will rise like warm air in a chimney. Colder and denser air will flow in to 
take its place. The rising air cools adiabatically, for air is a poor conductor. 

It is interesting to observe that the natural temperature lapse rate 
makes for stability of the lower atmosphere; f.c., an air mass, displaced 
vertically from any cause, tends to return toward its original level. Con- 
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sider a mass of air rising by convection because it became slightly unstable 
at ground level owing to local heating. This air will cool adiabatically 1 C 
per 100 m. At any level it will be subject to the same pressure as the sur- 
rounding atmosphere. Hence, if the atmospheric lapse rate is but 0.6 C per 
100 m (the usual case), the displaced air mass will be denser than its 
surroundings and will tend to fall back. 

In general, when the atmospheric lapse rate exceeds the adiabatic rate 
of 1 C per 100 m, the air is unstable. Under usual conditions the air is 
stable, and large-scale convection does not occur. Thunderstorms arise 
in an unstable atmosphere in which the lapse rate is temporarily excessive 
from abnormal heating of the ground and the lower strata of the air. This 
condition frequently occurs in summer. In winter, when the ground is 
covered with snow, the lower strata are cold, the lapse rate is low, and the 
air is likely to be stable. On a clear summer night the ground cools quickly 
by radiation, and the lower stratum of air may become cooler than that 
lying above it. Here the lapse rate may be zero or even reversed. This is 
called “temperature inversion’^ and makes for very great stability. 

The troposphere is found to extend upward with a fairly constant lapse 
rate until the temperature has fallen to about —50 C. This temperature 
may be reached at a height of about 7 miles in our latitude. From there on 
to 12 or 13 miles, the stratosphere extends as an isothermal blanket. 



Fia. 2.33. — Cloud formation by condensation of water vapor carried upward in a rising 

column of air. 


Above the stratosphere, there is evidence of a temperature maximum of 
about 80 C at a level of 30 to 40 miles. Above 50 miles, the atmosphere is 
strongly ionized and is known as the “ionosphere.” It has properties of 
great importance to radio- wave propagation by reflection. There is 
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evidence from auroral measurements of the presence of an upper atmosphere 
to 750 miles. 

The formation of cumulus clouds and thunderstorms is a result of in- 
stability. Warm, moist air next to the ground becomes unstable and rises, 
cooling adiabatically until the dew point is reacluid, when condensation of 
water vapor makes a cloud form (Fig. 2.33). If the initial uprush is violent, 
the rising air may overshoot its altitude of equilibrium. If there is an 
inversion or a stable layer of air at this elevation, further upward motion is 
stopped. However, if the upper air is neutral or slightly unstable, the 



Temperature, C 

Fig. 2.34. — Relation between lapse rate and stability of the atmosphere. 

latent heat released by condensation may be enough to carry the convec- 
tion current to greater heights. Aviators have occasionally found storm 
clouds extending to 35,000 ft, but usually the air is clear above 20,000 ft. 
Figure 2.34 shows how the actual lapse rate may be stable or unstable de- 
pending on whether it is greater or less than the adiabatic (neutral) rate. 

2.27. Balloons, a. Taut Balloon. A balloon is said to be taut if it is 
completely filled with gas. Since the bag of a balloon can support only 
negligible internal overpressure, a safety valve is provided, which allows 
gas to escape as the balloon rises, thus maintaining nearly ecjual internal 
and external pressures. If we assume the balloon rises so slowly that the 
internal and external temperatures are equal at every instant, the equation 
of state [Eq. (2.12)] yields yg/ja = Ra/Rg = constant. Subscript g refers 
to the gas and subscript a to the atmosphere. 

For a balloon of volume V rising at uniform velocity the buoyant force 
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Vija— Jo) is just counterbalanced by the weight W of the structure and 
load, plus the air resistance /), 

W + D= - ij = 7/3 (2.23) 

As 7a / Jo is constant, /3 will vary as yg. The buoyancy of the balloon will 
therefore diminish as jg becomes smaller, f.c., as altitude is increased. 

At the maximum height the velocity, and hence the drag Z), will be 
zero, and /? = /Sm = W/V. Note, however, that, if the balloon overshoots 
the maximum level by virtue of its kinetic energy, too much gas will be 
lost and the nvst condition cannot be attained. Instead, the balloon will 
fall under the action of a constant downward force since the weight of 
gas Vjg will now be constant. The balloon will therefore accelerate down- 
ward until the condition W — Z) = TjS is satisfied. 

If the balloon is anchored to the ground, the drag D of Fa\. (2.23) will 
be replaced by the tension F in the mooring cable. Letting /3 = jSo at 
ground level, we find that /3o = (W + F)/V. Therefore, the ratio jS//3o 
= 7«/7o<, = = (W + F)/W, From a table of the standard atmos- 

phere one may pick out h corresponding to any value of p/po, or h can be 
computed from an assumed average temperature change. Hence, for a 
known value of the ballast necessary to hold a balloon on the ground, one 
may estimate the height to which it can rise. 

b. Flabby Balloon. If the balloon is only partly filled at the start, it 
will rise under the action of a constant buoyant force until it is completely 
filled, for the weight of gas Vyg remains un(dianged. The level at which 
gas starts to escape is called the ^^pressurc height. For elevations greater 
than the pressure height the rising balloon is taut and behaves as described 
above. 

2 . 28 . Superchargers. At 20,000 ft the density of air is less than half 
that at sea level. The oxygen in the air intake per cylinder volume of an 
airplane engine is therefore only about half that needed to burn the fuel 
required to develop full power. If a compressor is used to supply air to the 
engine at sea-level density, the full power is restored. Such compressors, 
known as superchargers, are gear-driven from the engine or driven by an 
exhaust turbine. An engine may not safely be supercharged at groimd 
level because the compression ratio is presumably already as high as the 
fuel will tolerate without detonation. 

Human beings resemble the internal-combustion engine in that a fixed 
lung capacity and a fairly constant frequency of respiration require a fixed 
amount of oxygen per stroke. Above 12,000 ft human beings need extra 
oxygen enrichment of the thin air they breathe or else the equivalent of 
supercharging (supercharged cabin). 
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3.1 Relative Motion. Kinematics is concerned only with space-time 
relationships, without regard to force. We shall deal with a continuum in 
which there are no voids and such that nowhere in it is fluid either created 
or destroyed. The mathematical description of the motion is complete if 
we have an expression which gives, for every point, the magnitude and 
direction of the fluid velocity at that point, at any instant of time. 

Velocity is measured relative to some coordinate system, either fixed 
or moving. We might choose a coordinate system fixed in space, past 
which the fluid flows, e.g.^ an observer sitting on the bank of a stream. 
Alternatively, we might choose a coordinate system attached to a par- 
ticular part of the fluid and moving with it, e.g., a swimmer allowing himself 
to be carried along with the stream. For reasons of simplicity we shall 
adopt the first system of coordinates, following Euler, and describe fluid 
velocity V in terms of the time for every point fixed with reference 

to a stationary coordinate system. Thus V = f{x^y,z,t). 

In this connection a type of relativity discussed by Newton will be help- 
ful in keeping our mathematics simple in form. Suppose we are interested 
in the flow around a solid body moving with velocity V through a large ex- 
panse of fluid that is at rest at a great distance from the body. The fluid 
is disturlxd by the passage of the body and, relative to the body, moves 
past it and closes in behind, preserving the continuity of the fluid. Since 
the fluid motion is due only to the relative motion of the body and the 
continuum, the velocities and accelerations relative to the body would be 
exactly the same at all points in the continuum if we considered the body 
at rest in an infinite expanse of fluid moving past it with a velocity of — V. 
We shall, in general, consider cases of flow past solid objects as if the object 
were at rest in a stream of fluid. 

We literally adopt this procedure in the wind tunnel, in which a model 
on a force-measuring balance is exposed to a stream of air. But for testing 
models of ships, the model is towed through a channel or tank of water at 
rest. To observe the flow pattern relative to the ship’s model it is necessary 
to fix a camera to the carriage that tows the model. A short time exposure 
will make a record of the flow pattern, provided that one puts sawdust in 
the water or otherwise makes visible the motion of individual particles. 
To observe the flow pattern in the wind tunnel a stationary camera is used 
to record the appearance of air flow made visible by smoke. 
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With the moving camera in the tank experiment we have in effect 
chosen a set of coordinates fixed in the body. The camera sees the water 
as if flowing past the model with a relative velocity equal but opposite 
to that of the model. 

3.2. Streamlines. If we knew the direction of the velocity at each 
point X, 2/, 2: at a given instant of time, we could make a record of the flow 
by drawing lines everywhere tangent to the particle velocities. Such lines 
are technically named streamlines.'' When we take a short time exposure 
of the surface of the water in the ship's model tank referred to above, each 
of the distinguishable particles of water will be represented on the de- 
veloped plate by a short streak, whose slope indicates the direction and 
whose length indicates the relative magnitude of the fluid velocity at this 
point. We can then draw a series of streamlines tangent to these experi- 
mentally determined velocity vectors and obtain a streamline picture, or 
flow pattern. 

3.3. Path Lines. If, on the other hand, we take a long time exposure, 
the long streaks on the plate will register the paths of the different visible 
particles of fluid. Such lines are called ^^path lines" (after Prandtl). They 
do not necessarily give information about the velocity, as they record an 
obscirvation of the change in the position of particles, which takes place 
from time to a later time Obviously, the streamline picture at time 

may be very different from that at time ^1. The path lines may crisscross 
and present a tangled picture impossible to interpret in terms of ve- 
locity. 

3.4. Steady Flow. If the velocity at every point remains the same at 
all times the motion is said to be steady; V = f{x,y,z) and is independent 
of time, that is, dV / dt = 0 everywhere. For such steady motion, the 
streamline pattern is stationary," and all streamline photographs will be 
identical. Steady motion is often called “stationary flow." In this case, 
the path lines and the streamlines, as here defined, are identical. Under 
certain conditions one can show that a steady velocity implies steady pres- 
sure, density, and temperature. It will be assumed in all cases that these 
conditions are fulfilled. A steady flow will therefore be defined as one in 
which not only velocity but also pressure, density, temperature, and any 
other fluid property are all independent of time at any fixed point. 

3.6. Stream Tubes. Since a streamline is, by construction, everywhere 
tangent to particle velocities, in steady motion the flow follows the stream- 
lines. Consequently, no fluid crosses a streamline. In an ideal continuum 
the velocity for steady motion is a continuous function of the space co- 
ordinates, and every streamline is a continuous line beginning at an infinite 
distance upstream and extending an infinite distance downstream. When 
the continuum is bounded by solid walls, such as is the case in a hydraulic 
system, we may consider the streamlines as starting in the reservoir where 
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fluid is at rest and extending through the entire system to the ultimate 
discharge. Streamlines in a steady flow represent the paths of particles; 
and since matter in the continuum is neither created nor destroyed, a 
streamline can, theoretically, have no ends. It either extends to infinity in 
both directions or is a closed line. 

Through any point in the fluid only one streamline can be drawn, 
extending up- and downstream. The streamlines through all points on a 
closed curve define a stream tube. The fluid inside such a stream tube 
remains inside the tube since no fluid can cross a streamline. Extending the 
concept we can imagine the entire flow composed of stream tubes, drawn 
through some arbitrarily selected net or mesh stretched across the flow. 

3.6. Conservation of Mass — Equation of Continuity. The mathe- 
matical statement of the fact that fluid is neither created nor destroyed in a 



continuum is called the ^^eejuation of continuity.” For steady flow in a 
stream tube of infinitesimal cross section, this equation is 


djYii __ dm2 

di dt 


= constant 
dt 


where dm/di is the rate of mass flow through the stream tube at an arbitrary 
point. The equation has this form because in steady flow there is nowhere 
a change in density with time. Hence no accumulation of mass can occur 
inside the stream tube, and the same amount must pass all cross sections 
in unit time. Since the rate of mass flow across area dA is equal to pV dA 
(Fig. 3.1), the above equation may be written 

piVi dAi = P 2 V 2 dA 2 = pV dA == constant (3.1) 

For a stream tube of finite cross section this can be integrated to give 

J* pV dA - constant 


(3.2) 



Sec. 3.6] 


CONSERVATION OF MASS 


57 


wliere dA is normal to the velocity V at every point (Fig. 3.2). If p and V 
are assumed constant over every cross section, Eq. (3.2) reduces to 


pVA - constant (3.3) 

Equation (3.3) is sufficiently exact 
for many engineering problems. If 
the fluid can be considered incom- 
pressible (as can water in ordinary 
pipe flow, or air in many aerody- 
namic problems), Eq. (3.3) becomes 

VA = constant (3.4) 


We now develop a more general 
form of the continuity equation, 
which will apply both to steady and 
to unsteady flow. The method used 
here for continuity will be useful in 
later chapters in the t reatmtait of 
energy and momentum. 

We imagine to be drawn in the fluid a volume of arbitrary shape, which 
is at rest with respect to a convenient frame of reference. We call this 
the control volume’’ U and its surface the control surface” A, Fluid 
will in general be flowing across some parts of the control surface. At an 
arbitrary time ta then^ is a definite mass m occupying the control volume. 
This may comprise both fluid and solid bodies, as shown in Fig. 3.3a. 




Fig. 3.3a. 


After a time interval dt = h — ta, the boundary of the mass system will in 
general no longer coincide with the control surface but will be as shown by 
the dotted line in Fig. 3.36. 

The mass of that part of the system lying outside of V at time h we 
call dnioutj and the mass of the new matter inside of V at h but not included 
in the system we call dmiu. Representing the entire mass inside "0 at any 
time by m' we can express the mass of the system in two ways, m- mh and 
m = mi + diUout ~ dniin. Eliminating m and dividing by dt^ we get 
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„ mi - m'a . dmoui ~ dmi^ 

0 = _-^ + (3.5) 

Equation (3.5) is a general statement of the continuity condition. The 
first term represents the rate of ac(annulation of mass inside the control 



volume, while the second represents the net rate of outflow of matter 
through the control surface. 

The special c.as(\s already discussed are readily handled by means of 
Eq. (3.5). If, for example, we let V coincide with a section of stn^am tube 
(Fig. 3.1), wc get 


dmout 

dt 


P2T 2 dA2 


dnijn 

dt 


piVi dAi 


If, furthermore, the flow is steady relative to t), the mass inside V will not 
change with time, that is, ml, — mh. Equation (3.5) thus reduces to 
P 2 V 2 dA 2 = piW dAi, which is identical with 
Eq. (3.1). 

For future use it will l>e helpful to express 
the net rate of mass outflow across the control 
surface in another form. The mass that crosses 
an element dA of the (jontrol surface in time dt 
is equal to pF cos a dA dt, where V cos a is the 
component of velocity normal to dA (Figs. 3.36 
and 3.4). We stipulate that a be the angle be- 
tween V and the outward-drawn surface nor- 
mal, so that outward-flowing matter is automatically positive, while 
inward-flowing matter is negative. Therefore, 
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where the integral is taken over the entire control surface A . The time 
interval dt is of course the same for all area elements and has therefore been 
taken out from under the integral sign. Equation (3.5) thus becomes 


mb — m, 
dt 


and for steady flow 


- -f ^ pV cos a 


= 0 


^ pV cos a dyl == 0 


(3.7) 

(3.8) 


It is readily seen also that if the fluid is incompressible (p = constant), 
Ma = mi and I{lq. (3.7) reduces to 



In most problems, the control s 
one of the three values 1, 0, or — 1 
more, there will usually be flow 
across the surface at only a few 
areas, over each of which the den- 
sity and velocity can be considered 
uniform. The integral of Eq. (3.7) 
or (3.8) thus reduces to the sum of 
only a few terms. The simplest 
case has already been discus.scd, 
viz., a stream tube or a length of 
pipe in which the velocity and 
density can be considered uniform 
over a cross section. For steady fl 
ring to Fig. 3.5 and using Eq. (3.8) 


irface can be chosen so that cos a has 
everywhere on the surface. Further- 



Fig .3.5. 

in a branched pipe we find, refer- 


cos a dA 


P2A2V2 + psAzVz — piAiVi — 0 


3.7. Two-dimensional Flow. When the flow is identical in all planes 
parallel to a plane of reference (the plane of the paper in the illustrations 
that follow), the flow is said to be two-dimensional. For steady motion, 
V = f(x,y) only. This restriction greatly simplifies the study of many 
common flow patterns, but the same methods apply to the general case of 
three-dimensional flow, although a graphical representation is not easy to 
devise. Consider an incompressible flow in the x, y plane as shown in 
Fig. 3.6, with identical conditions in every plane parallel to it. Let the 
flow be represented by a streamline pattern in which the spacing between 
streamlines is n at any place. Well upstream, if the flow is uniform and 
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parallel there, we might space points a, 6, c, e at equal intervals, indicating 
an equal flux entering each rectangular stream tube, of height in the y 
direction and of unit width in the z direction normal to tlie plane of the 
paper. Let the streamlines through a, 6, c, d, e be as shown. Then the 

area of each stream tube is nu- 
merically equal to n, the spacing 
of the streamlines. From the 
condition of continuity for incom- 
pressible fluid, Vq71q = = Vn 

= constant. 

The velocity is thus inversely 
proportional to the streamline 
spacing. Where the streamlines 
are spread apart, the velocity 
is lower and, where spreading, 
the flow is slowing down. Conse- 
quently, the streamline pattern 
gives information as to both the 
direction and the magnitude of 
the velocity at every point. 

The mathematical problem of 
hydromechanics is to find the 
function V = /(.r,i/) that maps the velocity field. We shall, however, find 
that many simple problems of steady two-dimensional flow of incompressible 
fluid can be solved approximately by a simple graphical construction. 

For example, consider the flow through the square nozzle in Fig. 3.7. 



Fi(i. 3.7. — Flow through a square nozzle treated as two dimensional. 


Neglecting friction, the velocity at sections A and C, where the pipe walls 
are parallel, will be parallel and uniform across the section. We can, there- 
fore, indicate points on several streamlines at each section, as shown. At 
the throat section J5, the velocity is also parallel and uniform across the 
section. We can thus locate another point on each streamline by dividing 


y 
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the throat section into four ecjual spaces. The streanalines are then faired 
tiirough these points. The resulting picture is an approximation only, for 
but three points on each streamline have been determined. This problem 
can be solved exactly by use of more advanced methods. 

In making a sketch of streamlines based on continuity requirements, we 
assume a steady flow of a frictionless liquid that follows the boundaries of a 
solid without separation. For real fluids we may expect the flow picture 
to be seriously different from the idealized case if the flow is controlled by a 
body of such abrupt form as to cause the flow to separate from the bound- 
aries. A body of such easy form that a real flow passes smoothly along it 
is called a “streamline body.” The word “streamlining” is popularly 
applied to efforts to fair, or smooth, surfaces exposed to flow. 



CHAPTER IV 

DYNAMICS OF AN IDEAL FLUID 

The dynamic equations of motion for a fluid particle lead, when inte- 
grated, to a generalized statement of the mutual relation between the 
nature of the flow and the forces acting. The basis for such a relation 
lies in Newton^s second law of motion, which can be stated thus: The 
(‘omponent in any direction of the resultant external force acting on a given 
mass is equal to the product of the mass and the component of its accelera- 
tion in that direction. To apply this law to a fluid continuum it Avill be 
necessary to choose some particular clement or particle of fluid located 
with reference to time and space coordinates. We must also choose some 
convenient shape for the volume of this element of fluid. The procedure 
will be first to determine th(i external forces acting on the particle and next 
its accelerations along the axes of the space coordinates and then to write 
down an equation of motion for each of the axes by the application of 
Newton’s second law. 

To facilitate integration of these equations of motion it is necessary to 
make the simplifying assumption that we deal only with an ideal friction- 
less fluid. For such a fluid, since there can be no tangential or shearing 
forces, the only external forces acting are due to pressure and gravity. 
This assumption, which is fundamental to classical hydrodynamics, has 
been found by experience to represent to a very fair approximation the 
behavior of a real fluid in many practical engineering problems. 

The development and integration of the equation of motion can be 
further simplified if we assume steady flow. Again this represents practical 
conditions in most engineering problems dealing with the steady motion of 
ships and airplanes and the (continuous operation of maichinery. 

Finally, when the fluid in question is a liquid, it will be permissible to 
consider the fluid as incompressible. For the flow of air or gas at moderate 
velocities the assumption of incompressibility, while an approximation, 
may also be justified. 

The circumstances of the case will determine which assumptions should 
be made. In a later chapter consideration will be given separately to the 
effect of viscosity on the dynamics of real fluids. 

4.1. Accelerations. (Consider first a steady flow where the streamline 
pattern is stationary and each fluid particle moves along a streamline. For 
this simple case it is possible to state the position of the particle in terms of 
the distance s that the particle has moved along the streamline, from an 
original reference position. 
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The particle is assumed to be at point 0 initially and to move with the 
steady flow a distance ds in time dt to point O', as shown in Fig. 4.1. The 
acceleration of the particle will be the change in its velocity at point O' 
from its velocity at point 0, divided by the infinitesimal element of time dt. 
It is convenient to choose as space axes the tangent to the streamline at 0 
and the normal to that streamline. Then the accelerations required for the 
two equations of motion corresponding to these two axes will be the com- 
ponent a* tangent to the streamline and the component an normal to as and 
directed toward th(^ local center of curvature of the streamline. 

Let V represent th(‘ initial velocity of the particle at 0, tangent to the 
streamline by definition of a streamline. When the particle reaches O', the 



velocity is tangent to the streamline at that point, its direction having 
changed through an infinitesimal angle da = ds/R^ for which cos da - I 
and sin da = da. 

The magnitude of tlie velocity along the streamline has incn^ased from 
F at 0 to V -f {dV/ds) ds at point O'. The component of velocity at 0' 
in the direction of the tangent at 0 is, by geometry. 

Vs = ^ ^ j d^ cos da = F + ds 

and consequently 

dVs ^dV 
ds ds 

Taking note that ds/dt = F, we can write down the acceleration in the 
s direction as 

F + (dVs/ds) ds -V dVs ds _ dV 

'dt ' ~ " ds dt ds 

The velocity normal to the streamline at 0 is zero. From Fig. 4.1, the 
velocity at 0' in this same direction will be 
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Tr J [F+ OF/a,s) dslds „ds 

since sin da = ds/R and the term in ds^ is negligible. Therefore, 

dFn F 
as R 

Then the acceleration in the direction of F„ is 


Cln 


0 -f (dVn/ds) ds ~ 0 n ds 


dl 


d,s dt R 


For a steady flow, therefore, the two components of acceleration at any 
point 0 are 

_ 1/^^ 

(la ^ n 

as 

and 

an = (4.1) 


For an unsteady flow the velocity at a fixed point changes with time, 
and account must be taken of this fa(d in (computing the acceleration. 
At a fixed point the rate of change of velocity with respect to time is repre- 
sented by d (velocity) /3^. At the instant one particle is at 0 with tan- 
gential velocity F, another particle is at 0' with velocity components F* 
and Fn as discussed for the case of steady flow. After time dt the particle 
that was at 0 arrives at 0' and then will have velocity components con- 
taining an additional term due to the elapsed time dt. 


+ + + ar*' 




, aF. , ^ aF ,, 

as at 


F„+ ds + ^^(^l„+ -^^-dsjdt ds+ 


aF„ 


aFn j , aF„ 


dt 


where we neglect terms in ds dl, take Fn = 0, but admit that dVn/dt need 
not be zero. 

Substituting previously determined values dVa/ds-dV/ds and 
dVn/ds = F//2, we find for the acceleration components when the flow 
is unsteady 

.,dF . dF 


F* aF„ 

R'^ dt 


(4.2) 


4.2. External Forces. To form the equations of motion we must de- 
termine the components of the resultant of all external forces in the direc- 
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lions of the accelerations a« and an that they produce. Since the shape of 
the fluid particle is arbitrary, we choose a rectangular element of volume 
having an infinitesimal length ds in the direction of 5 and a height dn in 
the direction of the normal. The width of the particle (in the direction at 
right angles to the plane of the paper) is taken as unity, so that the volume 
is ds dUy the mass p ds dn^ and the weight pg ds dn. 

Figure 4.2 shows the diagram of external forces acting in the 6' and n 



streamline) 
Fig. 4.2. 


directions. Recall that we are dealing with a frictionless fluid, so that the 
only forces are those due to pressure and gravity. 

The resultant of pressure forces on the two ends of the particle and the 
component of the weight along the axis of s give the resultant force in the s 
direction. 


Fs = pdn ^ dn-pgdsdn^=- -j - pg dn 


In a similar way the algebraic sum of forces in the n direction is made 
up of the pressure forces on the top and bottom of the particle and the com- 
ponent of the weight in the n direction. 
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Fn = pds ~ y ~ PS ds dn + pg dt; dn 

The above components of weight are obtained as follows: From Fig. 4.2, 
s component = — pg ds dn cos a 
n component — — pg ds dn cos (3 

The change in the height h depends on both ^s• and n. For arbitrary small 
increments ds and dn, the change 

dk = dlls + dlin = cos a ds + cos (3 dn, 

as shown in Fig. 4.3. But dli eciuals the rate of change of h with respect 
to s times ds plus the rate of change with n times dn. 

dll = — ds ^ dn 
as an 

Therefore, cos a = dh/ds and cos (3 = dh/ dn, and the components of 
weight are — pg{dh/ds) ds dn and — pg{dh/dn) ds dn. 

h 



For clarity in Figs. 4.2 and 4.3, h is shown in the s, n plane although this 
is not generally true. The expressions for the weight components are not 
affected by this simplification. 

4.3. Equations of Motion. We may now apply Newton^s second law by 
equating these forces to the product of mass and acceleration for the direc- 
tions s and n. 
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and 


Fs ~ p (Is dn as 


Fn = p ds dn Qn 

Substituting Urn values found for F^y Fny Osy and a„, and dividing through 
by p ds dn, vve g('t 


I dp 

dh 

,,dV ^ 

P ds 


' a; + 

1 dp 

dh 

V- dV 

p dn 

-^'d^r 

li dl 


(s direction) (4.3) 

(n direction) (4.4) 


4.4 Euler’s Equation. If \v(* multiply Ecp (4.3) by ds, an element of 
Icuigth of a streamline at a, given instant of time (''instantaneous strciarn- 
line’’), w(' (‘.an int(‘grate with respect to 8 and obtain Euler’s general cajua- 
tion for tli(‘ motion of an idc'al fluid. 




r j a- 

1 - (Is + 

OS 


ridp 

J p 


p ds 


f- 

J d 


~\ls=f(l) (4.5) 


or 


/ 


dV 

dl 


V- 


n 


dp 




It is important to notice that in th(‘ dei'ivation of Euler’s ecpiation only 
the restriction to an ideal (frictionless) fluid is involved. The equation, 
th(u*efore, appli(‘.s to l)oth steady and unsteady motion and to both com- 
pressible and incompressible cases. 

Steady flow requires that F, p, and p be independent of time. In this 
case Euler’s ecpiation reduces to 


or 


y2 


+ 


2 

VI - 11 


fl^ 

J P ds 


ds + gh = constant 




pi 

Ji P 


dp 
p ds 


ds + gOh — hi) = 0 


(4.7) 


A fluid is said to be homogeneous if the density is a function only of 
pressure. Experic^nce shows that in most problems of interest to mechanical 
engineers the working fluid is homogeneous, so that the second term of 
E(p (4.7) can be integrated. The so-called "polytropic formula” usually 
applies, p/p^ = Po/poy where n is a constant and po and po are the pressure 
and density at a specified point. 

4.6. Bernoulli’s Formula. For liquids and for gases where high pres- 
sures and velocities are not involved the density can be assumed to remain 
constant to a good approximation. In the case of steady motion of an 
incompressible fluid, Euler’s equation is further simplified to the relation 
between velocity, pressure, and elevation attributed to Daniel Bernoulli 
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and known in hydraulics as Bernoulli’s formula. Bernoulli is considered 
to be the father of hydraulics, largely as a result of the clarification of 
hydraulic phenomena that followed the application of this formula. 

Making p constant in the steady-flow form of Euler’s equation, we find 


or 


" + - H- = constant 

I P 


(T1 - VI) + 


P2- Pi 


-h g(h2 - hi) = 0 


(4.8) 


It should be noted particularly that the Euler equation and the Ber- 
noulli formula as well apply to the one streamline along which the integra- 
tion is taken. For another streamline the constant may have a different 
value. In the special case for which the streamlines start in a reservoir 
where F, p, p, and h are the same for all, the constant will be the same for 
all streamlines. Likewise, in a hydraulic system where all the fluid passes 
through some region, such as an inlet pipe where p, p^ /?, and F are constant 
across the section, the same constant applies to all streamlines. In the 
case of a mass of fluid rotating like a rigid body it will be shown later that 
the constant varies with the distance from the axis of rotation. Such 
change is to be expected since both the velocity and the pressure are 
greater for a greater radius. 

4.6. Interpretation of the Equations of Motion. In Eq. (4.7) each term 
has the dimensions of work or energy per unit mass. Since — ( 1 /p) ( dp/ ds) 
is the pressure force on unit mass in the s direction, — (1/p) (dp/ds) ds is 
the work done by the pressure force on unit mass of fluid as it moves a 
distance ds. Similarly, — g{dh/ds) ds is the work done by gravity on unit 
mass during the same motion. For steady flow the corresponding change 
in kinetic energy of unit mass is V{dV/ds) ds = [d{V‘^/2)/ds] ds. P]qua- 
tion (4.7), therefore, states that in steady flow of an ideal fluid the change 
in kinetic energy of unit mass between any two positions equals the work 
done on the mass by pressure and gravity forces. The Bernoulli formula 
[Eq. (4.8)] is the same statement for unit mass of incompressible fluid. 

Since the work done by gravity on a given mass depends only on the 
initial and final levels, we can assign to the mass a “gravity potential 
energy,” the change in which between any two levels is defined as the 
negative of the work done by gravity. An alternative statement of 
Eq. (4.7) is, therefore, that the sum of the changes in kinetic and potential 
energy equals the work done on the unit mass by the pressure force. 

4.7. Applications of Bernoulli’s Equation. The examples discussed 
here are ones in which friction is known from experiment to play only a 
minor role. Therefore, the results given by Bernoulli’s equation require 
only small corrections, even if high precision is necessary. 
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a. Sharp-edged Circular Orifice. In Fig. 4.4 is shown a tank in which 
the water level is maintained at a height h above the center of a sharp-edged 
circular orifice. The cross section of the tank is so large that the velocity 
is negligible, except near the out- 
let. Bernoulli’s equation [Eq. 

(4.8)] can be applied between the 
water surface 1 and the section 
of minimum j et diameter 2 . The 
result is that 

Vi = (4-9) 

which is called “Torricelli’s for- 
mula,” after Torricelli, who dis- 
covered it in 1640, a century be- 
fore Bernoulli’s equation was 
known. 

The jet reaches its minimum 
cross section, the “vena con- 
tracta,” at a distance of about Fig. 4.4. — steady flow out of a tank, 

one orifice diameter from the out- 
let. The “contraction coefficient” Cc is equal to A 2 / A, by definition. The 
experimental value of Cc, found by measuring the jet diameter, is about 0.61 
or 0.62, which checks well with the value 0.61, obtained by ideal-fluid theory. 

If frictional effects were wholly negligible, the discharge rate Q = A2V2 
would be equal to CcA y/ 2gh. Experiment shows, however, that Q is slightly 
less than CcAy/2gh. It is customary to define a “discharge coefficient” 



Cd by the formula 


Q = CdAy/2gh 


(4.10) 


The average of many experiments on water at ordinary temperatures indi- 
cates that the best value of Cd is about 0.60, provided that h ^ 1.5 ft and 
the orifice diameter d ^ 0.2 ft. The value of Cd increases if these limits 
are exceeded or if the kinematic viscosity of the liquid is increased. 

Comparison of Eqs. (4.9) and (4.10) shows that a “velocity coefficient’ 
Cv should be introduced into Eq. (4.9) to account for the effect of friction 


on the velocity. 


V 2 = C,y/2gh 


(4.11) 


The value of Cv is found to lie between 0.98 and 0.99. 

Gravity causes the jet to bend downward soon after leaving the orifice, 
the path of the stream being approximately a parabola. We have, how- 
ever, assumed that the effect of gravity on the velocity and pressure in 
the_yena contracta is negligible. This assumption is justifiable only if 
dy/Cc g/V\ is small compared with unity, as can be shown by writing 



70 


DYNAMICS OF AN IDEAL FLUID 


[Chap. IV 


Bernoulli \s equation for the highest and lowest points of the vena contracta. 
Experiment shows that errors caused by gravity are negligible provided 
that dVCc g/Vl ^ 0.2. 

If there is no inflow to maintain the level in the tank constant, the 
time i needed for the head to be reduced from K to h is found from the fact 
that Q = — Ai(dh/dt) = A 2 V 2 . The acceleration at a fixed point caused 
by the decreasing head is very small compared with the accek^ration of tli(^ 
fluid approaching the outlet. Thus, although the flow is not perfectly 
steady, Eq. (4.11) applies, since dV/dt is negligible. JTsing the value of V 2 
from Eq. (4.11) one finds — {A 2 / Ai)CW2gli {AC J Ai)C ^V2gh 
= {ACd/Ai)V^L Integrating and solving for t, 



b. Pitot Tube. A small tube pointing directly upstream and (connected 
to a manometer, as shown in Fig. 4.5, provides a means for measuring the 
velocity anywhere in a straight parallel flow. Siudi an instrument is calked 



Fig. 4.5. — Pitot tube. 


a pitot tube,^^ after its inventor Pitot, who performed his experiments 
about the year 1732. 

The Bernoulli constant at an arbitrary point 1 is unaffected by the 
presence of the pitot tube, but the velocity there is reduced to zero (stagna 
tion point). Equating the Bernoulli constants at 1 for the two conditions, 
with and without the tube, and letting primed symbols represent values 
with the tube in place, we find 


Pi 


Pa 

whence, since Fi - 0, 


+ 



(4.13) 
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By use of Eq. (4.4) the pressure difference pi — pi can be expressed in 
t(U7ns of the manometer reading th and the fluid densities pa and ph. 
Let the i)itot tube be removed from the flow. Then for any direction n, 
lying in a vertical plane perpendicular to the streamlines and passing 
through 1, E(p (4.4) reduces to (l/pa)(dp/dn) + g(dh/dn) = 0, since the 
radius of curvature R is infinite.* The pressure is seen to var}^ hydro- 
statically over the section. The pressure near the small opening in the 
conduit wall is unaffected by the pitot tube, and the pressure varies hydro- 
statically inside the tu))e and the manometer. The pressure at point 0 is 
thus ecpial to + Paf/Zu, provided that the manometer-tube opening is 
flush Avith the conduit wall, so that no disturbance is set up at this point, 
ddie pressure at point 2 is pi -{- pa(j{hi — Jh ) ; and pi — pi == g^^iPh Pa) 
== Phgh'ill — (Pa/p^)]. Equation (4.13), therefore, becomes 

If the ratio pa^ Pb i*^ nc'gligible compared with unity, as for an airflow 
measured V>y a water manometer, Ecp (4.14) simplilies to 

V, = \/2(ih^^ (4.15) 

» Pa 


c. Pitot-static Tube. The pitot-static tube shown in Fig. 4.6 has both 
an impact-pressure opening I' 


and a static-pressure opening 1. 
Bc'tween 1 and 1', differences 
in k'vel and effects of friction 
are negligil^lo. At point 1' the 
velocity is zero, while for a 
propei*ly designed instrument 
the velocity at 1 is that of the 
undisturbed stream . 1 lernoulli^s 
equation yields 


- V^; 


(p'l - Pi) 


Pi~ Pi = gJiiPh 


i'-f) 


(V) (1) 


Flow direction 


Inside the tube the velocity 
is everywhere^ zero, and the hy- 
drastatic eciuation applies, so that 


( 2 ) 


h2 

-X_ 


AO) 




Fig. 4.6. — Pitot-static tube. 


* This demonstration is valid only in the absence of friction, since it is bovsed on 
P3q. (4.4) ; but the result holds also for a real fluid, as is shown both by experiment and 
theory. 
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The relation between the stream velocity and the manometer reading is 
the same as for the pitot tube. 

Equation (4.15), which applies to both the pitot tube and the pitot- 
static tube, requires no empirical correction. Properly designed instru- 
ments can be used without calibration. 

4.8. Application of Euler’s Equation. In this article Euler^s equation 
[Eq. (4.7)] will be applied to computation of the pressure at a stagnation 


V,.p,.P, 



point on a body immersed in a steady flow of compressible fluid that has a 
uniform parallel velocity distribution far from the body. Changes in eleva- 
tion will be neglected. 

Referring to Fig. 4.7, we see that Eq. (4.7) reduces to 


Yi pdjp 

2^ Ji p 


= 0 


(4.7a) 


In this equation the symbol dp is used as an abbreviation of (dp/ ds) ds to 
denote the difference in pressure between two points near together on the 
same streamline. 

It has been found that in such a flow the compression of the fluid is 
adiabatic and frictionless. In this case the exponent in the polytropic 
equation is equal to k. 

^ = constant = ^ 

P'‘ Pi 


Combining this equation with Eq. (4.7a) and integrating, we obtain 


Vj^Th k r 
2 p2 * - 1 L ypi) 


= 0 


It will be shown in Chap. VII that the square of the soimd velocity in the 
undisturbed stream Cf is equal to pjc/pt. Making this substitution, 
solving for p\/pi, and expanding by means of the binomial theorem one 
finds that 
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(4.16) 


Equation (4.16) shows, if Y^jCi is small compared with unity, that 
(pi — P2)/ (P2/2) Eg = 1? which is the result obtained for an incompressible 
fluid. The ratio E 2 /C 2 is known as the Mach number, after one of the 
pioneer investigators of high-speed gas flow; it will be further discussed 
in later chapters. 

Equation (4.16) may be used to calculate the relation between the pres- 
sure difference pi — 7 > 2 , measured by a pitot-static tube, and the velocity of 
the undisturbed stream V 2 . In this connection the following table is of 
interest; it has been computed from Eq. (4.16) with /c = 1.4 (the value for 
air). The table shows that for most purposes compressibility has a negli- 
gible eff'ect on the pitot-static tube reading, if the velocity does not exceed 
two-tenths of the sound velocity. 


1 2 
'Ci 

O.l 

0.2 

0.3 

0.4 

0.5 

Pi -■ />2 

(P2/2)I1 

1.003 

1.010 

1.023 

1.041 

1.064 


4.9. Curved Streamlines. Many phenomena in fluid mechanics are 
marked by a whirling of the fluid in circular paths, and typical effects to 
be accounted for are the high discharge pressure available in a centrifugal 
pump, the depression in the surface of water at the center of a whirlpool, 
the tendency of eddies and smoke rings to persist, and the difficulty of 
forcing a fluid to flow around a sharp corner. 

In discussing these phenomena, the concepts of irrotational and rota- 
tional motion are indispensable. These ideas will be developed in the 
following sections for two-dimensional continuous motion of an ideal in- 
compressible fluid. 

4.10. Irrotational Motion. The question naturally arises here as to the 
conditions under which the Bernoulli constant has the same value for all 
points in a two-dimensional flow. The answer to this question, which is 
developed below , leads to the very important concept of irrotational mo- 
tion. 
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A general eriterion for the uniformity of liernoulli’s constant can 
developed by combining Eeps. (4.4) and (4.8). For steady flow, Eq. (4.4) 
reduces to 


pdri -’ dn R 


(4.4a) 


If the Bernoulli constant, or “total head” (dimensions in foot-pounds per 
pound), is represented by 7/, J']q. (4.8) b(‘(‘omes 

V 

- + gii+ 2 = 


Diff(^rentiate this (H|uation with n^spect to a, the dire(*tion normal to the 
streamline, bearing in mind that // depcaids only on n. 


^ 4_ 4_ r 

p dn dn dtt dn dn 
Combine Eqs. (4.4a) and (4.17). 

R dn ' ^ r (In 


(4.17) 


(4.18) 


Equation (4.18) shows that the necc^ssary and sufficient, condition for II to 
be constant is 


V 

li 



(4.19) 


The expression {V/R) — {dV/dn) is called the “rotation” of the fluid 
at a point. Mlierever E(p (4.19) is satisfied, the motion is said to be irrota- 
tional; if it is satisfied everywhere, the entire flow is called an “irrotationai 
flow.” The reason for the name rotation is given below. 

If a short segment of a fluid line is drawn parallel to F, as in Fig. 4.8a, 
its counterclockwise angular velocity is found to be 

Vids/2R) + V{d8/2R) V 
-Ji 


Similarly, for the fluid-line segment normal to V in Fig. 4.8/>, the counter- 
clockwise angular velocity is 

(dV/dn)(dn/2) + (dV/dn){dn/2) dV 

cos, 4 = 

The rotation of the fluid at 0 is defined as the sum of the velocities of 
the two line segments. 

n w V dV 

Rotation = coi .2 + cx)3.4 = -b - 

n dn 



— V- 



dV ^ 
dn 2 



4 

dn 2 


Fig. 4 . 86 . 


re, without proof, that the rotation has the same value foi 
)endicular line segments drawn in the fluid at 0. In othei 
variant with respect to orientation of axes. The rotatior 
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may therefore be considered as a measure of the angular velocity of the 
fluid at a point. It is seen that, in general, the net angular velocity may 
be taken as one-half of the rotation. Equation (4.19) shows that in irrota- 
tional motion the two fluid lines turn in opposite directions at equal speeds, 

so that the particle as a 

K whole is deformed but does 

rotate. In other words, 
/ ^ angular velocity is 


‘psConst- 


I ^ \ 1 application of Ber- 

[ ( ^ noulli’s equation to flow in 

\ / ducts and channels in which 

\ j J friction is neglected, the fluid 

I / is tacitly assumed to issue 

from one large reservoir in 
'J which the velocity is negli- 

V * Const, r^^ A ^ gible. The total head H is, 

' ' \y[\. ^ therefore, the same for all 

V / I streamlines, and the motion 

/ I ^ ^ is irrotational. 

j ► 4,11. Potential Vortex. 

I One of the most important ex- 

[ amples of an irrotational flow 

j ^ is the potential vortex, also 

P = Const - called a ‘ ^ free ^ ^ vortex, since it 

^ y/i ^ can exist in a free flow far 

p -"' - ^ ■ — — from any boundaries. A two- 

/ ^ dimensional vortex is defined 

( j as a whirling mass of fluid 

J with concentric circular 

I streamlines. Continuity 

shows that the velocity is 
Fig. 4.9. — Potential vortex. . i i 

the same everywhere on one 

streamline, because the area of any stream tube is constant along its entire 

length. The law for the variation of velocity from streamline to streamline 

is found from Eq. (4.19), as follows: 

At an arbitrary point r, fl, in Fig. 4.9, the radius of curvature /? = r; 

and dV/dn = — dV/dr = — dV /dry since dr = — dn and F is a function 

of r only. Equation (4.19) reduces to 

F_^^ F 
R dn T dr 

whence 

Fr ~ constant == C (4.20) 


^p* Const r2 


Potential vortex. 
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The pressure can be obtained by combining Eqs. (4.8) and (4.20). 

p + + pgrA = p + 1 ^ + pgr/i = pgH (4.21) 

If the streamlines lie in a horizontal plane, h is constant, and 

p 

p = constant ^ ^ (4.22) 


These velocity and pressure distributions are shown in Fig. 4.9. 

Since infinite velocities do not occur in nature, the velocity distribution 
for a free vortex in a real fluid cannot obey Eq. (4.20) near the origin, 
where friction is dominant. There is a gradual transition from the hyper- 
bolic distribution to a linear one, characteristic of a rotating solid. The 
zone of transition is usually neglected and the distribution assumed to be 
as shown by the heavy line in Fig. 4.9. As discussed in Art. 2.19, the 
pressure distribution in the rotating core (radius ro) is parabolic. 

A tornado is a free vortex set up in the atmosphere. The low pressure 
in the core gives rise to a waterspout or a ^Must devil,^^ depending on 
whether the tornado moves over water or land. 

As will be dis(;ussed in Chap. XI, a vortex called a ^'trailing^^ vortex 
is shed from the tip of an airplane wing. If atmospheric conditions are 
favorable, the low temperature accompanying the low pressure in the core 
causes condensation of water vapor, so that the core can be seen. 

A trailing vortex also appears at the tip of a propeller blade. In a water 
tunnel for testing model ships’ propellers, the low pressure in the cores of 
the trailing vortices causes air to come out of solution, making the vortex 
system visible in the water. When viewed by stroboscopic light, a silvery 
helix seems to spring from each apparently motionless blade tip. 

The depression of the surface of a whirlpool is easily explained by use 
of Eq. (4.21). Atmospheric pressure po exists at the free surface, so that 
the surface elevation h is 

h = — = constant - p; — r (4.23) 

pg 2gr r2 2g 

Comparison of Eqs. (4.22) and (4.23) indicates that h varies with r in the 
same way as the pressure at a constant level. A curve of h versus r thus 
has the same shape as the p versus r curve of Fig. 4.9. It is seen that the 
finite depth of the depression results from the finite core diameter. 

4.12. Rotational Motion. The expression (V/R) — (dV/dn), which 
is a measure of the rate of rotation of a fluid particle, is called rotation 
or ^Worticity.” The latter term arises from the fact that the angular speed 
of a free-vortex core, together with the core radius, determines the value 
of the product Fr, characterizing the vortex. 
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For rotation like a rigid body the value of {V /li) — {dV / dn) is every- 
where the same and e(iual to twice the angular 
y(:.]Q(.ity of the fluid. This kind of motion has 
already been discussed in C.hap. 11 and the pres- 
sure distribution shown to be 



V 

P 


'" 2 “ 


gk = constant 


Fig. 4.10. 


This relation can also lie deduced from Eqs. (4.18) 
and (4.8) and Fig. 4.10 as follows: F>om Eq. (4.18), 

I _ ^ = o = AIL = 9 AL 

li dn ^ ^ V dn dr 

Therefore, 

gll == coV- + constant 

Substituting this value of gll in Eq. (4.8), we get 


- + 4 — ^ = co-r^ + constant 

or 

^ + gh — = constant (4.24) 

P ^ 


A practical example of such a flow occurs in a 
the discharge valve closed, as shown in Fig. 4.11. 
The blades constrain th(^ water in the impellei* to 
revolve with the speed co of the shaft. Neglecting 
any change in level between the inner and outer 
radii of the impeller, we find from Eq. (4.24) 

P 2 - Pi = I (ri - rf) 

These concepts of vorticity and irrotational and 
rotational motion will be given further applica- 
tion in the discussions of wing theory and hydraulic 
machinery. 


centrifugal pump with 




CHAPTER V 

ENERGY RELATIONS FOR STEADY FLOW 

The relationship involving pressure, velocity, and elevation given by 
Euler or IkuTioulli was deduced on the assumption of a frictionless fluid, 
no account being taken of the frictional effects that actually occur. Nor 
was the possibility considered of work Ixdng done on or by the fluid through 
the a(*tion of moving vanes, as in a pump or turbine. 

In many types of aj)paratus for which the mechanical engineer is re- 
sponsible both thes(' things must be taken into account. Hydraulic tur- 
bines, ])um])s, fans, compj*essors, fluid couplings, pipt^ lines, nozzles, and 
orifi(H\s are fsjniliar examples. In a turbine the flow rotates the runner 
and causes work to be done on any apparatus connected to the turbine 
shaft. In a C(aitrifugal pumf) th(‘ flow is the result of work done in turning 
the i)ump shaft. W'ork of this kind will l>e calked “shaft work.’’ In pipe 
lines, iiozzkis, or orifices no shaft work is done, but energy is dissipated by 
the aciion of viscosity. 

Energy considerations are Ix'st analyzed in the light of the first law of 
thermodynamics, which we ap})ly in this chapter to apparatus involving 
the steady flow of a real fluid. No further assumptions are made as to the 
nature of th(‘ apparatus or as to the character of the flow. As a result of the 
analysis a st('ady-flow energy ecpiation is developed that will be found a 
useful tool in many practiical problems of mechanical engineering. 

6.1. First Law of Thermodynamics. This law, which, like all the gener- 
alizations of science, is based on experience, may be formulated as follows: 
The difh'rence between the heat added to a system of masses and the 
work done by the system depends only on the initial and final states of 
the', system.* This difference is, therefore, an attribute or property of the 
system and is called the “internal energy.” 

It should be emphasized that neither the heat added nor the work 
done is a property but depends on the path or process followed, as well as 
on the end states of the system. 

The first law may be written symbolically as 

Heat ~ work = Eb — Ea (5.1) 

where heat and work represent, respectively, the heat added to and work 
done by a system as it passes from state a to state b and Eb ~ Ea is the 
corresponding change in the internal energy of the system. 

* For definitions of heat and work, see, for example, reference 2 at the end of this 
chapter. 
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As it stands, Eq. (5.1) is difficult to apply to fluid-flow problems. We 
shall therefore change it to a more convenient form by the procedure used 
in Art. 3.6 for the equation of continuity. 

6.2. Steady-flow Energy Equation. We apply Eq. (5.1) to a mass 
system defined as the matter lying within a fixed control volume V at an 
arbitrary time U (Fig. 5.1a). We consider the change in state of this system 



Boundary of system at coincides 
with control surface A 
a 



during a time interval ta> The boundary of the system at time 

tb will, in general, no longer coincide with the control surface A but will 
be as shown by the dotted line in Fig. 5.16. 

The internal energy of that part of the system lying outside of V at 
ib we call dE'out, and the internal energy of the new matter inside of 1) at U 
but not included in the system we call dEu^. Representing the internal 
energy of all the matter inside V at any time by E' we write the initial 
and final energies of the system, respectively, 

Ea = Eq and Eb — Eb “b dE out dE in 

or 

Eb - Ea = Ei - E' + dEout - dEin (5.2) 

The change of energy of the system is thus expressed as the sum of the 
change inside the control volume and the net outflow of energy through 
the control surface. 

Referring to Art. 3.6 and Fig. 3.4 we find that the flow of mass in time dt 
across an element dA of the control surface is pF cos a dA dt. Multiplica- 
tion of this expression by the internal energy per unit mass e yields the 
energy carried across dA by the mass flow in time dt. Accordingly, the net 
outflow of energy across A is 
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Turning next to the work term of Eq. (5.1) we assume a mechanical 
system, for which we can write 

Work = pressure work + shear work (5.4) 

where the terms on the right stand for the work done by the pressure and 
shearing forces exerted at the boundary on the surroundings. We adopt 
here the point of view men- 
tioned in Art. 4.6 and take 
gravity into account through 
the potential energy of the sys- 
tem. Therefore, gravity work 
is omitted from Eq. (5.4). 

The pressure work done in 
time dt by a surface element 
of the system is seen from 
Fig. 5.2 to he p dA V cos a dty 
where p dA is the force on the 
element dA of the boundary 
at time ta and V cos a dt is the 
distance moved by this element normal to itself. The slight change in p dA 
occurring during the motion is of higher order and may l>e neglected. 
Since dA is identical with an element of the control surface, the pressure 
work done by the system over its whole boundary is 

Pressure work ^ dt J* pV cos a dA (5.5) 

Combining Eqs. (5.1) to (5.5) we get, after dividing through by dt, 
Heat shear work El - E' C (p . \ 

-di s 

Experience shows that, in the absence of electricity, magnetism, and 
capillarity, e is the sum of three kinds of energy. Two of these, the poten- 
tial energy and the kinetic energy, have already been discussed in Art. 4.6. 
The third kind is called the “intrinsic energy’’ and is denoted by u 
(energy /mass).* We may thus write 

e = gz+'^ + u (5.7) 

where z is the elevation above an arbitrary datum level, so that Eq. (5.6) 
becomes 

Heat shear work El-Ea . C fp . . , \ jr /kqa 

S ^+JJI^^ + g‘ + ^ + <‘)fVco,«dA (5.8) 

* Changes in the intrinsic energy are explained by atomic theory as changes in the 
kinetic and potential energy of molecules and of atoms. Measurements of intrinsic 
energy changes have played an important role in the development of this theory. 
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Let us consider only systems for which all parts of the control surface 
not at fixed walls are normal to the velocity of any fluid crossing the surface 
and to the axis of any shaft crossing the surface. Such a system is shown 
in Fig. 5.3. The shear work done over the cross section of the rotating 


Rotating shaft 



shaft at 4 is called the shaft work The shear work done at all other parts 
of the boundary is zero, because the velocity is either zero or normal to the 
shearing forc(i. For steady flow E', - E'a = 0. Thus, from Eq. (5.8), 


Heat 

dT 


shaft work 
dt 


I 




+ J/3 + ~ + w 


) pF dA 


(5.9) 


In the usual case, for which the flow crosses the control surface at only 
two areas and A^, over each of which (p/p) + gz, V, p, and u have uni- 
form values, continuity gives piAyV^ = P 2 /I 2 F 2 , and Eq. (5.9) becomes 


rio 7), EH — 

- W. = ^ + g{z2 ~ z,) + --——l q- (5 10 ) 

where 

q = heat/pi/liFi dt and Ws = shaft work/pi^liEi dL 

The symbols q and thus stand, respectively, for the heat entering and 
the shaft work leaving the system, both being referred to unit mass of the 
flowing fluid. 

6.3. Energy Equation for Cyclic Flow. In any machine doing positive 
or negative shaft work, the flow in the neighborhood of the moving blades 
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or pistons is cyclic, rather than steady. The state of the fluid varies peri- 
odically at any fixed point with a period T that is the same throughout the 
neighborhood. 

Selec^t a control surface as described above to eliminate the shear work, 
and assume as before that conditions are constant where the fluid crosses 
the control surface. Average Eq. (5.8) over a period by integrating with 
respect to time between the limits 0 and T and then dividing by T. Since 
the flow is cyclic, the term 

1 ,, E\T)-E'(0) ^ 

tJo ~dt' T 


and the resulting (Kpiation will be similar to Eq. (5.9) or (5.10). These 
equations are, accordingly, applicable to machines in which the flow is 
cyclic. 


6.4. Relation between the Energy Equation and the Euler Equation. 

In the stream tube of ideal fluid shown in Fig. 5.4 no shaft work is done. 
Noting that 


2.2 _ 

P2 Pi 



r 


dp 





I 

P 


where the integration is along the streamline we write Eq. (5.10) as 


s: 


dp Yi- 
~P 2 


VI 


+ g{z2 - 2i) + 




"f 1/2 - 7/1 ” g = 0 (5.11) 


The first three terms of E/p (5.11) may be set e/iual to zero by virtue 
of EuleFs equation [E/j. (4.7)]. 

An observer moving along the stream tube with the fluid would vsee a 



certain change in state of unit mass during his journey from 1 to 2. The 
only work done by the ideal fluid would be caused by changes in volume 


(or density), that is, ^ pd (1/p). The apparent energy change would 
be 1^2 — Wi, since the fluid would be at rest from the viewpoint of the ob- 
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server. Consequently, he would write the first law of thermodynamics for 
unit mass as 





(5.12) 


which is the remainder of Eq. (5.11). 

The energy equation is seen to be the sum of two independent equations, 
one derived from mechanics and the other from thermodynamics. 

It may be noted in this connection that the more general equation, 
Eq. (5.8), can be derived by applying Newton's second law and the first 
law of thermodynamics to a particle of matter, adding the results, and 
integrating throughout a finite control volume. 

6.6. Applications of the Energy Equation, a. Frictionless Machine, 
Consider for simplicity the type of machine shown in Fig. 5.5, to which 


Shaft work 



Eq. (5.10) applies. Breaking up the pressure- work term as in the preceding 
article and noting that Eq. (5.12) is valid in the absence of friction, we 
reduce Eq. (5.10) to the form 

( 5 . 13 ) 

The terms on the right side are those occurring in the Euler equation. In 
this case, however, instead of being equal to zero, the sum of these terms 
is the shaft work done on the machine by external means. 

It may be mentioned that Eq. (5.13) can be deduced from Newton’s 
laws alone, without reference to the first law of thermodynamics. The 
derivation is, however, more complicated than the one given here. 

For an incompressible fluid, dp/p = (p 2 ~ Pi)/ Pf and Eq. (5.13) 

states that the shaft work equals the difference between the Bernoulli 
numbers at exit and entrance. 
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b. Machine with Real Working Fluid. For simplicity we take into ac- 
count only the friction in the working fluid, neglecting, for example, any 
bearing friction or windage. We also assume incompressibility. 

Referring to Fig. 5.6, consider first the pump, which is lifting fluid 



steadily from one re.servoir to another. Equation (5.10) applied between 
sections 0 and 1 yields 

- w. = -I- y' + 6^21 + Ml - u* - 5o,i (5.14) 

From Eq. (5.12) or by comparing Eqs. (5.13) and (5.14) we see that 
Wi — i/o — ^ 0.1 = 0 for a frictionless incompressible fluid. The behavior of 
this expression for a viscous incompressible fluid will now be discussed. 

For any working fluid * with which we deal we assume that a property, 
such as internal energy or pressure, is determined when two independent 
properties, such as density and temperature, have given values. For the 
incompressible case, therefore, internal energy depends only on tempera- 
ture. As the working fluid flows through the pump, it undergoes shearing 
deformation, since the fluid in contact with a solid surface does not slip. 
Shearing stresses are set up in the viscous fluid as a result of these deforma- 
tions, and the temperature rises above the value it would have in friction- 
less flow. This temperature rise tends to increase both Ui- uq and the heat 
- go.i transferred to the surroundings. The expression ~ go.i is, 

therefore, positive in a flow with friction. It is often referred to as the 
‘Moss^^ and denoted by 

It is to be emphasized that these statements concerning — 5o,i 

are restricted to incompressible fluid. 

* We assume the fluid to be a thermodynamically pure substance. For a definition 
of such a substance see reference 2 at the end of this chapter. 
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The efficiency of the pump is defined as the ratio of the shaft work in 
the frictionless case to that with friction. From Eqs. (5.13) and (5.14) 
we get 


Efficiency = 77 = 


[ (pi - Po)/ p] + (Vl/2) + gzi ^ _ Ui-Uo- q„,i 

- W/ - W, 


(5.15) 


The efficiency is less than 1 for a real fluid and ecpial to 1 in the limiting 
case of no friction. 

Turning now to the flow in the pipe between sections (1) and (2) we 
get from Eq. (5.10) 

— 23 == 2 (5.16) 


The pressure work done on the fluid in the pipe is (mtirely used in overcom- 
ing the effects of friction. 

Finally, applying E(i. (5.10) between sections 2 and 3, we find that 
[(P2 — P3)/p] -f g{z 2 - Zs) + (11/2) == Us — 112 — ^72, 3. Furthermore, since the 
fluid is incompressible, no discontinuity in pressure occurs and the pressure 
of the jet emerging from the pipe must l)e the same as that of the surround- 
ing fluid. Consequently, [{p 2 — pz)/p] + g(z 2 — Zs) - 0 and 

== Us — U 2 — (J2,Z (^-17) 


All the kinetic energy of the stream at 2 is dissipated in the tank. The 
surface of discontmuity in velocity that bounds the emergent jet is unstable 
and breaks down into largo eddi(is, which, in turn, give rise to smaller and 
smaller eddies, until finally no observable motion remains. 

6.6. Energy Equation for Moving Axes. So far in this chapter we have 
supposed the axes, or frame of reference, to be at rest. Due caution must 
be observed if the reference frame is moving, since the energy equation is 
based in part on Newton’s laws, which in the form given here apply only 
for axes at rest or in uniform motion. The energy equations given above 
are, therefore, valid unless the frame of reference is accelerated. 

Only one sort of accelerated frame of reference will be considered in 
this text, viz., one that rotates at a constant speed about a fixed axis 
(see Art. 6.8). Applications will be made to rotating machinery. 
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CHAPTER VI 

MOMENTUM RELATIONS FOR STEADY FLOW 


In many engineering problems, the force or torciue produced on a 
solid body by a steadily flowing fluid is of great importance. Familiar 
examples are tlie force exerted on a body by a fluid jet; the force on a pipe 
bend; the lift and drag of an airplane wing; and the thrust and torque of a 
propeller, turbine, or centrifugal pump. 

Newton’s laws of motion can be put into a form known as the mo- 
mentum law, which is esp(H;ially convenient for dealing with steady-flow 
problems of this character. Heretofore we have applied Newton’s laws 
only to a single particle of ideal fluid, in setting up Euk^r’s equations of 
motion. In this chapter we shall apply them in the form of the momentum 
law, to mass systems including both solid bodies and a stream of fluid. No 
restrictions will be placed on the fluid; it may be both viscous and com- 
j)ressible so long as the flow is steady. 

6.1. Laws of Motion, k^or an arbitrary direction Newton’s second 
law of motion states that the resultant external x force acting on a mass 
particde is equal to the rat(; of change of x momentum of the particle. Apply 
this law to each of several mass particles, and sum the resulting equations. 
By Newton’s third law, action is equal and opposite to reaction, so that 
any internal forces between particles of the systcan occur in pairs which 
cancel out when the forces on all particles are summed. For any mass 
system, therefore, the relation between force' and momentum is the same 
as that for a single particle, and may be written 



( 6 . 1 ) 


where stands for the resultant external x force and Mx for the x mo- 
mentum. 

Wc shall now express this relationship in a form peculiarly suited to the 
solution of fluid-flow problems. The procedure will parallel that already 
used in the development of the continuity and energy equations. 

6.2. Steady-flow Momentum Equation. We apply E(p (6.1) to a mass 
system defined as the matter lying within a fixed control volume T), at an 
arbitrary time ta (Fig. 6.1a). For an arbitrary direction x consider the 
change in momentum of this system during a time interval dt = ih — ta. 
The boundary of the system at time 4 will in general no longer coincide with 
the control surface A but will be as shown by the dotted line in Fig. 6.16. 
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The X momentum of that part of the system lying outside of V at tb 
we call and the x momentum of the new matter inside of *0 at 

tb but not included in the system we call Representing the x 

momentum of all the matter inside of V at any time by Mi, we see that 



Boundary of system at ta coincides 
with control surface A 

a 



Fig. 6.1. 


the initial and final x momenta of the system are, respectively, Mx^ = 
and Mx^ = + dMx^y^^ — whence 

dMx ^ Mx, ^ Mx. ^ Mi, - Mi. dMx^,, - dM.,, 
dt dt dt dt ^ ^ 

The rate of change of x momentum of the systcun is thus expressed as the 
sum of the rate of change inside the control volume and the net rate of out- 
flow of X momentum through the control surface. 

Referring to Art. 3.6 and Fig. 3.4, we find that the flow of mass in time dt 
across an element dA of the control surface is pF cos a dA dt. Multiplica- 
tion of this expression by the x component of velocity Vx (x momentum 
per unit mass) yields the x momentum carried across dA by the flow in 
time dt. Accordingly, the net rate of outflow of x momentum across A is 

- dM„„ ^ r ( 6 . 3 ) 

dt J A 


Combination of Eqs. (6.1), (6.2), and (6.3) gives the momentum 
equation 

pVxF cos a dA (6.4) 

The resultant x force on the matter momentarily occupying the fixed 
volume V equals the rate of change of x momentum inside *0 plus the 
net rate of outflow of x momentum through the control surface. 

By reasoning like that in Art. 5.3 it is seen that for steady or cyclic flow 
Eq. (6.4) reduces to 
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F* = pV^V cos a dA (6.5) 

In many problems the control volume (*ari be so chosen that fluid enters 
it at an area Ai and leaves at area A 2 j over each of which p, F, and cas a 
are uniform. For such a problem, continuity gives piAiVi cos ai 
= P 2 ^ 2 F 2 cos a 2 == piQi, and Kq. (6.5) simplifies to 

Fx = PiQi(Fx 2 - Fxj) (6.6) 

If Eq. (6.6) is rewritten as 

Fx - PiQiT'x, + PiQiFx, = 0 (6.6a) 

it is seen that the system behaves as if it were in equilibrium under the 
action of the actual external forces Fx, a force piQiVx^ in the negative x 
direction, and a force piQiFx, in the positive x direction. One can readily 
extend this revsult to show that a flux of momentum pQV across an area A 
has the same effect on the system as a force of magnitude pQF acting at 
the center of A, This force is parallel to the velocity F but always has an 
inward component, regardless of whether the flow is out or in across the 
area A. A steady-flow problem can thus be solved by the methods of 
statics if these effective forces are included with the actual external forces 
on the system. 

6.3. Momentum Equation for Moving Axes. Equations (6.1) to (6.6) 
are valid when referred to axes moving without acceleration, since the usual 
form of Newton^s laws holds under these conditions. 

6.4. Application of the Momentum Equation. A real, compressible 
fluid flows steadily through the horizontal pipe bend shown in Fig. 6.2. 
It is desired to find the forces needed to hold the bend stationary. These 
forces will usually be exerted on the bend by the adjoining pipes and will 
therefore be distributed over the ends of the bend wall at 1 and 2. For 
simplicity, we assume that these distributed forces are equivalent to a 
single concentrated force R. 

We choose a control volume to include the bend as well as the fluid, 
in order that R will be one of the external forces on the system. If the 
control volume included the fluid only, R would not act on the system and 
an additional step would be required in the solution of the problem. 

In Fig. 6.2 it is seen that Fxj = F 2 cos jS, Fx^ = Fi, Vy^ = F 2 sin jS, 
and Fy, = 0. The momentum terms in Eq. (6.6) are therefore readily 
written down for this problem. 

The resultant force on the system is caused entirely by deviations in the 
stress distribution over the control surface from the uniform atmospheric 
pressure. (The weight is normal to the plane of flow and does not enter 
the problem.) We have already seen that R is produced by these deviations 
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in stress over the ends of the pipe bend at 1 and 2. The only other devia- 
tions occur at the fluid surfaces Ay and A 2 . From the axial symmetry of 
the flow at these areas it is clear that the shearing forces on either A 1 or A 2 



Fig. 0.2. 


have a zero resultant. The excess pressure forces at Ai and A 2 are shown 
in Fig, 6.2. The components of the resultant external force, therefore, are 

Fx = (Pl - Pa)Ai - (p 2 - Pa)A 2 COS ^ - Rx 
Fy = Ry - (P2 - Pa)A 2 siu jS 

Substitution in Eq, (6.6) of these values of the components of velocity 
and force gives 

Fx = {p\ - Pa)Ai - {p2 - p«)^2 cos jS - piAiVi{V2 cos jS - Fi) (6.7) 
Ry = (p2 — p<x)A 2 sin /3 + Pi^iFiF 2 sin /3 (6.8) 

The pressure and velocity at 2 can be eliminated from these equations if 
incompressibility is assumed. The continuity and energy equations for 
incompressible flow yield 

A,Vi = A,V, P2 = Pi - - p{u2 - Ml - gi,0 

whence 


12* = (Pi - Pa){Ai - COS jS) + 1 ^iFj|^2 - cos + ^)j 

+ p(u 2 - Ml - qi,t)A 2 cos /3 (6.9) 
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Jiv = (pi - vMi sin /3 + I i® 

— pi'iH — Ui — gi, 2)^2 sin jS (6.10) 

The loss terms (on the extreme right) will be zero if the flow is assumed to 
be frictionless. 

6.6. Angular-momentum Law. Newton^s second law applied to the 
mass bm of Fig. 6.3 gives the following results: 

bh\ = bm bF, = bm 

at at 

where Vx and Vy are the x and y components of velocity. The counter- 


y 



Fig. 6.3. 


clockwise moment, or torque, of the external forces about an axis through 
0 perpendicular to the x, y plane {z axis) is 

bT. = xbFy-vbF. = {x'^-y^^ bm 

By the rules of differentiation 
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Therefore, since VxVy ~ VyVx^^ and bm is constant, 

hT, = I (xF, - 2/F.) hm = I [(xF, - yV.) 5m] (6.11) 

The quantity in square brackets is called the “moment of momentum’^ 
or “angular momentum about the z axis and will be denoted by bHz, 
Newton's second law thus leads to the following statement for the mass 
bm: The resultant external torque about an arbitrary fixed axis {z axis) 
equals the rate of change of angular momentum about that axis, 

52 ’. = ( 6 . 12 ) 

Apply Eq. (6.12) to each of several small masses, and sum the resulting 
equations. By Newton's third law the forces acting between masses of the 
system occur in pairs whose members are equal, opposite, and collinear. 
Consequently, the moment of any one internal force is canceled by that 
of the other member of the pair, and the resultant moment of only the 

external forces is obtained when the ecpiations are summed. We thus 

obtain for a system of masses a result identical with Eq. (6.12) 

2\ = ^ (6.13) 

where Tt represents the resultant external moment about the arbitrary 
fixed z axis and Hz is the z angular momentum of the system. 

It will be noted that, since z is arbitrary, a torque equation for the xory 
axis may be obtained from Eq. (6.18) merely by a change of subscript to x 
or y. The z axis is used in the above development solely because it is 
customary to refer the flow to the a:, y plane. 

There is an analogy between Eqs. (6.13) and (6.1) that enables us to 
write down at once an angular-momentum equation corresponding to 
Eq. (6.4). For F* we substitute Tz] for Mx we substitute Hz, the z angular 
momentum of the mass inside the control volume; and we replace the x 
momentum per unit mass, or x velocity, Fx, by the z angular momentum 
per unit mass xVy — yVx [see Eq. (6.11)]. 

It is usually convenient to express xVy — yVx in terms of Vt and r, de- 
fined in Fig. 6.4. 

xVy — yVx = r cos 0 F sin ~ r sin 0 F cos = rF sin (<^ — 0) = rVt (6.14) 

It is seen that the tangential velocity component Vt is defined as positive 
for a counterclockwise angular momentum. 

Making these substitutions in Eq. (6.4), we get the angular-momentum 
law 

T, = + f prVtV cos a dA 

at Ja 


( 6 . 15 ) 
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The meaning of this equation is analogous to that of Eq. (6.4) : The resultant 
external torque on the matter momentarily occupying a fixed volume V 
equals the rate of change of angular momentum of the matter inside of V 



Fig. 0.4. 


plus the net rate of outflow of angular momentum through the control 
surface. 

For a steady or cyclic flow, Eq. (6.15) simplifies to 

T^ = f A prViV (! 0 S a dA (6.16) 

which is the analogue of Eq. (6.5). 

Assume that the entire flow enters the control volume at an area Ai 
and leaves at an area A 2 , over each of which p, F, and cos a are uniform. 
Define r 2 Ft, as the mean value of rVt over A 2 and nV t, as the mean value 
over Ai. 

r2Vt, = X f dA nVu = J- r rV, dA 

AiJAi AiJa, 

Continuity gives piAiVi cos ai = P 2 A 2 V 2 cos a 2 = piQi, and Eq. (6.16) be- 
comes 

T. = Pi QiinVt, - nVt) (6.17) 

which is the analogue of Eq. (6.6). 
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By rewriting Eq. (6.17) in the form 

Tz - PiQxr^Vt^ + piQiriVt, == 0 (6.17a) 

one can show that the moment of the momentum flux across an area A is 
the same as the moment of a force applied at the center of A and related 
to the momentum flux as described in Art. 6.2. The methods of statics are 
therefore applicable here as well as in the case of the linear-momentum law. 

6.6. Application of the Angular-momentum Equation. In Art. 6.4 we 
computed the magnitude and direction of the external force R on a pipe 
bend. Here we shall And a point on the line of action of R, 

In Fig. 6.2, take the z-axis through 0, the point of intersecition of the 
center lines of the pipes adjoining the bend. For this axis, it is obvious 
by inspection that r 2 V t, = = 0. From Eq. (6.17), therefore, Tz ~ 0. 

Since the moments due to the pressure forces are zero, it follows that the 
line of action of R must pass through O. 

6.7. Angular-momentum Equation for a Rotor. Equation (6.17) is 

appli(;able to the rotor of a tur- 
bine or compressor since the ab- 
solute flow in the interior of the 
rotor is cyclic and we may as- 
sume with fair approximation 
that p, F, and cos a are uniform 
over the entrance section 1 and 
over the exit section 2 (see Figs. 
6.5 and 6.6). In the figures, W 
refers to velocity relative to the 
rotor (relative velocity), and F, 
as usual, stands for velocity rela- 
tive to the earth (absolute veloc- 
ity). For clarity only one blade 
is shown. 

If we neglect bearing friction, 
the drag of the fluid on the out- 
side of the rotor, and fluid shear- 
ing stresses at 1 and 2, then the 
external torque T on the shaft 
equals the resultant external 
torque on either system. For the turbine, however, T is clockwise, while 
for the compressor it is counterclockwise. Hence, for the turbine, 

T = piQiiriVt, - r2Vt^ (6.18) 

and for the compressor, 

T « piQiirTVt. - riVi^ 



Fig. 6.5. — Velocity diagrams for a turbine 
runner. 


(6.19) 
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It should be emphasized that Eq. (6.16) or (6.17) is not in general 
applicable to rotating flows. The special case of the turbine or compressor 
rotor can be handled by Eq. (6.17) only because the flow satisfies the condi- 
tions listed at the beginning of this article. 

An equation similar to Eq. (6.16) can be developed, however, for any 
rotating flow, provided merely that it te steady with respect to axes 



Fia. 6.6. — Velocity diagrams for a compressor or pump impeller. 

rotating at a constant angular velocity about a fixed axis. This equation, 
which can be developed by the control-volume method of Arts. 3.6, 5.2, 
and 6.2, has the form 

T, = prVtW cos dA (6.20) 

where W is the velocity relative to the rotating axes and /3 is the angle 
between W and the outward-drawn normal to the element dA of a control sur- 
face tliat rotates with the axes. For the special case of the turbine or compres- 
sor rotor the control volume is merely an annulus concentric with the axis of 
rotation, so that W cos /3 = 7 cos a and Eqs. (6.16) and (6.20) are identical. 

6.8. Energy Equation for a Rotor. To develop the energy equation for 
this case we retain the assumptions that the absolute flow at entrance and 
exit of the turbine runner of Fig, 6.5 is steady and uniform and that the 
absolute flow in the interior is cyclic. We also neglect any work due to fluid 
shear. Equation (5.10) is therefore applicable to the runner. 

^ ^ ^ " - + g{z 2 - Zi) + U 2 - ui - q + = 0 (5.10) 

P2 Pi ^ 
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Note that “W, = Tu/piQi, whence, from Eq. (6.18), W, = {nV ^ — r^Vt^w. 
Substitution of this value of W, into Eq. (5.10) gives a term [VI — 2 cor 2 F<, 
— (Ff — 2a>riF(,)]/2, from which we eliminate the absolute velocities by 
means of the velocity diagrams of Fig. 6.5. 

VI - 2a>r2F/. = Wl, + (cor* - - 2wr2(a)r2 - TF^ = IF^ - toVi 

Similarly, 

F? - 2a)riF,, = IF? - coV? 


Therefore, the energy equation referred to the rotor is 

^ & q. . “ (^2 _ 2 - 2 ) - Zi) + U 2 - Ui- q = 0 (6.21) 

P2 Pi ^ ^ 


A similar development for the compressor impeller shows that Eq 
( 6 . 21 ) applies also to that case. 

If friction is negligible, Eq. (5.12) gives J* pd{l/p) + W 2 ~ — f/ = 0, 

that Eq. ( 6 . 21 ) becomes 


so 


r 


dp , Wl- Wl 

1 — 


2 - 2 (^ “ '■i) + 9(^2 - 3i) = 0 


( 6 . 22 ) 


which is Euler’s equation for a frame of reference rotating at a constant 
angular velocity. 

In the special case of motion like that of a rotating rivid body (IT = 0 
everywhere), Eq. (6.22) reduces to 

^ y Y “ '■i) + 9{z2 - zi) = 0 (6.23) 

which has already been discussed (for incompressible fluid) in Art. 2.19. 

6.9. Recapitulation. It is desirable to set down here the principal re- 
sults of Chaps. Ill, V, and VI in order to point out the general pattern to 
which they all conform. This article will be restricted to a system bounded 
by a fixed control surface and to the steady-flow case. 

The continuity equation [Eq. (3.8)] is 

^ [net rate of outflow of mass) C rr 1 a 

0=1 XU 4-1 f f = I (l)P^ cos a dA 
[across the control surface J J a 

Tlie energy equation [Eq. (5.6)] is 


'Heat added' 


work done' 


fnet rate of out- 

to system 

1 1 

by system , 


flow of energy 

per unit 

per unit I 


across the con- 

time 


time J 


^trol surface 



cos a dA 
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The linear-momentum equation [Eq. (6.5)] is 


J Resultant x force 
[on system 


net rate of outflow 
of X momentum 
across the control 
surface 



cos a dA 


The angular-momentum equation [Eq. (6.16)] is 


f Resultant z torque 
[on system 


net rate of outflow 
jof z angular mo- 
mentum ac.ross the 
control surface 


L 


{rVt)pV cos a dA 


The factors in parentheses represent, respectively, the mass per unit 
mass 1, the energy per unit mass c, the x momentum per unit mass Fx, and 
the z angular momentum per unit mass rV t. The product of each of these 
by pV cos a dA, the rate of mass flow across an area dA of the control 
surface, gives the rate of flow of each entity across dA. The algebraic 

sum ^ of the elementary fluxe^s thc^n gives the total flux. 

It may be remarked that the Euler differential equations [Eqs. (4.3) 
and (4.4)1, on which Cdiap. IV is based, can be derived from the linear- 
momentum law by reference to an elementary control surface. 

The hydrostatic equation [Eq. (2.7)] is also a special case of the mo- 
mentum law. 

All the problems of steady flow discussed in this book are based on the 
principles outlined in this article. The method of dimensional analysis, 
the only other tool that will be used extensively, is presented in the next 
chapter. 
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CHAPTER VII 

DIMENSIONAL ANALYSIS AND SIMILITUDE 

7*1. Dimensions. In mechanics we deal quantitatively with physical 
phenomena involving mass, force, momentum, energy, density, viscosity, 
and many other aspects of nature or entities, to which names have been 
given. Su(;h an entity can be measured in terms of a selected unit amount 
of that entity, and we can express its quantity by an abstract number that 
names the number of times the unit can be contained in it. 

7.2. Length. If we choose length as a primary quantity, we can con- 
struct area and volume as derived (quantities. In this way we give area and 
volume the dimensions of [IJ\ and [L^]. This is a symbolic notation to 
express the idea of dimensions. 

Arithmetic deals with pure numbers, which can be added and otherwise 
manipulated in accordance with known rules. When we attach dimensional 
meaning to numbers, we may not follow the rules of arithmetic unless 
certain restrictions are observed. 

For example, if Li names the length of a beam and Lo the length of a 
stick, we may measure Li in terms of Lo by repeated application of Lo along 
Li. We express the result as Li = nLo. 

Here n is a pure number expressing the times Lo is applied to Li. Now 
if Li and Lo be each measured in terms of a shorter stick, or unit of length X, 
we have 

ZiX = nZoX 

where h and Zo are pure numbers that express the number of times the 
unit X has been applied. 

Since X appears in both terms, li == nk\ and as this expression contains 
only numbers, the rules of arithmetic apply and we may write 

lo "" Lo 

where Li and Lo are symbols or names for the lengths of two objects. 

The important result of this reasoning is the realization that the ratio 
between two lengths is the ratio between the numbers of units which 
measure them, regardless of the size of the common unit of length em- 
ployed. 

The justification for the addition and subtraction of lengths follows by 
similar reasoning. A length Lo = ZoX applied in continuation of a length 
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Li = ZiA constitutes the addition of two lengths and will be numerically 
expressed by Zo + Zi units of length, or 

ZiX + ZoX = (Zi + Zo)X 


We may add measures of length only when the lengths added are expressed 
in terms of the same unit of length. 

7.3« Time. The measurement of time is more difficult than that of 
length. We know in nature of periodic phenomena that proceed steadily, 
and we can measure a time interval by counting heartbeats or by watching 
the sun or a clock. We can select any convenient unit of time based on 
some such repetition and express a time interval as a number of such units. 
Since we cannot directly add one time interval to another unless one 
interval starts when the other ends, we must assume the accuracy of clocks. 
We are content to add numbers of units of time so long as all time intervals 
are measured in the same unit. 

7.4. Velocity. Velocity might be measured in arbitrary velocity units, 
as by the Beaufort scale of the sailor, who estimates wind velocity by the 
appearance of his sails. Thus 5 on the Beaufort scale is ^Tresh breeze, all 
sail drawing,^^ and 10 is ^Svhole gale, hove to under storm sail.^^ The 
sailor has no ready means to measure velocity, and he associates velocity 
with force, which he can estimate. 

Nature does not supply for mechanics a convenient standard unit of 
velocity. The speed of falling bodies is changing, and the speed of animals 
uncertain. The velocity of light is convenient for astronomers only. We 
resolve the difficulty by defining velocity in terms of length and time and 
making the unit of velocity the ratio between a unit of length and a unit 
of time. This is a new concept — ^to divide a length by a time and to call 
the quotient a velocity. We do this, not as a result of any logical analysis, 
but purely by our own decision. We choose to define velocity as V = ds/dty 
where ds is the distance moved in time cZZ, and, as a consequence, the unit 
of velocity becomes a derived unit. A simple dimensional equation to 
express this concept is, in conventional notation, 



where the brackets indicate that the dimensions only of the enclosed 
quantity are represented. 

7.6. Acceleration. Like velocity, acceleration is conveniently derived 
from length and time, and by definition, is given the dimensions 



7.6. Force. Weight is the most common force, and it is natural that 
force is universally measured in terms of the weight of a standard block 
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of material. This block is often called a weight,” and the words ^Torce” 
and “weight” have become confused. 

Since prehistoric times, quantities of material have been compared 
or measured with some form of balance, a convenient standard quantity 
being used for balance “weights.” The convenient unit has usually been 
of the order of a handful of material — hence our modern pound. 

Force is taken as a primary quantity in the so-called “technical” or 
“gravitational system,” and its unit is the weight of a standard block of 
metal at a place where gravity has a standard value. 

7.7. Mass. Mass is quantity of matter. The mass of a standard block 
is invariant although its weight may vary slightly with location, since 
gravity is not everywhere the same. The apparent weight of a given mass 
in an airplane when making a banked turn may be several times normal. 

The distinction bc^tween weight and mass is primarily a necessity of 
mechanics. Newton’s great generalization for the first time connected 
force and mass through the statement of his second law. Newton postu- 
lated mass as the fundamental entity and described force as a phenomenon 
whose action could be observed and measured by its effect on the state of 
motion of a mass. The rate of change in the (juantity of motion measures 
the force acting. In our modern notation this is 

T? . _ inonientum change „ d{mV) 

time of application dt 

with a corresponding dimensional equation 



which, outside of relativity regions, has been found to express a universal 
law of nature. 

We could, with equal logic, use Newton’s second law to define mass in 
terras of force, length, and time, thus: 



It is a matter of convenience whether we choose [F] as a primary 
quantity and define [M] in a technical system of units or choose [M] as a 
primary quantity and define [F] in a dynamic system. Both are in general 
use. The [M] system is usually called the “ absolute ” system in older texts, 
but it is now recognized that there is nothing absolute about any system. 

7.8. Moment and Work. The dimensions of these entities are sym- 
bolically similar although physically distinct. This arises because we de- 
fine each in terms of a force and a length. 

[Moment] = [FL] 


[Work] = [FL] 
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For example, the moment of a 10-lb force acting with a 10-ft arm is 
100 units of moment, where the unit is the moment of one pound acting 
with an arm of one foot. 

The work done hy a force of 10 lb acting through 10 ft is also 100 Ib-ft. 
But here work Ls expressed in terms of a work unit, Le., the work done 
by one pound acting along a distance of one foot in the direction of the 
force. Note that the derived unit of moment is quite different as to the 
direction of the force with relation to the length. Moment is a vector 
quantity, while work is a scalar. 

7.9. Zero Dimensions. There are quantities that are a ratio of two 
(piantities of the same dimensions. Angles and trigonometric functions 
ar(‘ pure numbers and are therefore dimensionless or of zero dimensions. 
For example, an angles is the ratio of an arc to its radius, which, in dimen- 
sional notation, is expressed as 

It is a peculiarity of our system of numbers that the zero can have 
whatever dimensions the other terms of an equation requires For example, 
consider the physical equation for the law of falling bodies, 

s = gl^/2 

with its dimensional equivalent 

[B]=^[L] = [9f] = [Y^T^y[L] 

It is equally valid to write 

6 - - gC^/2 = 0 

and its dimensional equivalent 

[. ~ ge^/2] = [L] = [0] 

Zero in this case must have the dimensions of a length. 

7.10. Properties of Materials. The dimensions of the common proper- 
ties of materials can be expressed in terms of the three primary quan- 
tities in accordance with their definitions. However, density and viscosity 
need special attention. 

The weight per unit volume of a substance (specific weight) is often 
erroneously called density. It is recommended to reserve the term 
“density^' in mechanics to mean the mass per unit volume. 
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Viscosity was d(3fined by Newton as the fon^c per unit area per unit 
rate of shear on adjacent layers of a moving fluid. If the thickness of an 
oil film is h and the relative velocity between the two sides of the film is F, 
V/h is the rate of shear. The coefficient of viscosity /x is then defined by 
F ! A — i>iV I h, where F is the shearing force and is the area of the oil film. 
There is a corresponding dimensional eciuation 



7.11. Dimensional Systems. A consistent dimensional system is com- 
posed of the smallest number of (luantities in terms of which all entities 
and relations in a field of science may be exprevssed. For mechanics three 
such “ primary’’ quantities have been found necessary and sufficient, which 
arc usually chosen as [ilf], [L], [7’] or [F], [L], [T]. 

For tluirrnodynamics a fourth primary (piantity is needed, generally 
taken for convenience as temperature [0J. 

7.12. Units of Force, Weight, and Mass. We have acquired two sys- 
tems of dimensions, the [M] and the [F], both in the metric system and in 
the English system. 

While force is conveniently measured in terms of weight, a particular 
sort of force, confusion can develop when forces otlu^r than weight are in- 
volved, such as occur in dynamics. We accept without (piestion that one 
pound is the force of the earth’s attraction at Greenwich on a particular 
block of metal. This block of metal is a mass, and it is also called a pound. 
This ‘‘pound” block cannot be at the same time the unit of force and the 
unit of mass, for one quantity cannot be expressed in terms of the other 
alone. Their dimensions are not the same. 

The difficulty comes from the fact that weight and mass are united by 
the special relation 

w = gm 

with g nearly constant. But g is not a pure number since the equivalence 
of w and gm would imply an impossible dimensional equation 

IF] = = [gW] 

The two sides of this dimensional equation become reconciled only when g 
is an acceleration, of dimension [L/T^]. 

The “pound” block, if taken as a unit of mass, requires us to name 
another unit of force, defined from F = ma, as the force that gives one 
pound mass an acceleration of one foot per second per second. This unit 
of force is 1/g times the so-called “pound force.” This unusual unit, 
named the poundal, has never been accepted as useful or convenient by 
engineers. 
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Man in general is constantly concerned with weight, rarely with mass. 
Mass is a quantity necessary to dynamics and may be considered to be a 
^Hechnicar’ concept of historically recent origin. 

American and British engineers adopt the weight of the pound block 
measured where g = <70 = 32.1739 ft per sec per sec as the unit of weight, 
and a mass equivalent to 32.1739 times that of the standard pound block 
as the unit of mass. This was named the ^‘slug^' * by Professor Perry, with 
sluggishness or inertia in mind, and has been officially adopted for both 
British and United Statens government publications. A pound force gives 
unit acceleration to one slug of mass. 

In the metric system, the same care must be taken regarding force and 
mass units. The unit mass is one gram, and the unit force, called a “ dyne,’' 
is that force which will impart unit acceleration (in centimeters per second 
per second) to the gram unit of mass. The dyne corresponds to the 
poundal. However, the dyne is inconveniemt for engineering work and the 
technical unit of force is taken as the weight of the gram mass measured 
where g = 980.665 cm per sec per sec; the unit of mass is 980.665 times the 
mass of the gram. Then a gram force gives unit acceleration to this un- 
named unit of mass. 

7.13. Dimensional Equations. The selection of three primary quanti- 
ties, such as mass, length, and time, enables us to express the dimensions 
of all the other quantities of mechanics in terms of these three. The correct 
definition of a physical quantity implies both an algebraic equation and 
a dimensional eciuation. 

Suppose a man riding in a car observes a pressure p due to the relative 
wind of velocity V. He has discovered a physical relation between pressure 
and velocity that he might assume to have the form 

p^f(V)^KV^ 

Since both terms must have the same dimensions, the (‘corresponding 
dimensional equation, when a and K are pure numbers, would be 



The dimensional equation is out of balance, and evidently K is not a pure 
number but must be some function of other variables. 

Suppose our experimenter were a more cautious person and assumed 

* This term is applied only when the foot-pound-second system of British gravita- 
tional units is used. In many cases advantage results from using the inch instead of the 
foot for the linear unit, or what may be called the “ inch-pound-sec-ond system. In 
this case the unit of mass is evidently equivalent to 32.1739 X 12 times that of the 
standard pound block. 
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the law of wind force might depend both on the density of the air and on 
the velocity. Then he would write 

and if he found by experiment that a = 2, the dimensional equation would 
now be 

Equating the exponents of iif , on both sides of the equality sign, it appears 
that h — 1, Hence p = where K is an undetermined constant. 

This experiment was made by observing the effect of but one variable, 
velocity; yet the dimensional analysis shows the necessary influence of 
another variable, densit 3 ^ The fact that p was found to vary as re- 
quires that p also vary as p. 

Dimensional theory can never determine a numerical coefficient such 
as 7v, but it can give the only possible relation among the independent 
quantities involved. The procedure is first to deduce from dimensional 
considerations the general relation between the variables assumed to (con- 
trol the phenomenon and then by experiment to chock the choice of inde- 
pendent variables and determine the necessary constants. 

7.14. Dimensional Homogeneity. Any eciuation or formulation ex- 
pressing a relation among physical quantities is actually an algebraic, 
equation in which measurements, or numbers, represented by letters, imply 
but do not disclose the units in which each of the various quantities has 
been measured. There is a corresponding dimensional eciuation that 
states the dimensions of these units in each term of the algebraic eipia- 
tion. In dealing with physical measurements we may perform the opera- 
tions of addition and subtraction only with numerical cpiantities of the 
same dimensions. The physical equation, therefore, must be dimensionally 
homogeneous. 

This principle of dimensional homogeneity is fundamental to our whole 
system of physical and engineering mathematics. While pure mathe- 
matics is not concerned with dimensions, applied mathematics must deal 
with numbers that measure physical quantities in units of the same 
dimensions. 

The application of this principle, first stated by Fourier, gives a test 
of the completeness or of the consistency of any physical equation pur- 
porting, as the result of experiment or analysis, to describe a physical 
phenomenon. It also furnishes a unique dimensional condition that must 
exist among the physical quantities involved and furnishes a clue to the 
form of an unknown physical equation describing it. The search for a 
correct dimensional form for an unknown equation is dignified by the name 
‘ ‘ dimensional analysis. ’ ^ 
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7.16. The General Form of Physical Equations. The fact that a 
complete physical equation must be dimensionally homogeneous can be 
generalized to develop a formal procedure for analysis of less simple prob- 
lems. The necessity for a formal procedure arises because for mechanics 
there are but three primary quantities, while many mechanical relations 
involve more than tlinn^ variables. It is not possible to determine the un- 
known exponents of more than three variables by means of the three 
simultaneous eijuations obtained from the exponents of M, L, and T, ap- 
pearing in the corresponding dimensional equation. 

Any complete physical eciuation expresses the relation among all of 
the (lifferemt physical cpiantities that control the phenomenon in question. 
Let these (piantities Ix' designated by Qi, Qo, Qs, • * Qn- Then we may 
write the c.ornplete ph 3 ^sical e(|uation as an unknown function of all of the 

cf>(Ql. Q2^ •-,Qn)=0 (7.1) 

AssuiiKi that Ecp (7.1) may be put in the form of an equivalent power 
series, ea(‘h term containing all the ciuantities Q, A typical term will be 
of the form Qs"* ■ • • (3n% where A is a numerical coefficient. 

Kcpiation (7.1) may l)e written as a series of such terms, the number of 
which may be indefinite, 

AQ7 • • • Q:: + BQ[^ . . . q;-;. + . . . = 0 (7.2) 

Divide tJirough by the first term, and obtain 

1 + ? Ql”""' Q T""- ■ ■ ■ + • • • = 0 (7.3) 

A. 

By the principle of dimensional homogeneity, it will be observed that 
each term, including the zero, is dimensionless. Since the numerical 
coefficients are dimc'iisionless, it follows that the products of the powers 
of the Q's in each term are also dimensionless. 

The dimensional eciuation corresponding to Eq. (7.3) will express 
this fact: 

= (7.4) 

where Xi, X 2 , • • Xn are unknown exponents. 

The dimensional equation [Eq. (7.4)], places a restriction on the powers 
of the Q’s in each term of Eq. (7.3), but we cannot determine these ex- 
ponents by inspection, except for very simple cases. 

Since there may be a large number of Q’s, it is convenient to deal with 
a smaller number of products of a few Q’s taken together. Let the symbol 
n represent a nondimensional product of powers of some of the Q’s, and 
let Hi, 112 , • • , Hi represent all of such independent products that can be 

formed by using all the Q's. 
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Since each II is dimensionless, the product of any powers of the IT’s 
will also be dimensionless; and since the II^s contain all the Q’s, some 
combination of IPs could represent each term of Eq. (7.3). For example, 

j = JV'n5''II|’ ■ • • Ilf 

where N and 2 / 1 , 2 / 2 , • • Vi are pure numbers. 

There3fore, we may replace the unknown function of the Q^s [Eq. (7.1)] by 
an unknown function of the H^s. 

II 2 , Ha, • • •, a) = 0 (7.5) 

This conclusion means that a complete physical equation, expressed as 
a function of the physical quantities Q controlling the phenomenon, can bo 
etjually well expressed by a function of independent dimensionless coeffi- 
cients or numerics formed from the Q^s. The statement that P]qs. (7.1), 
and (7.5) are equivalent constitutes the IT theorem. 

7.16. Alternative Proof of the 11 Theorem. The importance of the II 
theorem in experimental fluid mechanics is considered to warrant a second 
proof, based on a postulate that may appeal to some readers as more nearly 
self-evident than the principle of dimensional homogeneity. 

In order to measure any physical quantity, one must first choose a unit 
of measurement, the size of \vhich depends solely on the whim of the ob- 
server. This arbitrariness of the unit size leads to the following postulate : 
Any equation describing a physical phenomenon can be so formulated that 
its validity is independent of the size of the units of the primary quantities. 
Such an equation is called a complete physical equation. All the physi- 
cal equations appearing in this book are assumed to be complete. A line 
of reasoning through which a physical equation can be simplified by virtue 
of its completeness is demonstrated in the example below. 

A stationary sphere is immersed in a steady flow of incompressible 
real fluid. The sphere is far from any free surface, so that gravity has no 
effect on the flow pattern, the weight of every fluid particle being counter- 
balanced by the static buoyant force. Thus, one may assume that the 
independent variables determining the flow are the velocity of the undis- 
turbed fluid F, the diameter of the sphere rf, and the density and viscosity 
of the fluid p and p. The force F, exerted on the sphere as a result of the 
fluid motion, will depend in some unknown way on only these four variables: 

F = 0(p,F,/),m) (7.6) 

Several changes of variable are now made, to put Eq. (7.6) in such form 
that it can be simplified through use of its assumed completeness. The 
immediate object of these changes is to make all the variables, except one, 
dimensionless in one of the primary quantities. This dimensional variable 
can then be deleted, as is shown below. 
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All the variables except p are first made dimensionless in mass. There 
is no necessity for this particular choice of density and mass, but it will be 
found convenient. Divide both sides of Eq. (7.6) by p, in order to change 
the dependent variable to E/p? which has dimensions 


F _ (/)(p,F,d,M) 
P P 




The viscosity p is the only independent variable (besides p) that has non- 
zero dimensions in mass. Divide p by p to get a new independent variable 
p/p, having dimensions [ML~^T~^/ML = [L“7'“^]. 

^ = </.,(p,lV,^) (7.7) 

This change from p to p/p is permissible, for p and p are independent 
by assumption. One can therefore vary p without varying p/p, simply 
by causing p to change in proportion to p. The practical difficulties would 
be the same in either case: to keep either p or p/p constant while p were 
varied would, in general, require a change of fluid as well as a change of 
temperature. 

These changes of variable have no effect on the completeness of the 
equation. The validity of Eq. (7.7) is therefore unaffected by a change in 
the size of the mass unit, say from slugs to grams. The value of F/p is 
unaffected by this change, so that the value of (j> 2 (p,V,d, p/p) must likewise 
be unaltered. The values of V, d, and p/p remain the same, but the value 
of p will be different. Consecpiently, (f >2 can depend, not upon p, but 
only upon T, d, and p/p. The density is therefore deleted, and 



A similar procedure gives all the remaining variables, except T, zero 
dimensions in time. Change F/p to E/pF^ which has dimensions 
[IJT~^/IJ^T-^] = [L^]; and change p/p to p/pF, which has dimensions 

[L^r-VLT-i] = [L], 


JL 

pF^ 




Deleting F by virtue of the completeness of the equation, one gets 



A third application of the same reasoning leads to 


(7.8) 
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Equation (7.6), which involves four indepeiuk'ni variables, has been 
simplified by purely dimensional reasoning to Ecp (7.8), which involves 
only one independent variable. It is clear that experimental data can be 
correlated more easily by means of Eq. (7.8) than Eq. (7.6). 

Equation (7.8) is not the only form obtainable from Eq. (7.6). By 
operating with instead of p, or by combining the variables of Eq. (7.8) 
in an obvious way, one can also get 



It is found, in most applications of these results, that E(i. (7.8) is preferable 
to Eq. (7.9), for FjpVW varies less tlian F/jiVd in the practical ranges of 
the independent variable p Vd/ p. 

Consider now any complete physical eejuation ndating a dependent 
variable to n ~ 1 independent variables: 

Qi = (/>(Q2, (7.10) 

It is clear that the procedure used in the a))ove example can be followed 
here, to yield a relationship among dimensionless produ(;ts of the Q’s. 

ni = iA(n2, ' -,110 (7.11) 

where i is the number of dimensionless products, or II’s. We thus arrive 
again at the 11 theorem, this time by induction from an example. 

To implement the 11 theorem one must know how to determine the 
number of II’s in any given problem. Furthermore, one should have a 
definite procedure for forming the Il’s, once their number has been deter- 
mined. Finally, one should understand what freedom exists in thc^ choice 
of alternative II^s. These (questions arc considered in the following articles. 

7.17. Determination of the Number of II’s. Find by trial the largest 
number of Q's that will not form a dimensionless product, and let this 

number be k. Usually k will be found to be the same as the number of 

primary quantities, which in mechanics is equal to three, M , L, and T. 

Suppose now that one carries through the transformation of Eq. (7.10) 
to Eq. (7.11) by means of the procedure of the previous article, using 
(analogously to p, U, and d) any k of the Q’s that do not form a dimension- 
less product. Assume tentatively that the transformation is complete 
{i.e.y that all the products are dimensionless) after k — 1 steps. It is seen, 
however, that one of the products will contain precisely the k Q’s from which 
a n cannot be made. From this contradiction it follows that at least k steps 
are necessary to complete the transformation. On the other hand, k steps 
are sufficient, for in this case every product contains /c + 1 Q’s and is there- 
fore dimensionless. 

Referring again to the procedure of the previous article, one sees that 
the number of IPs, is equal to the number of Q's, w, minus the number 
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of steps. Since the number of steps has been shown to equal /c, it follows 
that i = n — k. Equation (7.11) can thus be rewritten 
III = l/^{n2, ria, • • •, Iln-A:) 


It may be observed for future reh^rence, since the Il’s are formed by 
grouping the same k Q's with each of the other Q's in turn, that n — fc is 
not only the smallest number of IPs which can suffice in Eq. (7.11) but 
also the largest number of independent IPs which c.an be made from the Q^s, 
In the majority of problems, om^ will find that k is equal to the number 
of primary (quantities. Tt is easily shown that k cannot exceed this number, 
but it is possible for k to be less than the number of primary quantities, 
as in the following example : 

Let a steel rod of length / and diameter d be maintained at a temperature 
Ti at one end. Let the temperature of the surrounding air at a great dis- 
tance from the rod b(i uniform and ecqual to To. For steady conditions, one 
may assume that 


q = - To,lAh,ka) 


(7.12) 


where q is the rate of heat transfer per unit area at any point on the surface 
of the rod and ks and ka are the thermal conductivities of steel and air, 
respectively. 

There are four primary quantities entering into the six variables of 
Eq. (7.12) — mass, length, time, and temperature. It is easily found, how- 
ever, that the maximum number of variables which will not form a 11 is 
cmly three. There are thus three Il^s in this case, rather than two. If 
7\ - To, I, and ks are chos(m to play the role of p, V, and d in the example 
of the sphere, Eq. (7.12) becomes 

7.18. Formulation of One Set of II’s. Thc^ number of II^s being known, 
the next step is to formulate explicitly a set of independent II's for the 
problem at hand. As already stated, one method is to combine k Q’s not 
forming a dimensionless product with each of the other Q^s in turn. 

Referring again to the example of the sphere, we find by trial that p, F, 
and d do not form a dimensionless product and that therefore k == 3. The 
number of Q’s being n = 5, the number of II’s is n — A; = 5 — 3 = 2. One 
formulation of the IPs, accordingly, is 

Hi = p^^V^^d^^F 
112 = p'^'^V^d^^p 


The three unknown exponents in Hi are determined from the fact that Hi has 
zero dimensions in each of the three primary quantities M, L, and T, Thus, 
[III] = = [(ML“«)“<Lr-i)^^(L)^’(MLr-2)] 
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Since the unit sizes of M, L, and T can be chosen arbitrarily and inde- 
pendently of one another, this equation implies that 

0 = -f- 1 

0 = — 3<2i + fci + Cl + 1 

0 = - 6i - 2 

These three simultaneous equations in three unknowns have a unique solu- 
tion, — 1, - — 2, and o = — 2, so that ITi = F/pFW. In the same 

way it can be shown that II 2 = ix/pVd. The result of the analysis can thus 
be expressed as Hi = or {F/pV^d-) = xj/i^p/pVd) = xl/(pVd/p). 

This method for determination of the exponents is rather lengthy in 
problems involving many IT’s, since the same process must be repeated for 
every 11. An alternative, quicker method is illustrated in the following 
example: 

Suppose that the torque q which must be applied to a shaft to overcome 
the friction of a journal bearing depends only on the shaft diameter d; 
the bearing length Z; the diametral clearance, or difference between bearing 
and shaft diameters, C; the angular speed co; the oil viscosity p; the load 
on the shaft W ; and the volume rate of oil flow Q. Thus 

q = <^((i,Z,C,co,M,TF,Q) 

It is readily found that d, co, and W (for example) do not form a dimension- 
less product. Furthermore, there are only three primary quantities, Af, L, 
and T. We conclude, therefore, that A: = 3. Since n = 8, the number of 
II’s will ben — /c = 8'-3 = 5. These may be formulated as 

TT _ Q TT _ M 

TT = ^ IT = Q 

n ^ 

To make Hi dimensionless, the product must have the dimen- 
sions of a torque; that is, = [MUT~^. To meet this require- 

ment we write down the dimensions of d, co, and W and solve for the dimen- 
sions of M, L, and T in terms of d, co, and W. 

[d] = \L] [co] = [T-i] [W] = [MLT-^ 

[L] = [d] [T] = [co->] [M] = [ITd-ico-*] (7.13) 

Using Eqs. (7.13), we find that 

[MUT-^] = [(H^d-‘co-*)(cP)(coO] = [Wd] 
whence Hi = q/Wd. 



Sec. 7 . 19 ] 


FORMULATION OF OTHER SETS OF ITS 


111 


For ri 2 , = [L]. But, from Eqs. (7.13), [L] = [rf], so that 

Hz = l/d. 

Similarly, it is found that Us = C/d. 

For II 4 , we must have [d^^co^^W^*] = [/i] = Equations (7.13) 

give [ML-^T~^] = [iWd-^co-'^){d~^)io))] = [Wd-^u)~% so that n 4 = /icPco/lF. 
For n 5 , = [Q] = [L^T'^] = [d'co], so that Ho - Q/d«a). 

The analysis thus leads to 


JL 

Wd 


, fl C fJL(Pa) Q\ 

^[d'd' W ' o)dy 


This method is quick, because we determine E(is. (7.13) but once, for 
Hi, and then use them for each of the remaining IT’s. It is unnecessary to 
find each eixponent individually, as in the first method. 

Equations (7.13) bring out the fact that d, co, and W can themselves be 
used as primary quantities in this problem. It is thus seen that the 
greatest number of Q’s which will not form a 11 is the same as the number 
of Q’s which can themselves be used as primary quantities in a given 
problem. 

7.19. Formulation of Other Sets of II’s. It has already been noted that 
n — k is the greatest number of independent 11 ’s which can be made from n 
Q\s. If one set of n — k independent II’s be found by the methods of the 
proceeding article, it is obvious that any other II can be formed by multiplica- 
tion of powers of two or more members of the given set. Thus all possible 
sets can be found from a single one. Denote by ITi',!!^, • • - ^Iln-A any such 
set of independent products. 

Suppose that we have determined one nondimensional formulation of 
some problem, 

III = ^1(112,113, • • ^Iln-A:) 

From this equation it follows that 

Hi = . .n:n,n3,n4,- • ^n^.,) 

where ai, a^, as, • • • , an-k are arbitrary exponents. Therefore, 


III = ^2(112,118,114,* • *,!!„-_*) 

By progressing in this manner we can readily show that 

n( = ^'(n^,n^,-..,nu) 

Any set of n -* fc independent IT products can thus be used in the non- 
dimensional expression of a problem. 

Dimensional analysis, per se, offers no clue as to which group of II’s 
may be most convenient in a given problem. Aside from the obvious fact 
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that the dependent variable should be included in only one 11, it is necessary 
to rely upon previous experientie and physical insight in the selection of a 
useful set of II’s. Considerations of physical similitude, whicli are helpful 
in this connection, will be discussed in th(^ next article. 

7.20. Physical Similitude. Consider two systems, such as a model and 
its prototype, that are described by the same equation • • • ,ni) = 0. 

Physical similitude is said to exist between two such systems if corre- 
sponding n\s have the same value. 

The identity of corresponding 11 ’s does not mean that corresj)onding 
Q’s must be equal but does require that they be related ]:)y scale ratios such 
that the II’s which contain them are identical in the two systems. 

In general, the model system and the prototype system that it repre- 
sents will have corresponding quantities Qi/OI, etc*.., in certain 

definite and constant ratios, or scales. The model sc^ales for the several 
Q’b that control the phenomenon are, howev(a‘, subject to tlu? restriction of 
the n theorem. These restrictions can be stated in the form of rules. 

1. Provided only that they do not by themselves foi'm a dimensionless 
product, k of the quantities may have any arbitrary scale ratios between 
the two systems. 

2. The scale ratio for any of the remaining (piantities is determined by 
the fact that the 11 which contains it in the modd system must e(iual the 
corresponding II in the prototype system. 

As a consequence, solid boundaries that control the flow of a fluid will 
be geometrically similar, and a model must be geometrically similar to its 
prototype. Corresponding lengths on model and prototype are related by 
a constant scale ratio. The locations of corresponding points in the tw(j 
fields of flow can be defined as x/L, y/L, zjh and x' /U, where 

L and U are typical lengths of model and prototype. Then x/x' = y/y' 
== 2 / 2 ' = L/U . Geometrical similitude is characterized by a single and 
uniform scale of enlargement. 

Since there is a constant scale ratio for each quantity, it follows that at 
all pairs of corresponding points the components of velocity bear a constant 
ratio to each other. Hence the resultant velocities at (jorresponding points 
are parallel, and the streamlines are geometrically similar. To transform 
one flow pattern to the other we need to know only the linear scale of 
enlargement from model to prototype. 

Knowing the velocities at various points in the flow about the model, 
w'e can predict the velocities at corresponding points in the flow about the 
prototype by applying the proper scale of enlargement. This scale of en- 
largement for velocity may, for convenience, be taken as the ratio of the 
speeds of advance of model and prototype, V/V', 

Similar considerations lead to the conclusion that, for compressible 
flow, the densities at corresponding points have a constant ratio equal to 
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the ratio of the densities of undisturbed fluid in the two systems, p/p'. 
For incompressible flow, the densities are in this same ratio but are constant 
everywhere in each system. 

In the preceding discussion, steady flow is implied. If the flow is 
changing with time, particles occnipy corresponding positions and have 
corresponding velocities at corresponding times. The flow patterns will 
be geometrically similar only at corresponding times. 

The particular form of physical similitude for which the corresponding 
forces have a single scale ratio is called “dynamical similitude.^^ If there 
be also a single scale of tomperatun^s at corresponding points, we have 
thermal similitude. For each case, geometrical similitude is a prerequisite. 

The requirement of a singles scahi ratio for forces shows that the polygons 
of force on corresponding elements in the two systems are geometrically 
similar. 

7.21. Conditions for Dynamical Similitude. In the general case of flow 
of a real fluid, the forces a(;ting on an element of fluid are those due to pres- 
sure, friction, gravity, and inertia. d’AlemberUs principle shows that the 
vector sum of these forces is zero. 

Fp + F f Fy + Ft = 0 

Similarity of corresponding foi'ce polygons in two flows is obtained if 
Fs/F'j = Ft/F; and FJF^ = F./Fi (7.14) 

since the d’Alembert equation will then ensure that FpjFp = Fi/Fi. 

On the other hand, the criterion for dynamical similitude that is ob- 
tained directly from the 11 theorem is developed as follows, for an incom- 
pressible fluid. 

Let us represent the quantities controlling the fluid motion by p, F, 
F, p, and < 7 , where L is any characteristic length, V is the relative fluid 
velocity at a distance from the object disturbing the flow, p and p are the 
density and viscosity of the fluid, and g is the acceleration of gravity. Let F 
represent any force, such as the lift of a wing or the resistance of a ship, 
whose value is desired in terms of the independent variables. Then, 

F = /(p,L,F,p,i7) 

From the 11 theorem. 

Hi = <A(n2,n3) (7.15) 

Since inertia forces usually predominate, it has become conventional 
to select the particular set of II products beginning with a force coefficient 
that is independent of p and g. Thus, 

F 

Hi = p'‘>LW’^'F = pjjiyi (Newtonian force coefficient) 
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ri 2 = (Reynolds number) 

M 

V2 

ITs == = j (Froudc number) 

The criterion for djuiamical similitude that is yielded directly from the 
definition at the beginning of Art. 7.20 is 112 = and ITs = Ha, or 

pVL/p = p'Y^Vjp^ and Y^ILg = F'VL'^ (7.16) 

since Eq. (7.15) then ensures that IIi = IIi. 

From the discussion in Art. 7.20, Eqs. (7.14) and (7.16) should be eejuiv- 
alent. Proof of equivalence, which follows below, will shed light on the 
physical significance of the Reynolds and Froude numbers. 

Consider an element of fluid of sides dx, dy, dz, with the x axis parallel 
to the streamline. The volume of the element is D = dx dy dz. The steady 
velocity at the element is in the x direction and will be denoted by u. 

The inertia force on this element is by definition equal to the negative 
of the product of mass and acceleration, 

since, for steady motion, du/dt = u(du/dx). The ratio of corresponding 
inertia forces for two systems will be 

, , ^ pV u{du/dx) ^ pLW^ 

'' ' p'V u'{du'/dx') p'l/W^ 

because corresponding lengths and velocities have the ratios L/U and 
y/F', respectively. 

In Art. 1.4 the friction force F acting on the oil film in a concentric 
bearing was stated to be F = p{Y/h)A , where Y is the difference in velocity 
between the two sides of the film, h is the film thickness, and A is the area 
of the film. Experiments show that in more complicated flow patterns the 
friction force on a small fluid surface, such as dx dz, is given by a formula 
of this same form, but with Y /h replaced by an expression having at most 
two terms, each of the type du/ dy. Since we are interested only in the 
ratio of the friction forces acting on corresponding elements of fluid, we 
may write 

Ff _ pidu/dy) dx dz _ pYL 
F'f u\du' /dy') dx' dz' p'V'U 

Also, the ratio of corresponding gravity forces is seen to be 

F^ pgV ^ pgTJ 

K pW p'gL'^ 
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Substitution of these values into Eqs. (7.14) shows that they are equiv- 
alent to Eqs. (7.16). 

We see in addition that 

F^f_ pVL/ix ... V\fLg 

F'ilF's" p'\'L'Tii! 'F’i/F'« VyUg 


The Reynolds number is thus a measure of the ratio of inertia to friction 
ratio at any point in flow, while the Froude number measures the 
force of inertia to gravity force. 

7.22. Friction Forces. The coefficient 112 = pVLIji is known as the 
Reynolds number, in lionor of Osborne Reynolds, who first discovered its 
importance in his classical study of the flow of vivscous fluid through pipes. 

In order to conduct experiments with a small pipe of diameter D' to 
predict the flow through a large pipe of diameter D we must arrange to 
have pVD/jji — p'V'J)' p'. For the same fluid the velocity in the small 
pipe must be higher than the velocity specified for the large pipe in the 
ratio DID'. If this were impracticable, it would be permissible to use 
some other fluid of much lower viscosity for the model experiment. By the 
use of the Reynolds number, experiments on smooth pipes (geometrically 
similar) with various licpiids and gases have been reduced to a single curve 
of 11] - /(n 2 ), or 


F 

pDH^^ 


-m) 


where F is the resistance to flow and R is the Reynolds number. 

It is of practical interest to observe further that for an experiment 
with a model airplane in air p/p' = = 1, VL = V'lJ . This means 

that a 5-ft model of a 50-ft wing, expected to operate at 100 mph, should 
be tested in a wind tunnel at 1,000 mph if frictional effects are to be truly 
represented. This is clearly impracticable; but if the wind-tunnel air is 
compressed to 5 atm, the test velocity required for constant R is reduced 
to 200 mph. 

The Reynolds number is frequently written in the form R == FL/V, 
where v ~ p/p is called the kinematic viscosity’’ of the fluid. Although 
water is some 800 times as dense as air, the viscosity of air at ordinary 
temperatures is relatively high and its kinematic viscosity is some 14 times 
as great as that of water. 

A constant relation between inertia and frictional forces in a given set 
of experiments is seen to be preserved by constancy of the Reynolds 
number, but other considerations determine the relative importance of 
friction in practical cases. Where experiments show that forces vary as 
pV^L^j it is permissible to neglect the effect of the Reynolds number. For 
example, the resistance of a thin plate held normal to a flow is almost 
entirely due to inertia forces, while the same plate held edgewise to the 
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flow experiences a frictional force due to fluid shear over its wetted surface. 
In the former position the resistance is independent of the Reynolds num- 
ber, while in the latter it is not. 

The performance of propellers and hydraulic turbines and pumps is 
found to be mainly dependent on inertia forces. This fact is not unex- 
pected because of the great mass of fluid flowing through the machine and 
the relatively small wetted surface. 

The trajectory of a heavy bomb falling through air or water is largely 
determined l)y inertia forces because of the high ratio of mass to surface. 
On the other hand, the settling of fog particles through air or of sediment 
through water is controlled by frictional forces because of the low ratio of 
mass to surface of the individual particles. 

7.23. Gravity Forces. Where surface waves are formed, gravity forces 
are involved, for the weight of an element of fluid near the free surface is 
not completely counterbalanced by buoyancy, as for one far below the 
surface. As we have previously seen, the coefficient IIs = F^/Lgr measures 
the ratio of inertia to gravity force. This coefficient is known as the Froude 
number, from the law of comparison discovered by William Froude in 1870 
in connection with his pioneering experiments with ship models. 

7.24. Compressibility. Similitude between two flows of compressible 
fluid implies in general not only dynamic similarity but also thermal 
similarity. Extended consideration of thermal effects is avoided if pres- 
sure may be considered a func^tion only of density. This assumption is 
usually permissible in high-speed flows of technical importance. In such 
flows one may assume that the changes in density are adiabatic and 
are uninfluenced by friction (isentropic). It is known that under these 
conditions there is a relation between pressure and density of the form 
p/p/: _ eonstant, where the exponent k is constant for a given fluid. 

If a small mass of fluid, with initial volume equal to U, is compressed 
isentropically, the first law of thermodynamics shows that its increase in 
intrinsic energy dU is equal to the work done by the pressure in decreasing 
the volume, 

0 = p dU + dU 
dU = — p 

Consider now the change in intrinsic energy dU and the accompanying 
change in kinetic energy d{KE) as a small fluid mass moves an infinitesimal 
distance in a high-speed flow. If similarity is to be preserved in a model 
of this flow, it is necessary that the ratio dU' /d{KEy for the corresponding 
mass moving between corresponding points in the model flow be equal to 
dU/d(KE). This condition may be written 

d(KE) dU 
d{KE)' dU' 


(7.17) 
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Equation (7.17) is a further restriction on the model flow, additional to 
those given by Eqs. (7.14) or (7.16). 

Alternatively, the conditions for similitude in case of compressibility 
may be developed from the 11 theorem if the independent variables con- 
trolling the compressibility phenomena are correctly chosen. It is cus- 
tomary to assume that the sound velocity in the undisturbed fluid C is 
the only variable that need Ixi considered in addition to p, L, F, p, and g. 
The primary quantities of mechanics thus suffice, and four II products 
are indicated. Forming II 4 in the same way as above, we find that 
114 = = F/C, Mach number. If the assumption regarding C 

is correct, we should expect to find that Eq. (7.17) is reducible to 

F F' 

j. = {r, (7.18) 

If this reduction is possible, it will (4arify the physical significance of the 
Mach number. The relationship between E([s. (7.17) and (7.18) will now 
be developed. 

The change in kinetic energy of a small mass pV as its velocity changes 
from u io u + du will be 

d{KE) = pV du 

The ratio of corresponding kinetic-energy changes will be 

d{KE) _ pVudu _ p//F2 
d{KEY p'V'i/ du/ p'L'n ^'2 

To evaluate the ratio of intrinsi(*--energy changes we must develop the 
relations between the sound velocity, pressure, density, and fluid velocity. 
Consider a small plane pressure wave propagating from right to left with 



Fiq. 7.1. 


a velocity Ci relative to the fluid in front of it. If the velocity u of this 
fluid is toward the right, the absolute speed of the wave will be Ci — u 
toward the left, as shown in Fig. 7.1. Conditions in the fluid will appear 
steady to an observer moving with the velocity of the wave front. From 
this point of view the velocities will be as indicated in Fig. 7.2, 
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For a stream tube of unit cross-sectional area the equation o^^ con- 
tinuity yields 

pCi = (p + dp) (Cl 4 - du) 

Cidp-\- pdu = 0 (7.19) 

Likewise, the momentum equation gives 

Z) - (p + dp) = - pC] 4 (p 4 dp) (Cl 4 2Ci du 4 da^) 
whence, combining with Eq. (7.19), we get 

dp = - 2pC, du - C? dp = 2Ci dp - Cl dp = C] dp 


dp 

dp 




(7.20) 


From the assumed relation between p and p, namely p! p^ = constant. 
Wave front ^ (2) 

( 1 ) 



Fig. 7.2. 

we find by differentiation that dp/dp = kp/p. Hence, from Eq. (7.20), 

kp 


C1 = 


(7.21) 


The change in intrinsic energy of a mass pV has been shown above to be 

dU — — p dV 

But, since the mass pV is constant, its differential is equal to zero, or 

- dV = V — 

P 

Therefore, from Eqs. (7.19) and (7.21), 

dU = V = - V = - ^ V du 

^ p k Cl k 

Letting po, po, and C represent values in the undisturbed stream, we find 
that 
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whence 

dU--pVdul(£j 

and 

dU _ pVduC 

dU' ■“ p'U' du' C W Vp7 k 

p’u^rc\p,) \p') k 


Equating these expn^ssions for the kinetic-energy ratio and intrinsic- 
energy ratio, in acciordance with Eq. (7.17), we get 

\(A:-l)/2/p'Y^-'-l)/2 /y 


C C' \p,) \p') 


(7.22) 


It is senm that Eqs. (7.17) and (7.18) are equivalent only if fc = fc'. 

Furthermore, if this condition is fulfilled, 

d{KE)/dU V/C 
d{KEy/dU' V'/C' 

and the Mach number is a measure of the ratio of kinetic-energy change 
to intrinsic-energy change, just as the Reynolds or Froude number measures 
the ratio of certain forces. 

The nondimensional quantity k should be included in the general 
equation as an additional 11. This example illustrates that dimensional 
analysis is not infallible; if a variable is omitted, the 11 theorem cannot 
indicate the omission unless there are too few quantities to form even one 
II product. Ordinarily, k is left out of consideration because model experi- 
ments on high-speed flow are usually performed with the same fluid as for 
the prototype. It is clear that k is important, for it controls the relation 
between pressure and density. The relation between compressible flows 
having different values of k may be likened to that between the motions 
of a linear and a nonlinear spring. 

In practice, compressibility is found to be important for high-speed 
phenomena having Mach numbers exceeding 0.7. Examples are ballistics, 
rotary compressors, propellers, and high-speed airplanes. 

7.26. Special Forms of the Dimensional Equation for Fluid Motion. 
From the preceding discussion, it will be seen that it is impractical to ar- 
range model experiments to preserve a constant Reynolds number, Froude 
number, and Mach number. The experimenter, however, is helped by the 
fact that in practical cases some of the quantities may be neglected. 

For example, airplane-model experiments may omit consideration of 
the Froude number since no free liquid surface is involved and for moderate 
speeds may ignore the Mach number. However, the drag does involve 
the Reynolds number, since flight Reynolds numbers are very large. 



120 


DIMENSIONAL ANALYSIS AND SIMILITUDE [Chap. VII 


Efforts are made to test airplane models at as high a Reynolds number as 
possible by use of compressed air. 

For the lift of airplane wings, thrust of propellers, and the delivery of 
pumps and fans it is found that the elf(ict of friction is much less important 
than the effect of inertia, and consequently the Reynolds number can be 
ignored for a good approximation. 

The general dimensional equation is therefore not used in complete 
form but breaks down into 


= Hi = constant 

pL- \ ^ 


where inertia predominates; 




M / 


where friction is appreciable; 
for ship models; 




for high-speed flows and ballistics. It is to be noted that ship-model experi- 
ments require both the Reynolds number and the Froude number to be 
constant. This, however, is impossible to accomplish. 

The naval architect subtracts from the observed model resistance that 
part due to skin friction, as computed from tests of smooth plates moved 
edgewise through the water at the Reynolds number of the model test. 
The remaining, or residual,'^ resistance Fi is considered to include the 
wave-making^^ and pressure resistance of the model and to follow Froude^s 
law 



When the model is towed at the same value of the Froude number as 
the ship, or at the ‘‘corresponding speed (proportional to the square root 
of the length), the ship’s residual resistance can be scaled up from the 
model by the relation 

F'l 


where primed symbols refer to the model and unprimed ones to the proto- 
type. At this speed the pattern of surface waves made by the model is 
geometrically similar to the pattern of surface waves created by the ship. 
Naval architects photograph the wave patterns made by models run at 
corresponding speeds in order to judge the effect of changes in design. 
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A 20-ft model of a ^OO-ft ship, expected to steam at 25 knots, should 
be towed at a (;orresponding speed of 5 knots to hohl the Froude number 
exmstant. Since g in the Froud(i number is practically constant^ naval 
architects ignore it and use simply the ^'speed-length ratio’’ F/VZ. 

Flying boats that do not begin to plane until sufficient speed has been 
reached must pass through a critical, or "hump,” speed where the wave- 
making resistance is a maximum. This critical speed is a function of the 
Froude number and can be predicted from model tests. It cannot be 
computed from first principles. 

7.26. Conclusions. The method of dimensional analysis indicates that 
in experimental and test work the quantiti(*s involved may be grouped into 
a definite number of independent dimensionless coefficients and the results 
of obscu’vation expressed in terms of such (^^efficients. 

For model experiments designed to re})resent the operation of a proto- 
type, it is necessary to havc^ some of these coefficicuits numerically equal 
for model and prototype. 

There appear to be three main uses for dimensional analysis. 

1. To obtain comprehensive engineering data from model experiments 
where only a few of the variables (\an be changed. 

2. To state the conditions, in terms of a few^ nondimensional cocfBcients, 
under which experimental results may be generally applicable. 

3. To check the completeness or validity of a physical relation found 
by experiment or deduced by analysis. 

Dimensional analysis is primarily the tool of the designer and the test 
engineer. Its applications to naval architecture by Froude, to aeronautics 
by Rayleigh, and more reccmtly to heat transfer, lubrication, and hydraulics 
have revolutionized these brandies of engineering. It is unne(iessary to 
wait for the analytic^al solution of a problem if a controlled experiment can 
be arranged to satisfy the conditions of similitude. 
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CHAPTER VIU 

INCOMPRESSIBLE FLOW IN CLOSED CONDUITS 

Study of fluid flow in pipes not only has yielded information of practical 
value to the designer of pipe lines but also has broadened our basic knowl- 
edge of the mechanism of fluid motion in general. 

It has long been known that two distinct kinds of pipe flow occur. The 
simpler of these, laminar flow, is characterized by motion of the fluid in 
layers, or laminae, parallel to the pipe axis. The path followed by any small 
mass of fluid is a straight line. Conditions favorable for laminar flow are 
high viscosity yu, low density p, low mean velocity V, and small pipe 
diameter /). 

Laminar flow in a tube of circular cross section was studied experi- 
mentally by Hagen, who published his results in 1889, and independently 
by Poiseuille, whose work was published between 1840 and 1846. Each 
deduced from his tests that the voliim(‘ rate of flow is directly proportional 
to the pressure drop and to the fourth powder of the radius and inversely 
proportional to the tube length. On this account, the equation relating 
these quantities to the viscosity is called the ^Hiagen-Poiseuille law.’^ 

In the majority of engineering applications the flow is not laminar but 
turbulent. In this type of flow only the average motion of the fluid is 
parallel to the tube axis. The movement of any small fluid mass is highly 
irregular, random flu(‘tuations being superposed on the average velocity. 
In a smooth pipe, however, the transverse fluctuations necessarily approach 
zero in the vicinity of the wall, so that even in a highly turbulent flow a 
thin laminar film exists next to the wall. 

A laminar flow becomes unstable and tends to become turbulent as the 
mean velocity is increased, other things being equal. Osborne Reynolds, in 
1883, showed that the transition from laminar to turbulent motion depends 
not only on velocity but more generally on the dimensionless quantity 
pVD/fjLf which is now known as the Reynolds number R, He showed that 
if R is below the critical value of about 2,000 the flow is laminar, while at 
higher values the flow tends to become turbulent. Reynolds also laid the 
groundwork for the present statistical theory of turbulence. 

The twentieth-century developments in our knowledge of pipe flow are 
in large measure due to Prandtl and von KdrmAn, and their students. 
These men, by a remarkable combination of physical intuition, experi- 
mental skill, and analytical ability, have developed greatly the theory of 
turbulent flow in both smooth and rough pipes. 

8.1. Entrance and Fully Developed Flow Regions. If an incom- 
pressible fluid flows steadily through a horizontal pipe of uniform diameter, 
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the velocity distribution over a cross section will be found to vary with 
distance from the entrance as shown in Fig. 8.1. In the tank the velocity 
is negligible, but in the rounded entrance it increases gradually to give the 
practically uniform distribution shown at section a. At the wall the 



I'lG, 8.1. — Development of flow in the entrance length of a pipe. 


velocity is zero on account of the viscosity, but the layer of fluid affected 
by friction is still very thin at a. This boundary layer grows as the fluid 
moves along the tube. Somewhat upstream from section c its thickness 
is seen to equal the radius of the tube. The velocity distribution approaches 
the fully developed form asymptotically, but at section d, a distance L' 
from the entrance, the maximum velocity has reacdied 99 per cent of the 
ultimate value. This distance is called the ^Mength of transition. ’’ 

It is found that in laminar flow the ratio L'/D is a function of R, The 
theoretical formula 

^ = 0.058 = 0.058fl (8.1) 

D II 

due to Langhaar, agrees well with observation. For R = 1,000, U /D is 
seen to be about 58. 

In a turbulent flow it is found that L'/D is less dependent on R than in 
laminar flow. Experiments by Nikuradse show that the value of L'/D lies 
between 25 and 40. 

The pressure distribution over a cross section in the entrance length is 
not uniform, since fluid is being moved toward the center of the pipe. 

In fully developed laminar flow the pressure varies hydrostatically over 
any cross section; in fully developed turbulent flow there is also some varia- 
tion, but it may not be hydrostatic. In either case it can be shown that a 
correct result is obtained for the axial force on a cross section by assuming 
the pressure to be constant over the section. It will be convenient to define 
the symbol p* as 

p* = p + pgz (8.2) 

where z is the elevation of the pipe axis above an arbitrary datum. 
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In a fully developed flow the momentum law yields a relationship be- 
tween p* and the apparent shearing stress acting on a cylindrical surface 
concentric with the axis. In Fig. 8.2 are shown the external forces acting 
on the fluid within a c^ylindrical control surfa(;o of cross-sectional area Trr^ 
and length dx. The apparent shearing stress Tapp acting on the lateral 
surface may be partly real and partly fictitious. The real part is due to 



Fig. 8.2. — Forco.s cm a <^iiindric!al mass of fluid. 


the viscous stresses exerted by the adjacxait fluid, and the fictitious part is 
actually the net efflux of x momentum per unit area through the latc^ral 
surface. Such an efflux will occur only because of turbulent fluctuations; 
there will be none in a laminar flow. Since the flow is fully developed, 
there is no net momentum flux through the ends of the (iylinder. The 
momentum law gives 

'pirf' — (p + dp)7rr2 _ pg ^^2 _ 2Tapp7rr dx = 0 

or 

— (dp + p(j dz)Trr^ = — dp* rev- == 2rapp7rr dx 

or 


Since the flow is fully developed, Tapp is independent of x and Eq. (8. *3) can 
be integrated with respect to x, say from x = Xi to x = X 2 = Xi + L. 


or 


(p2 pi ) 2 Tapp (X2 Xj) Ti^,ppL 


Pi* -p 2 * r 
L 2 “ 


(8.4) 


If we choose r = a, the radius of the tube, Tapp becomes equal to the shear 
stress at the wall, tq. 

Pi* — P2* d _ Pi* — P 2 * D _ 

■ L 2 " L 4 ~ 


(8.5) 
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It is to be noted that all the quantities on the left side of Eq. (8.5) can 
be readily measunKl. The ecjuation thus provides a simple means of 
finding the wall shear stress. 

By combining Eqs. (8.4) and (8.5) we find that the apparent shearing 
stress varies linearly from zero at the pipe center to a maximum at the wall. 


iiiiu To 


( 8 . 6 ) 


8.2. Friction Factor. Tlu^ motion of a particle of fluid along the tube 
is independent of gravity because the fluid is incompressible and there is 
no free surface. Under these conditions the weight of each particle is 
exactly counterbalanced by the stati(i buoyant force exerted on it by the 
surroundings. The flow j)att(‘rn is therefore independent of g, and we may 
assuiTU' for a fully developed flow tliat To is a function only of U, D, Pj /x, 
and the wall roughness (wliich is assumed to be uniform everywhere). 

Application of the II theonan to the equation To = </)i(F,/>,p,/u, rough- 
ness) shows that we may write 





V M 


> roughness) 


(8.7) 


Here and </)2 represent unknown functions, and the roughness is assumed 
to be dimeiisionk‘ss. The roughness can be expressed, for example, by a 
sequence of ratios of various lengths to the diameter D. 

Ecpiation (8.7) forms the basis on which pipe-flow measurements have 
been correlated. So important is it that the dimensionless ratio To! pV^ has 
been given a name — tlie friction factor, denoted hy f. Usually a numerical 
coefficient, 2 or 8, is included in the definition of the friction factor. In 
this text we shall define / as 


r = 


( 8 . 8 ) 


The reason for choosing 8 is seen if To is eliminated from Eqs. (8.5) and 

( 8 . 8 ). 




Pl* - P2* .. 1 


L 


D 


(P/2)F^ 


(8.9) 


Equation (8.9) gives / in terms of quantities that are readily measured and 
contains the familiar factor (p/2) F-^. It is more convenient for general use 
in pipe-flow computations than is Eq. (8.8), but the latter should be re- 
garded as defining /, since it shows the intimate connection between the 
friction factor and the frictional stress on the tube wall. 

Equation (8.7) may be written as 

/ = <^(72, roughness) 


( 8 . 10 ) 



0.08 



Fig. 8.3. Relation between friction factor and other dimensionless parameters for pipes having various values of relative roughness. 
(After Moody, reference 10, by permission of American Society of Mechanical Engineers.) 
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where R is the Reynolds number pVD//jL. This equation has been verified 
experimentally by many workers. Figure 8.3a shows graphically the form 
of the relationship for both laminar and turbulent conditions and for 
smooth tubes and new commercial pipe of various relative roughnesses. 
It is seen that moderate wall roughness has no effect on / if the flow is 



Fig. S.4. — Uelation between friction factor and Reynolds nuinht^r for artificially rough- 
ened pipes. 


laminar but has consideralile influence for turbulent flow. The curve for 
laminar flow and the curve for turbulent flow in a smooth pipe are plotted 
from theoretical equations that will be developed later. The laminar 
theory is complete, but the turbulent theory requires the experimental 
determination of several constants whose value the theory cannot yet 
predict. 

Nikuradse [12] * made tests on pipe artificially roughened by a coating 
of sand grains of uniform size. His results for different values of the 
relative roughness, k/a, the ratio of sand-grain diameter to pipe radius, are 
given in Fig. 8.4. In these tests the roughness was adequately described 
by a single ratio, k/a, as shown by the absence of scatter in the experimental 
points. The roughness was completely uniform and quite unlike that for 
commercial pipes. 

In Fig. 8.3a are shown curves for commercial pipe of various relative 
roughnesses. These curves resemble those for the sand-coated tubes of 
Fig. 8.4, in that they become horizontal at sufficiently large values of R, 

* Numbers in [ ] refer to the bibliography at the end of the chapter. 
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The value of kja assigned to any kind of commercial pipe is obtained by a 
direct comparison of the horizontal parts of the curves in Fig. 8.3a with the 
horizontal parts of Nikuradse's curves. 

In the intermediate region in which / depends on both R and kja the 
curves for commercial and sand-coated pipes are very different, and one 
might question whether the roughness of the former can be adequately 
described by a single parameter kj a. The justification for this procedure 
is given below in Art. 8.11. 

The alternative form of plot shown in Fig. 8.36 can be justified either 
by Eq. (8.7) and the 11 theorem or by suitable intermultiplication of the 
variables of Eq. (8.10). This plot is useful in case the wall shearing stress 
(or head loss) is known and the velocity is not. 

In the solution of many pipe-flow problems the steady-flow energy 
equation is useful. In case the fluid is incompressible, as is assumed 
throughout this chapter, the energy equation [E(p (5.10)] takes the form 

-f 2? — -I- — Zi) + gill,, 2 = fl 

where stands for (ih — Ui — qi, 2 )/g, the energy dissipated per unit 

weight of flowing fluid. 

If sections 1 and 2 are taken 
in the fully developed flow re- 
gion of a pipe (Fig. 8.5) 'W* = 0 
and V 2 = Fi = F, so that 

^ Z 2 Zi Hi — 0 

pg 

or 

"~pg~ ~ 

Combination of Eqs. (8.9) and (8.11) gives the relation between the friction 
factor and the energy dissipated by friction in the length L of straight pipe. 

L 72 

= ( 8 . 12 ) 

In complicated problems involving other losses besides those in a straight 
pipe only that part of the total loss which is due to pipe friction is given 
by Eq. (8.12). The other losses are added to this part to obtain the total. 

8.3. Fully Developed Laminar Flow. The apparent shearing stress in a 
laminar flow is the actual viscous shearing stress r, since turbulent transfers 
of momentum do not occur. Accordingly, Eq. (8.4) reduces to 



r = 



r 

2 


(8.4a) 
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In order to make further progress we must assume a relation between 
r, /z, and the velocity distribution. We base our assumption on the experi- 
ment described in Art. 1.4, in which 
the formula r = ^xV jh was found to 
hold. This formula applies to a thin 
fluid film of uniform thickness /i, 
between two concentric cylinders, 
one fixed and one having a periph- 
eral velocity V. In this apparatus 
the velocity is found to vary line- v. c ^ t • i 

arly across the film, so that at any in a thin film between (concentric cylinders 
point in the lilm du/dy=Vlh, (»'• parallel plates). 

wh(Te da/dy is the rate of change of velocity with distance from the sur- 
face (Fig. 8.6). The constant shear stress is in this case equal to /x(3a/ dy). 
For the laminar flow in a pipe we assume that, although the shear stress 
is not constant, nevertheless it is given by the formula 



T ^ IX 


du 

dy 



(8.13) 


where y is the distance from the pipe wall, as shown in Fig. 8.7. Since r 
varies linearly with r, Eq. (8.13) will lead to a parabolic velocity distribu- 



Fig. 8.7. — Nonlinear velocity distribution in a pipe. 


tion. Combine Eqs. (8.4a) and (8.13), and integrate with respect to r, 
noting that a = 0 at r = a. 


and 


r 





(8.14) 


(8.15) 


It is relatively hard to measure velocity distribution, so that an ac- 
curate experimental check on Eq. (8.14) is not easily obtained. We can, 
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however, get an expression for the volume discharge rate Q by using 
Eq. (8.14). 

Q = 7rJ*u d(r^) = J* ^ ^ 



Equation (8.16), which agrees with the measurements of Hagen and 
Poiseuille as well as with those of more recent investigators, is called the 
Ilagen-Poiseuille law. The accord between P]ci. (8.16) and the experi- 
mental data justifies the assumption that r = fjL(dii/dy). 

Since the mean velocity V is defined as V — Q/wa-^ it follows from 
Eqs. (8.15) and (8.16) that in laminar flow 

V = — - (8.17) 


Combination of Eqs. (8.9), (8.15), and (8.17) yields the formula for the 
friction factor in laminar flow, which is plotted in Fig. 8.3. 


64m _ 64 

pVI) K 


(8.18) 


An important engineering application of these ecpiations for laminar 
flow is the measurement of viscosity. The Hagen-Poiseuille law applied 
to the apparatus of Pig. 8.8 provides an absolute method of viscosirm^try. 
All the (quantities appearing in E(q. (8.16), except jjl, are known for the 
viscometer of Fig. 8.8. Consecpiently, m he calculated. In order that 



Fio. 8.8. — Capillary-tube viscometer. 


Poiseuille’s law be applicable it is necessary to measure the pressure differ- 
ence between two points both of which lie in a region of fully developed 
flow. Hence, point 1 must be a sufficient distance from the pipe entry 
[see Eq. (8.1)]. 

It is difficult to install a manometer in a fine capillary tube such as 
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must be used to ensure laminar flow. Further, it is hard to measure ac- 
curately the diameter of such a tube. Since the fourth power of the radius 
occurs in Eq. (8.16), a small error in radius will cause a large error in the 
computed value of /x. For these reasons, this type of viscometer is not 
widely used for routine measurements; instead, the Saybolt viscometer is 
ordinarily employed in this country. 

This instrument, shown schematically in Fig. 8.9, consists essentially 
of a reservoir in the })ottom of which is a short vertical tube. These are 
surrounded by a con stant- temperature oil bath. A viscosity determination 


b~ Reservoir radius 



is made by measuring the time required for 60 cu cm of fluid at a known 
temperature to flow out of the reservoir through the tube, the initial level 
of the fluid in the reservoir having been previously adjusted to a standard 
height. From the time measurement (Saybolt seconds) the kinematic 
viscosity v = /x/p of the fluid can be determined through the use of em- 
pirical formulas. 

It is possible to deduce theoretically a formula that is in fair agreement 
with the empirical ones. The theory is of interest because it involves both 
the development of laminar flow in the entrance section of the tube and 
unsteady flow conditions. It will be given in the next article. 

8.4. Development of Laminar Flow. Using the notation of Fig. 8.9, 
we may write the energy equation for the fluid in the reservoir and tube as 
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where z is the height of the free surface at any instant. In writing Eq, (8.19) 
we neglect local changes with resj)ect to time in comparison with space 
rates of change. 

Equations (8.14), (8.15), and (8.17) enable us to express the kinetic- 
energy term in the simple form V^/g, but an accurate evaluation of is 
difficult. We neglect losses occurring in the reservoir and consider the 
only loss to be that in the tube. If we assume the losses there to be the 
same as in fully developed flow, Eqs. (8.12) and (8.18) give 


pVa 2g 2a gd^ 


( 8 . 20 ) 


Since, however, the flow is developing between 1 and 2 in Fig. 8.9, the loss 
in the transition length will be greater than that for fully developed flow 
and Eq. (8.20) is an underestimate, Langhaar [7] has developed a satis- 
factory theory of the laminar transition flow by which one can compute 


Equation (8.19) now becomes 


z == 


8vLV F* 

= , +0.14 

<70- U 

(8.21) 

8vLV 

- , +1.14 
ffa g 

(8.22) 


The equation of continuity applied to the viscometer gives 


or 


Hz 

= TraW 
at 




6^ dz 


a? dt 


(8.23) 


where t is the time. Combination of Eqs. (8.22) and (8.23) yields a second- 
degree differential equation for z, which can be solved for dz/dt in the usual 
manner for a quadratic. Finally we obtain, after separating the variables, 

dz a 

1 - Vl + (4/3/a2)2 2j8 

where a = 8vLb^/ga* and jS = 1.14b* /ga'^. This equation is readily inte- 
grated to 


yo 
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where T = total efflux time 



The dimensions of a Saybolt universal viscometer are a = 0.0883 cm, 
h - 1.488 cm, L = 1.225 cm. The initial height of the fluid Zq = 12.50 cm. 
The final height is computed from the area of the reservoir and the fact 
that 60 cu cm flows out: Zt = 3.86 cm. The following table shows the 
theoretical and empirical values of T for different values of v : 


j', cm^/sec 

T [from Eq. (8.24)], sec 

T (empirical), sec 

0.02 

35.2 

32.6 

0.07 

49.3 

48.7 

0.1 

59.2 

58.8 

1.0 

435 

462 

10.0 

4310 

4620 


For values of v less than about 0.07 sq cm per sec the computed value of 
T is too large. This fact can be explained by computation of the average 
transition length from Eq. (8.1). It is found that the transition length is 
greater than the length of the tube for v < 0.07 sq cm per sec. Equation 
(8.24) is thus an overestimate of T in this range. 

For large values of v, Eq. (8.24) gives a value of T that is too small. 
This fact is probably due to neglect of friction before the fluid enters the 
tube. 

It is also of interest to determine the amount by which the average 
wall shearing stress in the transition length exceeds that in fully developed 
flow. The momentum equation applied to the fluid inside the tube gives 

TTo^ipi — + pgL) — f ro27ra dx == f pu^TV d(r^) - ira^pV^ 

Jo Jr=0 

where To is the wall shear stress at any point in the tube. The Bernoulli 
equation can be applied from the free surface to point 1, since friction is 
neglected there. Hence, pi — Pa + pgL = pgz — (p/2)F^ We combine 
these last two equations and evaluate the integral for momentum efflux 
and obtain, finally, 

pgird^ {z — — J To27ra dx = ira^ ~ 

Let r'o be the average value of Tq in the transition length L', and 
note from Eqs. (8.8) and (8.18) that in fully developed laminar flow 
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To = ifiV I a. Then 


57=^ SpVL \ 
a 2L' \ 6g ga- ) 


Eliminate z and U by use of Eqs. (8.22) and (8.1). 


, V 0 . 31 paF 2 0.31 /xV 

a 2L'~ 2 X 0.23 a 


Therefore, the percentage excess of wall shear sti*ess in the transition length 
over that in fully dcA^elopecl laminar flow is constant and ecjual to 


T^-ifiV /a 0.31 X 100 

4/xV/a 2X0.23X4 


(8.25) 


8.6. Turbulence. ( )sborne Reynolds [13] first showed that the Reynolds 
number VD/p is the criterion for the flow condition in a tube. His ap- 
paratus is shown schematically in Fig. 8.10. A fine filament of dye was 
introduced into the glass tube near its smoothly rounded, trumpet-shaped 
entrance. At low rates of flow the filament of dye app(\ared as a straight 



Fig. 8.10. — Kcynolds' apparatus for demonstration of laminar and turbulent flow. 


line parallel to the tube axis (laminar flow). At a certain critical velocity 
a sudden breakdown of the laminar motion occurred; the water in the tube 
became evenly colored by the dye throughout its entire length, except for a 
portion near the entry. 

By performing this experiment with tubes of different sizes and with 
water at various temperatures Reynolds established the fact that tur- 
bulence sets in at a certain value of R. This value he found to be very sensi- 
tive to initial disturbances of the water. By allowing the water in the tank 
to remain undisturbed for some hours before the experiments he obtained 
the critical value of /2 =» 13,000. Other experimenters, by taking elaborate 
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precautions to avoid entry disturbances, have pushed the critical R as 
high as 40, 000. 

While there appears to be no definite upper limit to the critical value of 
R, all (ixperimenters agree that a lower limit exists and that its value is 
approximately 2,000. If R is below this lower limit, all initial disturbances, 
no matter how severe, are damped out and the motion becomes laminar at 
a sufficient distance from the entry. Filaments of dye cannot be used in 
determining the lower critical /?. Reynolds and most of his successors 
measured the pressure drop in a length far from the pipe entrance and the 
corresponding rate of discharge. 

These results indicate that the laminar motion is unstable if R exceeds 
2,000 and that a suitable disturbance will cause the onset of turbulent flow. 
Reynolds speculated as to the nature of turbulence and suggested that it 
was a completely random fluctuating motion. 

13ryden [4J and others have shown experimentally that Reynolds’ 
assumption of random velocity fluctuations in a turbulent flow corresponds 
to th(^ facts. These experiments were (tarried out with a hot-win^ anemom- 
eter, which consists of a very fine electrically heated platinum wire placed 
in th(' fluid stream. Since any change in speed alters the rate at which the 
wire is cooled, the tempea’ature and consequently the electrical resistance 
of th(‘ wire are chang(‘(l, so that the voltage drop through the wire varies 
in a definite way with the local velocity. After amplification, this fluctu- 



Fig. 8.11. — Kandoin velocity fluctuations in turbulent flow. 


ating voltage is applied to a cathode-ray oscillograph. A record of velocity 
as a function of time can thus be made on a moving photographic film and 
studied at leisure (Fig. 8.11). 

A single hot wire set transversely to the flow will respond primarily to 
fluctuations parallel to the mean velocity; transverse fluctuations produce 
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only second-order effects. A properly oriented, X-shaped arrangement of 
two hot wires is needed to measure the transverse fluctuations in a given 
direction. Fluctuations of the type u', discussed below, are the ones that 
were first measured by the hot-wire technique. 

Let Uy Vy Ve be the instantaneous velocity components at any point in a 
pipe in which the turbulent flow is fully developed. The component u is 



parallel to the mean flow (x axis); v is parallel to where y is measured 
normal to the wall and increases toward the center of the pipe; Ve is per- 
pendicular to both u and v. (Fig. 8.12). A photographic record of u, for 
example, as a function of time would look somewhat like the schematic 
curve of Fig. 8.11, which is meant to represent a random fluctuation u'y 
superposed on a constant mean value u. The essential characteristic of u' 
is that its mean value is equal to zero. The velocity components v and Ve 
are likewise subject to random fluctuations. Therefore, at an arbitrary 
time t 

u — u + u' ^ 

V = V + v' I (8.26) 

_ „ _ Ve ^^e + v'e j 

where u' == v' - V 0 = 0. 

Obviously, for flow in a pipe of uniform diameter, y = 0. Also, since 
we assume there is no spiraling of the flow, = 0. 

8.6. Apparent Shearing Stress. In Art. 8.1 the concept of apparent 
shearing stress Tapp was introduced. It was there implied that part of this 
apparent stress is the average laminar stress and the rest is actually a 
momentum exchange. 

At any surface element, r dd dx of the cylindrical control surface shown 
in Fig. 8.12 the instantaneous efflux of x momentum is — puvr dd dx. 
Substitute for u and v from Eq. (8.26), noti ng that i; = 0, and take the 
average value: — puvr dd dx == — p {uv^ -f- u'v')r dd dx. The average value 
of W « w e;' =» 0, but uV will not be zero if a correlation exists between w' 
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and Such a correlation is to be expected for flow in a pipe, as will be 
shown below. Since the flow is fully developed, u'v' is independent of x, 
while by symmetry it does not depend on d. Therefore, u'v' is a function 
of r (or y) only and is constant over the entire cylindrical control surface. 

It may be seen in Chap. VI that an efflux of momentum has the same 
effect as a force of the same magnitude, applied at the control surface 
where the efflux occurs, and o ppo sed to the direction of the momentum. 
Therefore, we can consider — pu'v' as equivalent to a fictitious shear stress. 
This fictitious stress is called either the turbulent shear stress Tturb or the 
Reynolds stress, after Osborne Reynolds, who first pointed out the existence 
of turbulent momentum transfers. The Reynolds stress is one part of the 
apparent shear stress Tupp. 

The other part of Tapp is the average laminar shearing stress r, which, 
as in laminar flow, is given by the product pidu/dy). In laminar flow 
there are no fluctuations, so that u = u. 

The apparent shear stress is thus 

'T’app T" “f” "Tturb 



Tapp = P^'v' (8.27) 

ay 

It should be pointed out that the laminar shear stress is actually a 
momentum transfer on a molecular scale. Tapp is thus the sum of two 
momentum transfers, one on a molecular scale, the other on a scale that is 
appreciable compared with the diameter of the tube. Since in fluid me- 
chanics we ignore molecules and treat fluids as continua, we are content 
not to delve into the nature of the laminar shear stress. The case of the 
turbulent shear stress is different, however, for the mechanism of turbulent 
momentum exchange is one of the fundamental problems of fluid me- 
chanics. 

8.7. Zones of Flow in a Pipe. If the pipe wall is smooth, both u' and v' 
approach zero near the wall, so that there is a thin layer of fluid next to the 
wall in which Tturb is negligible compared with t. This layer is called the 
^Taminar sublayer” and its thickness will be denoted by 5. Experiment 
shows that 5 is so small in comparison with the pipe radius that du/dy may 
be considered constant for y ^ d. The laminar parabolic velocity distribu- 
tion in the sublayer is indistinguishable from a straight line, and 
T = fjL{du/dy) is a constant. 

For values of y that are larger than 5 but still small relative to the pipe 
radius, ix{du/dy) decreases rapidly. From Eq. (8.4) , however, Tapp de- 
creases only linearly as y is increased, so that — pu'v' ^ the turbulent part 
of Tapp, must become appr eciable in this range of y values. Direct experi- 
ment thus shows that u'v' is different from zero and negative in this region. 
A correlation must, therefore, exist between u' and v'. Such a correlation 
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is to be expected where buj dy is different from zero, as in this case, for a 
particle of fluid having a positive ?/ will move to a region where the mean 
velocity u is greater than that at its first position. Consequently, a neg- 
ative u' will tend on the average to be associated with a particle having a 
positive v\ and vice versa. At the center of the pipe where buj by = 0, 
u' and v' will be uncorrelated. 

At some value of ?/, say y = \ the value of buj by will be small enough 
to make \x{bujby) completely negligible with respect to — It is 

found that X is small compared with the radius of the pipe. 

From the foregoing we are justified in breaking down the flow in a 
smooth pipe into three zones, as follows: 

1. A laminar sublayer lying next to the wall and in which turbulent 
effects are negligible. (0 ^ y ^h.) 

2. A transition zone in which the effects of turl)ulence and of viscosity 
are of the same order of magnitude. (5 ^ y ^ X.) 

3. A turbulent core comprising the bulk of the fluid and in which the 
effect of viscosity is negligible. (X ^ ^ ^ a.) 

For a rough pipe the flow conditions near the wall are in general affected 
both by visc^osity and by roughness. In this (^ase we shall merely distin- 
guish between a wall region and a turbulent core. We shall assume that 
the turbulent fluctuations in the core arc independent of both viscosity 
and wall roughness. 

8.8. Wall-velocity Law. On the basis of experience we may assume that 
u (which from now on will be written w, without the bar) depends on six 
independent variables, p, p, a, ?/, wall roughness, and one other. For this 
sixth variable we might select F, Q, {p* — p 2 *)/L, or To. Of these, To is 
the best choice. Accordingly, we assume that u = /(p,To,a,p,?/, roughness). 
With p. To, and a common to the four independent II products obtainable 
from this equation, the 11 theorem yields 

• • = (f) roughness) (8.28) 

Vto/p V a ^ ) 

where v is the kinematic viscosity p/p. The roughness is assumed to be 
dimensionless, as in Art. 8.2. Since Vto/ P has the dime nsions of a velocity, 
it is convenient to define and /?* = V To/p ajv. The ratio yja 

will be denoted by Equation (8.28) becomes 

II 

^ roughness) (8.28a) 

Equation (8.28a) holds for all values of ^ (or y). 

For a smooth pipe it is easy to show that, within the laminar sublayer, 
the pipe radius a plays no part in determining u. One might, therefore, 
assume for any type of wall that a has negligible effect also at greater 
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distances from the wall, even as far as the outer part of the turbulent core. 
An ecpiivalent assumption is that u = /(p,ro,M, 2 /d‘oughness). Whence 

= X ^-^^>roughness^ = x(^^*^?roughness) (8.29) 

Equation (8.29), which is called ^^PrandtPs wall-velocity law,” agrees well 
with experiments. We shall assume that Eq. (8.29) holds in the range 
0 ^ ^ ^ ^ 1 , Avhere is only slightly greater than \/a. The function x will, 
in general, have different forms in the wall layers and in the outer part of 
th(' turbulent core. 

8.9. Velocity-defect Law. The difference betwcHiii the maximum ve- 
locity U at the center of the pipe and the velocity anywhere else in the core 
is called the *‘v(‘lo(aty def(‘ct.” P>om the preceding article it is seen 
that this defect [I — u depends at most on p. To, a, p, y, and roughness. 
V — V will be determined, however, by the turbulent fluctuations in the 
core, which have been assumed in- 
depcaident of p and roughness. 

Hence U - u = f(p,Toya,y), or 

= </.($) (8.30) 

Equation (8.30) is called the 'S^e- 
locity-defect law.” 

This equation is amply corrobo- 
rated by experiments, notably those 
done by Fritsch [2] while working 
with von KAi'mcin, Fritsch’s ve- 
locity-distribution curves for a given 
value of i/* but for walls of different roughness are reproduced in Fig. 8.13. 
Curve 1 is for a smooth wall, and curve 6 is for a very rough w[dl, the other 
curves being for intermediate roughnevsses. Fritsch found that, if the points 
of maximum velocity are superposed, all the curves are congruent, except 
in a narrow region near the wall. 

If we assume that Eq. (8.30) applies over the whole cross section of the 
pipe, we find by integration that 

U- V 



Fig. 8.13. — TurbulGiit-velooity-distribu- 
tion curves for pipes having? different wall 
roughness. Curve I is for smooth pipe and 
curves 2 to 6 are for rough x)ir)es. The rougli- 
ness increases in tlie order of the numbers of 
the curves. 


constant 


(8.31) 


■where V is the mean velocity. Experiment shows the wall layers to be so 
thin that Eq. (8.31) may be used without appreciable error. 

8.10. Resistance Law for a Smooth Pipe. From Eq. (8.8), F/m* 
= \^Wf, whence Eq. (8.31) becomes 



-s — constant 
vr 


(8.32) 
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Equation (8.28a) indicates that for a smooth pipe 

L = = #(«*) (8.33) 

We can, therefore, get / by finding 

In the outer part of the turbulent core, where X/a ^ ^ ^ both 
p]qs. (8.29) and (8.30) are valid. P^liminating u/u*, we find, for a smooth 
pipe, 

xm) = ^ m = ^>(/?*) - m (8.34) 


Differentiation of Eep (8.34), first with respe(‘t to /t!* and then with respect 
to yields two expressions for dx/d(/i^*^) (which we shall denote by xO- 




dli^ 


x'R* - 


dk 


provided that X/a ^ ^ ^ ^i. From the first of these equations x' must 
have the form f{R*)/^, since d^/dR* is independent of From the second 
equation x^ must be of the form /(^)/i2*, since d\[//d^ is independent of R*. 
Both these requirements can be fulfilled only if f(^) = constant/^ 
and f(R*) = constant//?*, that is, only if x' = constant//?*^ = yl//?*^, 
where A is an unknown constant. We thus are led to the following 
equations : 

$(/?*) = A In R* A constant (8.35) 

^(0 = - A In ^ -h constant (8.36) 

x(/?*0 = A In (R*^) -h constant (8.37) 

Combination of Eqs. (8.32), (8.33), and (8.35) gives 


Recalling that 



In (R*) + constant 


u*a _ 2aV u* _ DV \/f _ R\/f 
p ~ p 2V ~ p 4V2 4V2 


we finally obtain the formula, 
1 


V? 


= Ai logio (R's/f) + Ai 


( 8 . 38 ) 


where Ai and Ai are constants to be determined experimentally. Data 
obtained by Nikuradse, which are plotted in Fig. 8. 14, agree exactly with 
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Fig. 8.14. — Re.sistanoe law for a smooth pipe. 


the straight-line relationship predicted by I]q. (8.38) and lead to the final 
formula 

— = = 2.0 logio {ItVf) - 0.8 (8.38a) 

V/ 


8.11. Resistance Law for Rough Pipe. If we assume the roughness is 
so great that viscosity does not affect the flow, and that the roughness de- 
pends only on a single length /c, a development like that of the last article 
is possible for rough pipe. 

Equation (8.28a) yields in this case, where the nondimensional rough- 
ness term is the single ratio k/a^ 



The wall-velocity law [Eq. (8.29)] becomes 



(8.39) 


(8.40) 


so that, in the range X/a ^ ^ ^ Eqs. (8.31), (8.39), and (8.40) yield 


Since must have the same form as for a smooth pipe, Eq. (8.41) leads 
to 

^ ) = — A In - + constant (8.42) 

\a/ a 

rp (^) = — A In ^ + constant (8.43) 

1 ) = - A In (^ l) + constant (8.44) 
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Combination of Eqs. (8.32), (8.39), and (8.42) yields 


or 


v7 


4 ]i^ J constant 
a 


^ In ^ + constant 


T = A, \og,ol + A, 


(8.45) 


where A] should theoretically have the same value as in L]q. (8.38) and 3 is 
an unknown constant. 

Nikuradse’s experiments on pipe artificially roughened by a (*oating of 
sand grains of uniform diameter indicate that the grain diameter k com- 
pletely characterizes this type of roughness and that for sufficiently large 
Reynolds numbers 


J 

V/ 


— 2.0 logio 




(8.45a) 


The experiments bear out the prediction that the constant Ai should have 
the same value for both smooth and rough pipes. 

Nikuradse’s results, which are plotted in F'ig. 8.4, show that the limiting 
value of R at whicdi / becomes independent of R varies with a/k. This fact 
is readily understood if we bear in mind that the importance of the rough- 
ness is determined by the ratio k/d of the grain diameter to the thickness 
of the laminar sublayer. It will be shown below that 5 depends only on R 
and that du*/p = 5, Hence 

k ^ I ^ I u* VJ) ± ^ 1 VJ k 

5 b V b V V 2a 10 VS ^ 


A plot of Nikuradse’s results for [(l/V/) — 2.0 logio {a/k)] versus k/5 is 
given in Fig. 8.15. This curve shows that if k/5 < 0.8 the roughness has 
no effect, that if 0.8 ^ k/8 ^ 12 both viscosity and roughness are impor- 
tant, and that for k/8 > 12 viscosity has no further influence. 

It is remarkable that data from numerous sources [10] for new com- 
mercial pipes fall approximately on a single curve, as shown in Fig. 8.15. 
The roughness of any of these pipes is thus adequately described by a single 
parameter k. At one end this curve approaches asymptotically the straight 
line for smooth pipes and at the other the horizontal straight line for rough 
pipes. The formula for this transition curve was suggested by Colebrook 
[10] and is 

i - 1.74 -2.0 log,. [^(1+ 0.658 0' 

If 8/k < < 1, this expression reduces to Eq. (8.45a), while if 8/k > > 1 it 
becomes 1/ Vf = 1.74 ~ 2.0 logio (0.6585 /a), which, with 5 = bv/u*^ is read- 
ily seen to be identical with Eq. (8.38a). 
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In the case of commercial pipes the roughness is seen to affect the 
friction factor over a much wider range of k/8 than in the (iase of the sand- 
coait‘d tul)es. The sand grains, being of uniform size and distribution, 
are all immersed simultaneously in the laminar sublayer and cease to affect 



-1.5 -1.0 -C.5 0 0.5 1.0 1.5 2.0 

I ^ 

'oeioT 


Kiti. 8.15. — The friction factor for rougli pipes depends on tlie ratio k/5 of rouglme.r 5 S (iiain- 
eter to the Iarninar-.sul)la 3 a‘r thickne.ss. 


the flow if k/8 is Itiss than about 0.8. The roughness of a (^oniimaxhal pipe, 
on the other hand, is nonuniform. When most of the irregularities are 
submerged, occasional larg(‘ projections may rise clear of the sublayer and 
exert appr(K*iable inlluence on /. 

8.12. Turbulent Velocity Distribution. J^Jquations (8.29) and (8.37) 
give the velocity distribution near a smooth wall. 

u/u* ~ ^ (R*^) + constant 

= A In + constant (8.46) 


Equation (8.46) would be expected to hold only in the outer part of the 
turbulent core, that is, for X/a ^ ^ ^ Ji, but experiments by Nikuradse 
yield the surprising result that the equation is valid nearly to the center 
of the pipe. The data are plotted on a semilogarithmic scale in Fig. 8.16, 
from which one finds that in the turbulent core 


JL 

u* 


5.75 logio + 5.5 


(8.46a) 
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It is seen that the points begin to deviate from the straight line of Eq. 
(8.46a) at a value of xt^yjv = 30. This value marks the division between 
transition zone and turbulent core, that is, u*\/p = 30. 

In the laminar sublayer To = r = jjL{du/dy) = fJL{u/y), since, as already 



Fi(}. 8.1(). — Velocity distribution in a smooth pipe. 


stated, the velocity varies linearly with y. 
at once that 

u _ u'^y 

XI* V 


From this equation it follows 
(8.47) 


provided that 0 ^ ^ ^ 5. This equation is plotted in Fig. 8.16. Extra- 
polation of the trend of the test points toward smaller values of yu* jv 
indicates that the limit of the laminar sublayer corresponds to yu* jv = 5, 
that is, hu* jv = 5. 

For roughened pipes Ec^s. (8.29) and (8.44) combine to give 

^ = A In f + constant (8.48) 

u* k 

for the outer part of the turbulent core. Nikuradse's tests proved, how- 
ever, that this formula applies from a value yjk = I pra(;tically to the 
center of the pipe. His data yield 

^ = 5.75 logic (l) + 5.85 (8.48a) 

8.13. Mechanism of Turbulence in Pipes. The above development, 
which is due to Millikan [9], of the formulas for friction factor and velocity 
distribution brings out clearly that only two principal assumptions are in- 
volved, viz., that the velocity near the wall is independent of the pipe 
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radius and that the velocity defect in the turbulent core is independent of 
the wall roughness and viscosity. A third assumption, that the wall layers 
are thin compared with the radius of the turbulent core, is used in justifying 
Eq. (8.31). Since no detailed picture of the turbulence mechanism is 
used, the theory cannot be expected to give complete results. Thus, in 
the formulas for / and u two unknown constants appear. One of these, the 
constant A , is common to all the formulas and appears to be of a universal 
nature, but the integration constants are different in every case. Further, 
the fact that the logarithmic velocity formulas apply nearly to the center 
of the pipe is entirely unexplained. 

Prandtl first proposed a logarithmic velocity distribution law, develop- 
ing his formula from the following conception of the turbulent process: 
He idealized the actually continuous mixing by assuming that a mass of 
fluid retained its original x velocity until it had moved transversely a 
certain distance li and that it then mixed suddenly and completely with 
the surrounding fluid. He reasoned that the root-mean-scjuare (rms) 
of the X velocity fluctuation, would be proportional to this distance 

times the average velocity gradient. 

7 du 

oy 

Also, because of the correlation between u' and v'y 

oy 

The definition of tlie correlation coefficient is 


/3 = 


(8.49) 


V m'2 V v '^ 

from which the Reynolds stress can be written 

Tturb = “ PU'V' = - pI3\^ 

Prandtl’s picture of turbulence thus leads to 

( dwV 

\dy) 

Prandtl suggested that the factor of proportionality and — be absorbed 


'T’turb ' 




into a single factor. 


7“turb — P^^ 


iW' 


(8.50) 


Since I is a measure of the distance moved by a particle before mixing, 
Prandtl called it the “mixing length.” 
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In the turbulent core Tturb = Tapp = To(r/a) = [(pi* — j) 2 *)/L] (r/2), so 
that everything in Eq. (8.50) can be determined experimentally, except Z. 
Plots of l/a versus y/a prepared by Nikuradse from his data on pipe flow 
are given in Fig. 8.17. 

Near the wall these curves are approximated by the formula I = ky. 



J'lG. 8.17. — Mixing-length distribution in smooth and rough pipes. 


Since Tturb « To in the outer portions of the turbulent core, we get from 
Eq. (8.50) an approximate expression for the slope of the velocity curve. 


du _ 1 Vto/p _ 1 u* 
dy k y k y 

Noting that u depends only on ?/, we get by integration 

^ In y + constant 

It fC 

or, since u*/v is constant, 

Ji = 1 In -f constant 
vr k V 


(8.51) 


(8.52) 


Comparison of P^cjs. (8.46) and (8.52) shows that A - l/k. 

If we substitute the exact value of Tturb in Eq. (8.50), we get 

^ 1 4 = 1 4 /i% /i _ y_ 

dy l \ p l\p\ a 

The plot of experimental data for Z given in Fig. 8.17 shows that 


Z « kyVl - {y/a) 
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over the whole range of y values, except very near 2 //a = 1. Combination 
of these two expressions gives again Eq. (8.51). The surprising accuracy of 
Eq. (8.52) is thus partly explained, but there is of course no theoretical 
explanation of the experimental curves of Fig. 8.17. 

In 1930 von Kdrmdn [6] suggested that the fluctuations might be kine- 
matically similar over most of the core. In order to use this hypothesis he 
assumed the fluctuations, and consequently the mixing length, to be on a 
small scale compared with the pipe radius. Neither of these assumptions 
is strictly in accord with observation, but the results he obtained are, never- 
theless, of interest. 

For such small-scale turbulence, according to von Kdrmd-n, the value 
of the mixing length k at any point yi will be determined by the local 
cluiracter of the fluctuations. So also will be the change in mean velocity 
Uo — 111 occurring between yi and any near-by fixed point 1 / 2 . Since both h 
and U 2 — Ui are thus assumed dependent on the same parameters, one may 
consider U to be a function of 112 — tiu ur vice versa. Now, since 7/2 yi 
is small, 1/2 — ^ii may be represented with sufficient accuracy by a Taylor’s 
series of only two terms, thus: 


Therefore, h will be a function of only {du/dy)i and {d^u/dy')i, ?/2 — y\ 
being a constant previously fixed by the initial choice of y\ and ?/ 2 . If we 
assume li = f[(du/dy)i,{d‘hi/dy'^)i], the II theorem shows that 


h = constant 


(du/dy)i _ , {du/dy)i 

{d^u/dy^)i ^ {dhi dy-)i 


where the minus sign is used because d^u/dy^^ < 0. 

The assumption of kinematically similar fluctuations at all points in the 
core leads at once to the conclusion that the constant ki is the same every- 
where. Hence for any value of y in the core 


d^u/dy^ 


(8.53) 


where A: is a universal constant. 

Combine Eqs. (8.50) and (8.53) (noting that du/dy = dujdy). 


A^Tturb 




du/dy \ 
dhi/dy"^) 


d(du/dy) / p ^ dy k dy 

(du/dyf ~ V To Vl - (y/a) ~ u* Vl - {y/a} 
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In the outer part of the core where Vl — ('i//o) « 1, this equation inte- 
grates to 

dy _ h 


where the value zero is chosen for the integration constant because this 
choice has been found to give the best agreement with (observation. The 
ecjuation is seen to be identical with Eq. (8.51). For any point in the c.ore 
Eq. (8.54) gives 


U_-ji 




(8.55) 


On the other hand, the logarithmic velocity distribution given by Eq. (8.52) 
yields 



(8.56) 


Although Eq. (8.55) agrees fairly well with experiment, p]q. (8.56) fits the 
data considerably better. We are thus forced to conclude that von 
Kdnmln’s hypotheses are not in entire accord with the facts and that the 
remarkable success of Eq. (8.52) remains to a large extent unexplained. 

Burgers and Gebelein have attacked the 
turbulence problem from the viewpoint of 
statistical mechanics. More recently, Taylor, 
von Kdrm^n, and others have also applied 
statistical methods to turbulence investiga- 
tions [4]. These researches are outside the 
scope of this text; it must suffice to state that 
they have already led to a better understand- 
ing of certain turbulence phenomena. 

8.14. Flow in Noncircular Conduits. The 
equations of motion for laminar flow have 
been solved for tubes of various cross sec- 
tions, e.g.j rectangular, triangular, and an- 
nular. It is known that these equations are 
identical mathematically with those for the 
torsion problem for an elastic bar of the same cross section as the laminar 
stream. Hence the solutions of the one problem are directly applicable to 
those of the other [14]. 

This analogy leads to the following results for a tube of rectangular 
cross section of sides 2a and 2b as shown in Fig. 8.18. The maximum shear 
stress occurs at the mid-points Ay A of the long sides of the cross section 
and has the value 



2a - 

I'Ki. 8 . 18 . 


T max 


= k 


Pi 


- Pi* 
L 


a 
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where (pi* — V *)/ has its usual meaning and A: is a numerical factor tabu- 
lated below. I'he discharge rate is 

Q = ki (2ay2b 

where ki is a numerical factor given in the following table: 


b 

a 

k 

h 

b 

a j 

k 

k: 

1.0 

1 0.675 

0.141 

3 

0.985 

0.263 

1.2 

0.759 

0.166 

4 

0.997 

0.281 

1.5 

0.848 

0.196 

5 

0.999 

! 0.291 

2.0 

0.930 

0.229 

10 

1.000 


2.5 

0.968 

0.249 

00 


1 0.333 


Experimental results for laminar flow are given by Croft [3]. 

For turl)ulent flow it has been found empirically that the relation be- 
tween the friction factor and the Reynolds number is practically inde- 
pendent of the shape of the cross section, if the proper ‘^equivalent diame- 
ter’^ is used in place of I). The ecpiivalent diameter De Ls four times the 
hydraulic radius, z.c., 


= 4 X 


c r( )ss-sec ti on al area of fl ( > w 
wetted perimeter 


(8.57) 


Croft states that for annular sections this substitution gives satisfactory 
results only if the ratio of inner to outer diameter does not exceed 0.3. 

The turbulent fluctuations cause a secondary flow to occur if the cross 
section is not circular. In a rectangular duct this secondary flow takes the 
form of a circulation outward at the corners and inward near the mid- 
points of the sides. The mean velocity near the corners of the section is 
thus maintained at a relatively high value. 

8.16. Flow in Bends. Hofmann [5] has measured the loss Hi, in 90-deg 
bends of circular cross section. His results are plotted nondimensionally in 
Figs. 8.19a and b. The expression 2gHilV^ is seen to depend on the Rey- 
nolds number R = VD/v and on the ratio of the center-line radius of the 
bend to its diameter r/D. The velocity V is the mean velocity of the flow 
through the bend. 

The results of Madison and Parker [8] on losses in smooth 90-deg elbows 
of rectangular cross section are shown in Fig. 8.20. In this figure, ‘‘curve 
ratio” is the quotient of the inner radius by the outer radius of the bend, 
and “ aspect ratio ’M/2 is equal to the width normal to the plane of the bend 
divided by the difference between the outer and inner radii. 

A double-spiral secondary flow occurs in bends. This flow results from 
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Fig. 8.19. — Loss coefficient in a 90-deg bend as a function of Reynolds number and 
ratio of bend radius to pipe diameter, (a) Smooth bend. (6) Rough bend. {After Hof majin^ 
reference 5.) 



Curve ratio 


Fio. 8.20. — Loss coefficient for a smooth 90-deg bend of rectangular cross section. 
Curve ratio = inner radius/outer radius. AR = width normal to plain of bend/ (outer radius 
— inner radius). {After Madison and Parker, reference 8, hy permission of American Society 
of Mechanical Engineers,) 
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the fact that the fluid near the center of the cross section is moving faster 
than that at the sides, where friction retards it. Hence there is an outward 
flow in the central plane of the bend and a corresponding inward flow at 
each side due to the greater centrifugal force on the faster-moving fluid. 

Theory shows that in a frictionless fluid rounding a bend the velocity 
is less at the outer streamlines than at the inner ones, just as in a potential 
vortex. Consequently, as fluid approaches the mid-point of a bend, the 
outlying fluid is decelerated and the pressure rises along the outer wall, 
while the fluid near the inside is accelerated. The reverse process occurs 
as the fluid leaves the bend, the fluid near the inside being decelerated with 
an accompanying increase in pressure, while that at the outside is ac- 
celerated. Wherever the pressure rises in the direction of flow, there is a 
rapid thickening of the boundary layer in a real fluid and a tendency for 
the flow to separate from the boundary. Hence, there may be separation 
before the mid-point of the bend at the outer wall, followed by a second 
separation at tlu^ inner wall downstream from the mid-point. 

8.16. Loss in Pipe Fittings (Turbulent Flow). It has been found that, 
to a first approximation, tht^ loss Hi in a pipe fitting such as an elbow, tee, 
valve, or coupling is independent of the Reynolds number of the flow. 
Therefore, the H theorem shows that the loss coefficient C, defined by the 
equation 

= (8.58) 

will be approximately constant. Here V is the mean velocity in the pipe 
to which the fitting is attached. 

The loss in a fitting is also frequently expressed in terms of the length 
of straight pipe in which an eiiual loss would occur. This length is called 
the equivalent length^’ for the fitting. Since the loss in a straight pipe 
is given by Hi = f{L/D){V^/2g)^ the loss in a fitting is 

(8.59) 

where Lc is the equivalent length for the fitting. For purposes of computa- 
tion all that need be specified is the ratio L«/Z) (^^equivalent L/D ratio^O- 
This ratio determines the loss in the fitting, provided that / is known or 
can be estimated. Comparison of Eqs. (8.58) and (8.59) shows that C 
= f{LelD). Since/ depends on R and roughness, Lc/D must also depend on 
the same things if (7 is a constant. However, the error made in considering 
both C and Le/D to be constant for a given fitting is usually negligible, 
because the loss in the fitting is ordinarily only a small part of the total 
loss to be considered. Reasonable values of C and Le/D are given in the 
following table: 
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Fitting 

C 

L. 

D 

Standard 90-deg elbow 

0.75 

35 

Standard 45-deg elbow 

0.35 

15 

Open gate valve 

i 0.15 

7 

Gate valve H closed 

4.5 

1 200 

Open globe valve 

7.5 

350 

Open angle valve 

3.8 

170 


8.17. Loss at a Sudden Change of Cross Section. For a sudden en- 
largement a theoretical expression for the loss is easily obtainable. In 
Fig 8.21 we take section 2 sufficiently far downstream to ensure that the 


( 1 ) ( 2 ) 



eddies are practically damped out when the fluid reaches 2. 
energy equation between 1 and 2. 




■ VI- VI 

pg ^g 


Apply the 


(8.60) 


is the sum of the losses due to the enlargement and to the wall friction. 
The momentum equation yields 


(Pi ~ P2)A2 - Fi.2 + pAiVl ~ PA 2 VI = 0 (8.61) 

where Fi ,2 is the friction force exerted by the pipe wall on the fluid. The 
assumption is made here that the pressure is uniform over the entire area 
A 2 at section 1. 

Eliminating pi — p 2 from Eqs. (8.60) and (8.61) and noting that 
AiVi = A 2 V 2 by continuity, we obtain for the loss due to the enlargement 




F 1,2 

pgA>, 


or 


^ II . If A « ^ Mi ^ i\ 

2 ^'^ 2 ^\" A 2 ) 2g\Al A 2 ^ ) 

(8.62) 
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For a sudden contraction a similar analysis can be made, but an un- 
known contraction coefficient appears in the result. Referring to Fig. 8.22, 


( 1 ) 



we can apply Eq. (8.62) between sections 1' and 2. 



Defining TV = A[/ A ^ and noting that AiVi=^ - 42 F 2 , we get 



(8.63) 


Values of (\ ineasur(*d by Weisbach [15] and corresponding values of 
[(1/Cc) ■“ 1]“ are given in the following table: 


1 

0.2 

0.4 

0.6 

0.8 

1.0 

Cc 

0.032 

0.0.39 

0.712 

0.813 

1.0 

/I V 







0.34 

0.27 

0.10 

0.05 

0 


Equation (8.63) might be improved b 3 ^ taking into account the loss 
between 1 and 1'. Refinement of either Eq. (8.62) or (8.63) is hardly 
worth while, however, since the loss at an enlargement or contraction is 
usually a small fraction of the total. Since variation in velocity over a 
cross section is neglected in Eqs. (8.62) and (8.63), they will give better 
results for turbulent than for laminar flow. 

8.18. Venturi Meter, Nozzle, and Orifice. These three metering devices 
are identical in principle, each introducing into the pipe a constriction, 
which produces a change in pressure. The approximate relation between 
the pressure change and the rate of flow is easily found if the flow is con- 
sidered as one dimensional. 
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Apply the energy and continuity equations between sections 1 and 2 of 
the Venturi meter shown in Fig. 8.23. 


7>2 - Vi ^ 

pg 


2g 






Combine these, and solve for 1^2, the throat velocity. 

1 


72=- 


Vl~ (A ^A 


: ... - 

V p 


P 2 ) 




( 8 . 64 ) 


It is obvious that, for the same rate of flow {i.e., for the same value of 
mean throat velocity 1 ^ 2 ), the pressure drop pi — po will be less if the loss 


( 1 ) ( 3 ) 



is less. The pressure drop that would be required in the limiting, 
idealized case of no loss would be (pi ~ P 2 )' = Pi — P 2 — pgHh,r Define a 
coefficient Cl = (pi — p 2 )V(Pi ~ P 2 ), the ratio of the ideal to the actual 
pressure drop. Equation (8.64) can thus be written 

72 = - i/- (pi — ^i) (8.64a) 

Vl - (A2 /Ai)2 V p ^ ^ 

The coefficient Cv is usually called the ^Velocity coefficient,” since it can 
be interpreted as the ratio of the actual velocity 72 to that which would 
occur under the measured pressure drop if there were no loss. However, 
the interpretation of as the ratio of ideal to actual pressure drop seems 
to be preferable, because the rate of flow is ordinarily determined by factors 
external to the measuring device, the pressure drop in the device being 
the result, rather than the cause, of the discharge rate subsisting in the 
pipe. 
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The volume rate of flow Q is equal to ^12^2; hence 


Vi-iA./A^y 


ipi - P2) 


Since the pressure drop pi - p2 will in general depend on Q, p, /li, ^2, 
and JJL, the 11 theorem, together with Eq. (8.65), shows that 


(\ - ct>. 


pQ A 2 -' 1 2 

/I2P Ai 


PV2 D2 


where D2 is the throat diameter. The results of tests by several investi- 
gators [1] are plotted in Fig. 8.24. The ratio A2/A1 varied between ^9 and 



Fki. 8.24. — Coefficient for a Venturi meter as a function of Reynolds number. {From 
ASME report on "Fluid Meterfi" reference 1, by permission of American Society of Mechanical 
Engineers.) 


yi in these tests, but there are not enough data available to show the effect 
of this variable. One is probably justified in concluding from Fig. 8.24 
that Cv is independent of A2/Ai^ at least in the range of these tests. There 
is some evidence from other sources that, at smaller Reynolds numbers, 
Cv does depend on A2/ A being larger for smaller ^12/^1 at any given value 
of Reynolds number. 

The purpose of the diverging cone of the Venturi meter is to minify tie 
loss downstream from the throat, by keeping small both separation and 
wall-friction effects. It has been found that the sum of these two losses 
is a minimum for a total included angle of divergence of about 6 deg. 

The total loss occurring in the Venturi meter is seen from the energy 
equation to equal (pi — p^/pg- The ratio (pi — p^/{pi — P2) usually has 
a value between 0.1 and 0.2. 

The flow nozzle shown in Fig. 8.25 can be approximately analyzed in 
the same way as the Venturi meter. It will be noticed, however, that a 
pressure tap in the pipe wall at section 2 may not yield the pressure at the 
nozzle throat, because of the eddying that occurs in the dead-water region 
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surrounding the jet. Furthermore, the pressure at the wall upstream from 
the nozzle varies slightly with distance from the nozzle, owing to the 


( 1 ) ( 2 ) ( 3 ) 



Fig. 8.25. — Nozzle. 


curvature of the flow as the stream (contracts. Foi’ these rt^asons it is 
preferable to replace Eq. (8.65) with 

Q = A^C J- Ap (8.67) 

* P 

where C is called the ^Mischarge coefficient^^ and Ap is the pressure differ- 
ence between an upstream and a do wnstream tap located in any convenient 
way. The factor 1/ VT~ (A 2 /Aiy^ has for simplicity been absorbed into C. 
By reasoning like that which led to Eq. (8.66) we can show that 






provided that the shape of the nozzle and the lo(;ation of the pressure taps 
are arbitrarily fixed. 

The Verein Deutscher Ingenieure (VDI) [11] has published curves for 
the discharge coefficient of the German standard nozzle. The nozzle and 
curves are shown in Fig. 8.26. By adhering carefully to the specifications 
for making and installing this standard nozzle one can use it without cali- 
bration, by virtue of the curves of Fig. 8.266. 

A third metering device is the plate orifice, such as is shown in Fig. 8.27. 
The jet contracts after leaving the orifice until it reaches section 2, the 
vena contracta. The cross-sectional area A 2 is therefore unknown. If we 
define the contraction coefficient Cc = A 2 /A, we can rewrite Eq. (8.65) for 
application to the orifice, 
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Owing to the practical impossibility of determining Cc and C'„ separately, 
as well as the uncertainty in locating pressure taps to measure pi — p^, we 
simplify this ecjuation to 


Q = AC 



( 8 . 68 ) 


Equation (8.67) for the nozzle and Eq. (8.68) for the orifice have the same 



Fig. 8.26. — (a) VDl nozzle. (/>) CoellKtitMit for VDl nozzle as a function of Reynolds number 
and A/Ai. {From NACA Tech. Men. f)o2, reference 11.) 


form. The discharge coefficient for the orifice, however, includes the cor- 
rection for the contraction of the jet. There is no contraction in a well- 
designed nozzle. 



Fig. 8.27. — Thin-plate orifice. 


The VDl has also developed a standard orifice, which, together with 
curves for discharge coefficient, is shown in Fig. 8.28. 



168 


INCOMPRESSIBLE FLOW IN CLOSED CONDUITS [Chap. VIII 


There is no guidance of the jet downstream from a nozzle or orifice. 
Consequently, the over-all loss occurring in either of these instruments is 
larger than that for a Venturi meter. For either nozzle or orifice, the ra- 
tio {pi — p 3 )/Ap has a value of about 0.95 if A 2 /A 1 = 0.04 and a value of 
about 0.25 if A 2 /A 1 = 0.80. As would be expected, the loss in an orifice 
tends to be slightly greater than that in the corresponding nozzle. 

In permanent installations, at least where the loss is a deciding factor, 



Fig. 8.28. — Ca) VDI orifice, (h) Coefficient for VDI orifice as a function of Reynolds 
number and A/Aj. {From NACA Tech. Mem. 052, reference 11.) 


the Venturi meter is preferable to a nozzle or orifice. However, the small 
size and convenience of installation indicate one of the latter instruments 
for most other applications. The fact that a standard nozzle or orifice 
can be used without calibration is also an advantage. 
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CHAPTER IX 

COMPRESSIBILITY PHENOMENA 

Compressibility is becoming increasingly important in the problems 
that mechanical and aeronautical engine(*rs are (tailed upon to solve. 
There are three general types of problem in which compressibility must be 
taken into account. First in importance to engineers are high-speed flows, 
encountered, for example, in the design of aircraft, steam and gas turbines, 
compressors, je^t- and rocket-propulsion devices, and projectiles. These 
high-speed flows can be divided into those which occur inside of ducts or 
passages between blades of machines and those whicdi take place around 
bodies moving relative to the fluid. The designation ^^high speed means 
that the velocities reached are on the order of the velocity of sound propa- 
gation through the fluid (see Art. 7.24). 

The second type of problem deals with the sound waves set up by 
accelerated motion of a body in contact with a fluid. This type is char- 
acterized by large accelerations ratlier than by high velocities. Well- 
known engineering examples are problems in the design of rooms for specific 
acoustical uses, noise reduction, w^ater hammer, and cavitation. 

The third type of problem is concerned with large changes in elevation. 
The weight of the overlying air layers makes the density of air at ground 
level several times greater than that a fcw^ miles above the earth's surface. 

Practical application of this type of 
problem is limited to meteorology. 

The remainder of this chapter and 
later references to compressibility will 
deal mainly with problems of high- 
speed flow. 

9.1. Motion of a Point Source of 
Sound. Consider a sphere the radius 
of which varies periodically with time 
and which is immersed in a compress- 
ible fluid. We assume its radius is 
small compared with the length of the 
radiated sound waves, and we call the 
sphere a point source" of sound. 
Suppose first that the source is at rest 
in the fluid, which extends indefinitely in all directions. Since the wave 
motion is cyclic, we can choose any convenient point in the wave as the 
front." All parts of a wave front move with the same speed C relative 
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to the fluid. Successive wave fronts are, therefore, concentric spheres hav- 
ing the source as center, and each with radius 67, where t is the elapsed 
time since the wave front left the source. The distance between successive 



Fi(i. 9.2. 


fronts is the wave length X. In Fig. 9.1 ani shown the circular traces of 
these sphen^s in the plaru^ of the source. 

If we now sui)pose that the fluid moves relative to the source with a 
velocity V less than (\ the wave-front sph(u*es are no longer concentric but 
are related as shown in Fig. 9.2. I]a(di has as center that ])oint in the fluid 



Fig. 9.3. 


which coincided with the source at the instant the front left the source. 

Finally, assume that V is greater than C. The velocity of wave propa- 
gation relative to the fluid is still the same, so that the wave fronts are 
again spheres, but they no longer surround the source (Fig. 9.3). On the 
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contrary, all wave-front circles are tangent to a lino making the angle a 
with the direction of flow, such that 

C 1 
sin a = 7 ^ = 

I M 

where M is the Mach number, referred to in Chap. VII. This line is the 
generator of a cone of apex angle 2a; the line is called a ‘'Mac^h line” and 
a the '^Mach angle.” 

9.2. Subsonic Motion of a Body. To apply these' observations to the 
steady motion of a rigid body of finite size, such as a firojectile or airfoil, 
consider how the pressure and velocity fields that move along with the body 
are created. The final velocity of the body can be thought of as the result 
of a number of small impulsive increases in velocity. Ea(;h impulsive 
change in the motion gives rise to a pressure pulse or sound wave, which 
emanates from the body. The initial amplitude of the pulse will vary 
over the surface of the body, since the amplitude at any surface element 
depends on the component, of the acceleration normal to the element. As 
the pulse passes any point in the fluid, it changes the pressure and velocity 
there. A positive pulse produces a velocity changes having the direction 
of pulse propagation, while a negative pulse gives a (change in the opposite 
direction. The new pressure and velocity will persist until another wave 
passes, f.c., until a further acceleration of the body o(*.curs. 

A simple example is the one-dimensional motion of a piston in a long 
cylinder filled with fluid. If the piston is given a small in(*.rease in velocity, 
a pressure pulse will travel down the cylinder with velocity C relative to 
the undisturbed fluid. As the wave front passes, the fluid accpiires the 
velocity of the piston. This velocity will be maintained until the piston 
is again accelerated, if no waves are reflected from the far end of the 
cylinder. 

If the velocity relative to a body is everywhere subsonic, it is clear that 
these pulses will radiate in all directions, so that the pressure and velocity 
fields accompanying the body extend indefinitely toward front, rear, and 
sides. These fields die away gradually at some distance from the body, ow- 
ing to the decrease in amplitude of each pulse as it spreads out. Steady 
subsonic motion of a body is, therefore, characterized by a continuous pres- 
sure and velocity distribution. 

As the speed of the body approaches that of sound in the undisturbed 
fluid, the flow near the body becomes very complex and unsteady, because 
the local sound velocity is exceeded at certain points. These local dis- 
turbances may be of great importance, as, for example, in affecting lift and 
drag of an airfoil. These things will be discussed in Art. 10.13; here we 
merely note that, except for certain local regions, the flow will remain sub- 
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sonic so long as the speed of the body is subsonic, and therefore pressure 
pulses will be propagated throughout the distant field of flow. 

9.3. Supersonic Motion of a Body. In a sequence of positive pressure 
pulses, each produces a small forward velocity in the fluid through which it 
has passed and each moves at sonic speed with respect to fluid between it 
and its immediate precursor. Each pulse, therefore, overtakes ones in 
front, and it can be shown analytically that the speed of the resultant steep- 
fronted wave exceeds the sound velocity by an amount depending on its 
amplitude [5]. 

Let a body be accelerated from a speed slightly below sound velocity to 
one slightly above it. The pressure pulses resulting from this small but 
finite velocity change coalesce into a single steep-fronted wave whose speed 
is slightly greater than C, Instead of moving indefinitely far ahead of the 
body, as in subsonic flow, this wave is halted where it reaches essentially 
undisturbed fluid. The limiting position of the wave marks the practical 
limit of the pressure and velocity fields established during the subsonic 
regime. 

On the axis, the wave is normal to the relative velocity of the undis- 
turbed fluid. Away from the axis, the magnitude of the wave diminishes, 
since these jjarts are farther from the source of disturbance. Hence the 
propagation velocity of parts farther 
from the axis is less than that of nearer 
ones; and at some distance from the axis 
the amplitude will be so small that the 
speed is ec^ual to C. The limiting po- 
sition of the wave is thus not a straight 
line normal to the axis but a curve that 
bends slightly backward and approaches 
a straight line making the Mach angle 
with the axis. Such a line is indicated 
in Fig. 9.4. The complex pattern behind 
the body, caused by the local disturb- 
ances referred to above, is suggested by 
the line at the rear. 

If the relative velocity of body and 
fluid is again slightly increased, a pulse is 
sent out and the body will move closer to 
the limiting line until the pulse reaches it. 

This coalition increases both the size of 
the pressure jump and its velocity of 
propagation. Near the axis, the resultant pressure front moves with the 
speed of the body, while to the sides its amplitude and speed decrease, 
and it gradually curves backward to make the Mach angle with the axis 






Fig. 9.4. — Wave pattern pro- 
duced by a body moving at a speed 
slightly greater than the sound ve- 
locity. 
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at some distance from it. It will be noted that the Mach angle corre- 
sponding to this new state of motion is less than that previously sub- 
sisting. 

As the speed is further increased, the pressure front is approached more 
and more closely by the body and its magnitude bet^omes greater. Figure 

9.5 shows the flow pattern for a taper- 
ing body at a Mach number that is 
considerably greater than unity. In 
Fig. 9.5 the forward shock is actually 
in contact with the body. Theory and 
experiment agree that, for a body with 
a nose angle that is not too larg(^ there 
is a limiting value of M below which 
the nose wave does not touch the body 
but passes in front of it. If M is above 
this limit, however, the shock springs 
from the nose of the body. 

The shock lies ahead of a body hav- 
ing a rounded nose or too large a nose 
angle, even at very high Mach num- 
bers. 

If the nose wave is detached from 
the body, as in Fig. 9.4, there is al- 
ways at least a small subsonic region between the wave and the nose. 
On the other hand, if the wave springs directly from the nose, as in Fig. 9.5, 
there may or may not be a region of subsonic flow. 

The expansion of the flow along the sides of the body takes place con- 
tinuously since expansion shocks do not occur (see Art. 9.7). At the rear, 
however, a second compression shock is formed, where the flow bends back 
into a parallel stream. This shock originates in the local supersonic regions 
that develop at the sides of the body while the Mach number of the main 
flow is still less than unity. These localized shocks gradually move to the 
rear as the speed increases and eventually assume the form shown in 
Fig. 9.5. The slope of the tail shock is different from that at the front, 
because both the magnitude and direction of the velocity entering the shock 
differ from those in the undisturbed stream. 

9.4. Frictionless Flow in a Convergent-divergent Nozzle. It is useful 
to consider in detail a one-dimensional flow, because the main features of 
compressibility can be brought out with the aid of relatively simple mathe- 
matics. The horizontal passage of Fig. 9.6 will be treated as a single stream 
tube, i.c., the velocity, pressure, density, and temperature will be assumed 
uniform over any cross section. For any two sections separated by a 
distance dx^ the continuity and Euler equations are 
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d{pA V) = 0 

-2 + F = 0 
P 

Equation (9.1) is readily transformed to 

dA __dV_^^_dV( Vhlp \ 
T V p yy'^pvdv) 

Substituting dp = — pF dV, from Kq. (9.2), we obtain 

A F \ dp/dp) 
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(9.1) 

(9.2) 


(9.3) 


Tt is seen that \/d,p/ dp is a critical value for the velocity. If F is every- 
where less than Vdp/dpj the fluid will speed up in tlu' (convergent passage, 
reach a maximum at the throat, and then slow down in the divergent 
passage. The compressible flow is qualitatively like an incompressible one. 

It is seen further that F must be less than Vdp/dp until the flow reaches 



the throat and that the maximum velocity attainable at the throat is 
Vdp/dp. If this critical speed is reached at the throat, the velocity in 
the divergent passage may be (hither sub- or supercritical. It cannot, how- 
ever, be equal to Vdp/dp. In the case of supercritical flow the velocity 
increases along the divergent passage — a behavior opposite to that in sub- 
critical motion. 

In Art. 7.24 it is shown, if friction be neglected, that a small plane pres- 
sure pulse in a one-dimensional flow moves relative to the undisturbed 
fluid with a velocity 


(9.4) 
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Here bp and 


i 



bp are the differences in pressure and density tliat constitute 
the pulse, as shown in Fig. 9.7. The changes bp and bp for a 
gas are found to occur both frictionlessly and adiabatically; 
that is, bp/bp is derivable from the relation 


™ = constant 


(9.5) 


P 


p + 5p 


where ^ is the so-called ‘Msentropic exponent and is con- 
stant over a considerable range of pressure. Thus 


'■ - - V7 

The sound velocity anywheixi in the fluid is seen to depend 
on the locial value of the ratio p/p. 

If such a pulse is created by some means in the nozzle of Fig. 9.6, it will 
tend to move relative to tlie fluid with the velocity C = \/kp p, where p 
and p are the pressure and density at any section of the nozzle. The pulse 
can, therefore, be stationary only where the velocity of the fluid is e(|ual 
to y/kpjp. But the pressure-density relation in a smooth, insulatc^d 
nozzle is given by Eq. (9.5), so that the critical velocity 



Fig. 9.7. 



(9.7) 


In this frictionless adiabatic flow the critical velocity x dp/dp and the sound 
velocity are identical, and the pulse can be stationary only at the throat 
of the nozzle. 

The adiabatic character of sound-wave transmission is practically 
independent of the temperature of the gaseous medium. That is, negligible 
heat transfer results from temperature differences associatcid with a sound 
wave, regardless of the bulk temperature of the gas. If, for example, the 
temperature of the gas flowing through a nozzle were maintained approxi- 
mately constant by heat transfer through the wall, the sound velocity 
would, nevertheless, be given by Eq. (9.6). The critical velocity, however, 
would in this case be equal to p/p, which is less than the sound velocity 
C - Vkpip. A sound wave could, therefore, be propagated upstream 
through the throat of the nozzle, even though supercritical flow velocities 
were attained. 

With regard to the practically important case of adiabatic flow, 
the stream velocity can be equal to the local sound velocity only at 
the throat; upstream from the throat the velocity is less than the local 
sound speed; and downstream from the throat it may be more or less than 
the local sonic velocity. This kind of flow will now be further investi- 
gated. 
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9.6. Frictionless Adiabatic Flow in a Nozzle. Combining Eqs. (9.2) 
and (9.5) and integrating from section 0 in the reservoir, where the velocity 
is negligible', to any section of the nozzle, we get 



For given values of k and po/po, the velocity depends only on the ratio p/po. 
The maximum p ossible velocity, w hich is attained for p/po = 0 , is finite 
and equal to y/[2k/(k — l)](po/po) (see Fig. 9.8). 

It is of interest to find the' sound velocity at the throat Ct in terms of 



Fig. 9.S. — Velocity V and mass flow i>er unit area m/ A versus pressure ratio p/po 
for a frictionless adiabatic flow through a convergent-divergent nozzle. 

po/po and k. For this purpose consider the mass flow per unit area m/Ay 
which by continuity equals pT^. Computing the rate of change of m/A 
with respect to p/po and using Eqs. (9.2), (9.6), and (9.7), we get 

d(m/A) _ d{pV ) 

d(p/po) “ d(p/po) 

^d{p/po)V^ pVdv) 
dv ( _ 

^ rf(p/po) \ CV 

Figure 9.8 shows dV/d{p/po) to be negative everywhere, so that 
d{m/A)/d{p/po) is positive for V > C, zero for V = C, and negative for 
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F < (7. Recalling that V can equal C only at the throat, we conclude 
that the value of p/po at which m/A is a maximum is also the value at 
which V = Vt max = Ct. This value of p/po is called the ''critical-pressure 
ratio.’’ Multiplying P]q. (9.8) by p and using Paj. (9.5), we get 

which is plotted in Fig. 9.8. Setting d{m/A)/d(p/po) = 0, we find the crit- 
ical pressure ratio to be 


’ 2 1 ) 

A:Tlj 


(9.10) 


The value of Vt mux or Ct is now determined from P]qs. (9.10) and (9.8). 


T fi 4 

Vr+ l Po~ 


(9.11) 


We shall now (consider the theoretical pressures distribution along the 
divergent part of a nozzle, since it has features that show the limitations 



Fig. 9.9. — Pressure distribution along the axis of a convergent-divergent nozzle. 
(Reproduced from L. Prandtl, The Flow of Liquids and Gases, in “ The Physics of Solids and 
Fluids,'" Blackie and Son, Ltd., London, and Glasgow.) 


of the one-dimensional frictionless theory and point the way to further 
investigation. In Fig. 9.9 are shown the pressure distributions along a 
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nozzle of given shape, for both sub- and supersonic flow in the divergent 
poi’tion. These curves are easily obtained from the m-l A curve of Fig. 9.8, 
since ^ is a known function of x for a given nozzle. Corresponding points 
in Figs. 9.8 and 9.9 are labeled with the same letter. If m is chosen small 
enough, the flow is subsonic* throughout and a curve of the type hde is 
obtained. The maximum possible value of m is the one corresponding to 
{ml A^i — (r/Z/M)n,ux, which gives either curve bfg or bfh. 

It will be observed that in the subsonic nigime any value of exit pressure 
P3 is allowed such that p3«/po ^ Ps/po ^ 1. The upper limit 1 is approached 



9.10. — Wave pattorn of cMnorgcnt jet wlien reeoivi'r pressure is slightly less than 
at nozzle exit. {H( produced front L. Pramitl, The Flow of Liquids and Gase a, in The Physics 
of Solids and Fluids," Hlackie and Son,, Ltd., London and Glasyotv.) 

as 771 beciomes smaller or .I3 largt'r. In the supersonic region, however, only 
a single value of pz is alio weal, namely, pzh> The question of what happens 
if the receive'!' pressure pi lies between pzu and pzh is left unanswered by the 
present, analysis. 

Fxperimc'nts show that small, ol)li(iue, standing pressure waves occur 
just outside the nozzle if the receiver pressure is only slightly different from 



Fig. 9.11. — Wave pattern of emergent jet when receiver prcwHiire is slightly greater 
than that at nozzle exit. {Reproduced from L. Prandtl, The Flow of Liquids and Gcuics, in 
“ The Physics of Solids and Fluids," Blackie and Son, Ltd,, London and Glasgow.) 

pzh- These Avaves are reflected at certain parts of the boundary of the free 
jet w^here discontinuities in density occur. Figures 9.10 and 9.11 are from 
photographs by L. Prandtl of the flow from a two-dimensional nozzle. The 
first of these shows the expansion if pi < pzh\ the second shows the com- 
pression if p4 > p^h- 

These pictures w^ere made by the schlieren method, which takes ad- 
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vantage of the fact that a ray of light is deflected if it passes through a 
medium of nonuniform density. A typical apparatus is illustrated in Fig. 
9.12. Light from a source at A is focused near the edge of a plane mirror C. 
The reflected light traverses a long path to the concave mirror J) and back 
again to a second focus at the knife-edge E, then through a lens system to a 



Fig. 9.12. — Schlieren apparatus. {Courtesy of F. Lustwerk.) 


ground-glass screen or photographic plate //, where an image is formed of a 
two-dimensional airflow taking place in front of mirror D, The steep den- 
sity gradients set up in the pressure waves cause the transient light to be 
bent slightly. Some of these bent rays are cut off by the knife-edge E) and 
others, which would normally be cut off, pass by the knife-edge and strike 
the screen. A region in which the density gradient is large thus appears on 
the screen either as very dark or very light. 

A convergent nozzle is a special case of the convergent-divergent 
passage. If there is no divergent portion, it is readily seen that the flow 
will be everywhere subsonic so long as the receiver pressure is greater than 
the critical value. If the receiver pressure is equal to the critical, the 
throat pressure will also have this value and the throat velocity will be 
sonic. If the receiver pressure is less than the critical, the throat pressure 
and velocity will still have their critical values, but after leaving the nozzle 
the stream will expand suddenly to the receiver pressure. 

9.6. Compression Shocks in a Nozzle. If the receiver pressure 7)4 of 
Fig. 9.9 is gradually raised above pzh, schlieren photographs reveal that 
the waves of Fig. 9.11 move upstream into the interior of the nozzle. The 
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Fiu. 9.13. — Disturbances in a nozzle 
when the leceiver pressure is considerably 
greater tlian the theoretical value for un- 
retarded flow. 


shape of the waves changes also, and the flow downstream from them is 
considerably disturbed. Figure 9.13, taken from a stdilieren photograph, 
shows oblique pressure waves springing from the wall, followed by a trans- 
verse wave extending over a part of the cross section. The flow appears 
to separate from the wall dt these shocks, while dou7istream there are 
several smaller transverse shocks. It 
is found that the flow^ at the exit is 
subsonic and that the pressure pa is 
equal to p 4 . Upstream from the 
shocks, howevcw, the flow remains su- 
personic and entirely unaffected by 
the rise in r(H;eiver pressure. 

If P 4 is madfi still larger, the dis- 
turbance becomes very concentrated 
and moves nearer the throat, as shown 
in Fig. 9.14. Very little flow separa- 
tion occurs. Downstream from this 
ti’aiisverse sho(*k the flow is subsonic, while upstream it remains super- 
sonic and unaffe(5t(Hl by the changes in p^. Pressure measurements indi- 
cate a sudden rise in pressure at the shock, follow^ed by a further gradual 

rise to the value pi at the exit. 

Conditions as shown in Fig. 9.13 
are so chaotic that it has so far been 
impossible to analyze them theoreti- 
cally, but the concentrated transverse 
shock of Fig. 9.14 is amenable to theo- 
retical treatment. To carry through 
such an analysis the shock is assumed 
to be of infinitesimal thickness, and 
friction is neglected everywdnere, ex- 
(*ept in the shock itself. It is also necessary to make additional assump- 
tions about the nature of the fluid. For simplicity we assume it to be a 
perfect^’ gas, that is, one that obeys the gas law 

p ^ pgRT (9.12) 



I' lG. 9.14. — Trtinsvcrac shock in a nozzle. 


and has constant specific heats. It is showm in thermodynamics texts that, 
for a perfect gas, the intrinsic energy u depends only on temperature. The 
specific heats, therefore, are 


C'ii — 

Cp = 




Av 
AT 

| 6[fp/p'' + v] \ 


BT 


A{(p/p) + u] ^ M 
AT AT 


(9.13) 

(9.14) 
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In these equations, R is the^ gas constant; T is the absolute temperature; 
hj defined as (p/p) + is the enthalpy; Cp is the specific heat at constant 
pressure; and Cv is the specific heat at constant volume. For a perfect gas, 
the ratio of the specific heats is equal to the iseiitropic exponent. 

= (9.15) 

Cv 

It is now supposed that a finite pressure jump occurs between sections 1 
and 2 of Fig. 9.9. Since the thickness of this sliock is assumed infinitesimal, 
1 and 2 may be taken so close together that the difienaice in their areas 
and the wall friction force on the narrow strip b(*t\\'een them are negligible. 
The continuity equation, therefore, is 


P,ri = P2r. = J (9.16) 

and the momentum equation [F^q. (6.6)] takes the form 

Pi - P2 == P 2 II ~ Pill (9.17) 

Since the shock is accompanied by frictional effects in the fluid, the 
p]uler equation cannot be us(^d betwecai 1 and 2 but must be replaced 
by the more general energy eciuation [tkp (5.10)], whi(*h may be written 
for this adiabatic flow as 

hi + = lit + = hm (9.18) 


Here is the enthalpy in the reservoir. With the aid of Ecjs. (9.12) to 
(9.15), the energy formula becomes 


_ A- _ Pi , y\ _ P2 , F‘2 _ _ Ac Po 

k - 1 Pi “2 /c - 1 po 2 k-J Po 


(9.19) 


Combination of Eqs. (9.16), (9.17), and (9.19) yields, finally, the result 


V 1 V 2 = r? T ? (9-20) 

/c + 1 po 

which will be recognized from Eq. (9.11) as equivalent to 

F 1 F 2 = Ci (9.21) 


The geometric mean of V, and F 2 is equal to the sound velocity at the 
throat of the nozzle. 

It is now readily demonstrated that, if Fi is supersonic, F 2 will be sub- 
sonic. The pressure ratio P 2 /P 0 can be found in terms of pi/po, by use of 
Eq. (9.8) between 0 and 1, where the flow is frictioriless, and Eqs. (9.16), 
(9.17), and (9.20). 
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Fic. 9.15. — ThooF'otical |)ms.surc distrihiition along the axis of a nozzle in the presence 
of a transverse shock, i Rcproducad from L. Prandtl, The Flow of Liquidi< ami GWcs, in “ The 
Physios of Solids and FJuidsf' Blackie and. Son, Ltd., London and GUisyow.) 


pressure jump in a sho(^k for any value of pi po in the supersonic range. 
A little further mathematical juggling yields the relations 


2 _ 2k{k - .1) Po 

1' 2 ~ /I . -.no "'" 


1 


{k+ 1)- Po 1 - (pi/Po)‘'''~^^''* 


= 


p2 ^■ + I Po 
The Maesh number at 2 is theiefore 


k Pa [4k /(k+ 1)] - (k+ l)(pi/po)<*-^>''*^ 

1 - (Pl/Po)^*'“^^^‘' 


Ml 


F| 2{k - 1) 


1 


^ + 1 [4k/(k + 1)J - {k+ l)(pi/po)‘*'' 


(9.23) 

(9.24) 

(9.25) 


Noting that in the supensonic region pi, po cannot exceed the critical pres- 
sure ratio, we get from Eqs. (9.10) and (9.25) 


M2 = ~^ I (9.26) 

02 

which was to be proven. 

With F 2 , Pi, Ai, and i4s kno^vn, one can find ps by using the continuity 
and Euler equations. The theory thus indicates a transverse shock at a 
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definite point in the nozzle for any value of pz between the limits pa* and 
pzg (see Fig. 9.15). The theory does not apply if pz is between pzh and ps*. 

As previously mentioned, a transverse shock is observed to occur only 
if ps is but slightly below pzg. If ps lies in this narrow range, there is reason- 
able agreement between experiment and theory. For lower values of ps, 
however, the transverse shock does not fill the entire passage and is pre- 
ceded by oblique shocks. These complexities are due to the interac^tion 
between friction and compressibility and are therefore not predicted by the 
present theory, which neglects friction except in a region of infinitesimal 
thickness. These phenomena will be taken up in the next chapter in the 
discussion of the boundary layer. 

The approximate thickness of a shock wave can be calculated if the 
mechanism of viscous action and of thermal conduction within the shock 
is taken into account [5]. The thickness of a shock wave in air is estimated 
to lie between 10~^ and in. 

9.7. On the Impossibility of a Rarefaction Shock. Although only 
compression shocks are observed in nature, none of the preceding work 
hints at the impossibility of a shock of rarefaction. Proof of such impossi- 
bility is based on the second law of thermodynamics, a discussion of which 
is outside the scope of this book. It may be useful, however, to present a 
brief treatment of this problem, even though it is impossible to start from 
first principles. The existence of the entropy will be taken for granted, 
as well as the fact that the entropy of a system cannot decrease during an 
adiabatic process. The reader will find these matters discussed in texts on 
thermodynamics. * 

For the adiabatic flow through a nozzle it will be shown that the entropy 
increases as the gas passes through a compression shock but would decrease 
in a rarefaction shock. The latter will thus be shown to be impossible. 

The change in entropy of unit ma.ss of fluid as it passes from an initial 
state 1 to an arbitrary final state is defined as 

5 — Si = (reversible path only) (9.27) 

where dq is the heat transfer to the unit mass during an infinitesimal change 
and T is the absolute temperature. The integral must be taken along a 
reversible path, a requirement that is fulfilled in this case if friction is 
supposed to be absent. The first law of thermodynamics may thus be 
written as Eq. (5.12), which in differential form is dq == du + p d{l/ p). 
The change in entropy now becomes 

(9,28) 


* See, for example, reference 3 at the end of this chapter. 
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, T k 

^ Ail ("'p 


. 1 In P. 

Pi 


(9.29) 


The change in entropy as the gas passes through a shock is found, after 
considerable reduction, to be 


.S 2 - Si = Cp In 




l/k~ 

V, 

k+l v\\ 


Ui 

l'2 k-l I 



( r.-i + i / 



(9.30) 


It is readily shown from Ecp (9.30) that tlu' entro])y increase's if F 2 < Vu 
and vice versa. Tluirefore, since a decreiase in entropy is not permitted, 
only a compression shock (;an ocxnir. 

l^]quation (9.30) is valid only for a perfect gas. Similar results can, 
however, be obtained as follows for any gas or vapor having known 



Fig. 9 . 16 . 

properties: The continuity and energy requirements of Eqs. (9.16) and 
(9.18) give a relation between enthalpy and density in a shock. 


( 9 . 31 ) 
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Since the entropy is a known function of any two indc^pendent properties 
of the gas, such as enthalpy and density, we can eliminate the density by 
using Eq. (9.31) and obtain a relation between entropy and enthalpy that 
must be satisfied in the shock. Such a relation is shown schematic.ally in 
Fig. 9.16, as the curve marked ''Fanno line.'’ On the other hand, the con- 
tinuity and momentum requirements of Eqs. (9.16) and (9.17) yield another 
relation between enthalpy and density that must be satisfied in the shock. 
A second curve of enthalpy versus entropy can therefoi’e be drawn inde- 
pendently of the Fanno line. This curv(^ is known as a ^'Rayleigh line” 
and is indicated in Fig. 9.16. The points of intersection of the Fanno and 
Rayleigh lines determine the state of the gas at the beginning and end of Hie 
shock. Point 2 at higher entropy is necessarily the final state. 

9.8. Adiabatic Flow in a Pipe with Friction. For simplicity we neglect 
gravity and assume the velocity to he uniform over any cross section. 





pira^ 

Tq 2 wa6x 

(p+clp)ira2 




2a 


1 [pV^+d(pV*)]ira2 




)( > 




-- ■ yX 

Fui. 9.17. 


A relation between pr(‘ssure drop and wall shearing stress To is given by 
the momentum equation applied between the cross sections shown in 
Fig. 9.17. 

dp + ^Todx + d{pV-) = 0 (9.32) 

The mass flow per unit area is constant for a pipe 
that the continuity equation is 

pF = G — constant 

Combining Eqs. (9.32) and (9.33), we get 

-Jl-] = ^ 

dx \ dp/dp) a 

and 

dV / dp/dp\ 2ro 

dx \ F2 / aG 

Equations (9.34) and (9.35) apply to any sort of pipe flow — adiabatic, iso- 
thermal, or othei' — because they are based only on momentum and con- 


of uniform diameter, so 

(9.33) 

(9.34) 

(9.35) 
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tinuity. It is seen that Vdpidp is a critical value for velocity, just as in a 
frictionless nozzle flow. If F < \^^ldp, dVjdx is posit ive. T he velocity 
will therefore increase; and if it increases faster than Vdp/dpj dV I dx will 
become larger and larger, approaching infinity as V approaches Vdp/dp. 
If V should become equal to V dp I dp and surpass it in the slightest degree, 
dV /dx would change from an infinite positive value to an infinite negative 
one. This physically intolerable fluctuation in dV /dx would persist so long 
as the flow contin ued ins ide the pipe. It is clear, therefore, that V will 
attain the value ^/dpjdp only at the end of the pipe, if at all. 

To determine the criti(‘>al value of velocity we introduce the assump- 
tions that the flow is adiabatic*, and the fluid a perfect gas. The energy 
equation may therefore be written 

172 

+ y = c/r + y = //O = c/To (9.36) 


Equations (9.33) and (9.36) and the equation of state [Eq. (9.12)] allow p 
to be found in terms of p, so that dp/ dp can be computed. 


V = 



(9.37) 


dp 

dp 


nTfT 


- + 1 ^- 
Po 2/c 


(9.38) 


Equation (9.38) shows that the critic^al condition - dp /dp is equivalent 
to 


\ri = 2/c 

po /c + 1 




(9.39) 


where Ct is identical with the velocity of sound at the throat of a nozzle 
[see Eq. (9.11)]. 

It is of interest to compare the velocity at any point in the pipe with the 
local sound velocity. For this purpose, recall from Eq. (9.6) that 
and use Eq. (9.37). 

(j2 ^ — F^ (9.40) 

p Po 2 

The following inequalities are now readily established: 


if F > Ct, and 


> ^ > q >(? 

dp 

dp 


if V < Ct. Wherever V > Ct, the flow is supersonic; and wherever 
V < C(, it is subsonic. 
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The Fanno line of Fig. 9.16 applies to adiabatic pipe flow as well as to a 
transverse shock, for the cross-sectional area is constant in each case. 
Since the entropy of the fluid must increase along the pipe in a frictional 
adiabatic flow, the point of maximum entropy on the Fanno line can corre- 
spond only to conditions at the exit end of the pipe. At this point, the 
slope ds/dh is equal to zero. The differential of the entropy can be com- 
puted from Eqs. (9.28), (9.33), and (9.36). 



If both sides of Eq. (9.41) are divided by dh and it is noted that 
dp/dhpT 9 ^ 0, it is seen that V == Vdp/dp if ds/dk = 0. It follows that V 
can ecjual V dpi dp only at the exit end of the pipe, if at all. This checks 
the previous conclusion to the same effect. 

Points of higher enthalpy on the Fanno line are seen from the energy 
equation, [Eq. (9.36)] to correspond to subsonic flow in the pipe, and vice 
versa. 

It has been found experimentally that disturbances like those in a 
nozzle may also occur in supersonic pipe flow. Oblique shocks and separa- 
tion of the main stream from the wall take place, followed by one or more 
transverse shocks in the core, which reduce the flow to the subsonic regime. 

9.9. Friction Factor for Adiabatic Pipe Flow. A friction factor may be 
defined for compressible flow in the same way as in Chap. VIII. 

/=p^ (8-8) 

Dimensional analysis shows that, in a pipe carrying compressible fluid, 
/ = <^(/?, L/Z>, ilf ), where the Reynolds and Mach numbers R and M may 
be evaluated at any convenient point in the pipe, say the entrance. 

The friction factor can be determined experimentally, with the help of 
the equations previously developed. Substituting Eqs. (8.8) and (9.33) 
into Eq. (9.32), assuming / to be constant, and integrating between the 
limits Xi and X 2 , we get 

f p dp + ^ (x 2 — Xi) + (?Mn — = 0 (9.42) 

t/ 1 P 2 

From Eq. (9.37) we find that 

Thus, if the initial state 0 of the fluid is known, together with the mass 
rate of flow and the pipe diameter, measurements of pi and p 2 enable us to 
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find Pi and p 2 from Eq. (9.43) and, hence, the friction factor from Eqs. 
(9.44) and (9.42). 

Recent experiments on turbulent flow in a smooth pipe show that, for 
L/D > 50, / is the same function of R as in the incompressible case, regard- 
less of whether the entrance Mach number M is greater or less than 
unity [4]. Values of Tj/D > 50 can rarely be iittained in supersonic flow, 
however, so that in this case the relationship between / and L/Z) is of im- 
portance. The experiments appear to show that / passes through several 
minima and maxima in the range 0 ^ L/D ^ 50. The relationship be- 
tween / and L/D depends on R but is substantially independent of M. 
The value of M merely limits the maximum value of L/Z) attainable in 
sup(^rsonic flow. It may b(i that the relationship between / and L/D is the 
same as for an incompressible fluid at the same R. Data on incompressible 
flow are insufficient to warrant a definite conclusion. 

9 . 10 . Isothermal Flow in a Pipe with Friction. If Ti represents the 
constant value of temperature everywhere in the pipe, the equation of 
state may be written 

p = pgRTi (9.45) 

Therefore, dp/ dp = gRTi, so that the critical value of velocity is 

V = (9.46) 

The local sound velocity Vkp/p is equal to VkgRTi and is constant 
throughout the pipe. Supercritical flow is therefore not necessarily super- 
sonic in this case. 

9 . 11 . Stagnation Pressure in Supersonic Flow. In contrast to other 
aspects of the flow around an immersed body, the stagnation pressure can 
be found from one-dimensional considerations. 

The treatment given in Art. 4.8, which is 
applicable only to subsonic flow, is extended 
here to supersonic flow, in which a transverse 
compression shock occurs in front of the body, 
as indicated in Fig. 9.18. In supersonic flow 
the total rise in pressure is conveniently di- 
vided into two parts, one due to the shock 
and the other due to the frictionless adia- 
batic compression between the shock and the 
stagnation point. Our object, just as in Art. 

4.8, is to determine the quantity (ps - Pi)/(pi/2)Ff as a fun ction o f the 
Mach number of the undisturbed stream AZi = Vi/Ci = Vi/y/kpi/ pi. For 
this purpose, we consider the ratio ps/pi, which may be broken into two 
factors, ps/pi = (pz/p 2 )(p 2 /pi)t the first of which is found either from 
Art. 4.8 or Eq. (9.2). 
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2 ? 

Vi 



2k Pi 7 


(9.47) 


Since the cross-sectional area of the flow is the same on each side of the 
shock, continuity yields piVi = P 2 V 2 , and 


Pi Pi V 
Vz^Vif 
Pi Pi \ 


1 -h 
1 + 


k-\ piV\ V 2 pi 

2k Pi 


V 2 

Vi pJ 


k 


- M\ -p 

1 1 Pi/ 


k/{k-l) 


From Eqs. (9.20) and (9.22), F 2 /F 1 and P 2 /P 1 are obtained in terms of 
Ml, and 


Pi 


! + ■ 


1 (A: - l)Ml 4-21 
k(2Ml - 1) 4- 1_ 


k/(k-i) I 


1 4 


2k 
A: 4* 1 


(Ml - 1) (9.48) 


Equation (9.48) is of course valid only if a shock occurs, that is, if Mi > 1. 
If Ml ^ 1, ps/pi is obtained from Eq. (9.47) with subscript 2 replaced by 1. 



2 

1.84 



1 


0 


Fia. 9.19. — Stagnation-pressure coefficients for a blunt-rosed body as functions of the Mach 
number of the undisturbed stream M. 


The stagnation-pressure ratio is plotted in Fig. 9.19. The quantity 
(ps — Pi)/ (Pi/2) Ff is easily computed from the formula 

p»-pi 2 /pg \ 

(p,/2)Ff / 

and is also plotted in Fig. 9.19. 
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CHAPTER X 

DRAG 


10.1. Drag and Lift. The force on a body that results from the motion 
of the body through a real fluid is, in general, inclined to the path direc- 
tion. The component of this force parallel to the path is called the ^^drag,” 
and the normal component is called the ‘Tift.’' The drag does work as the 
body moves; the lift does no work. The lift is not necessarily vertical; it is 
defined as normal to the path, which may have any arbitrary direction. 

Static buoyant force is excluded from consideration here, since it does 
not result from the motion of the body. 

10.2. Energy and Work. Assume that a body moves at constant velocity 
through a large mass of fluid that is undisturbed, except by the body. 
The first law of thermodynamics requires that the work done by the body 
be equal to the increase in energy of the fluid, provided that the distant 
boundaries are so far away that nothing is transferred across them. If the 
body is partly immersed in two fluids, as a surface vessel in water and air, 
work is done on both fluids. 

The energy imparted to the fluid may take one or more of several forms 
near the body, such as energy of the wake, energy of gravity waves, or 
energy of compression waves. Ultimately, however, the action of viscosity 
dissipates all these forms of energy, so that the final effect of the passage 
of a body is a rise in temperature of the fluid. 

10.3. Dimensional Analysis — Drag Coefficient. In general, both fric- 
tion and gravity forces play a role in the determination of the flow pattern 
around a body moving at constant velocity. Furthermore, the com- 
pressibility of the fluid may have to be taken into account. If all three of 
these factors are appreciable, the drag D of a body of given shape is a 
function of p, U, Z, /x, p, and (7, where Z is a characteristic length of the body, 
C is the velocity of sound in the undisturbed fluid, and the other symbols 
have their usual meanings. Thus, 

D ^ (10.1) 


One possible simplification of Eq. (10.1), by means of the H theorem, is 


D , (pVl F2 v\ 
pVH^ ’ Ig’ c) 


( 10 . 2 ) 


where the independent variables are seen from Chap. VII to be, respec 
tively, the Reynolds number the Froude number F, and the Mach 
number M. 
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It is customary to define the drag coefficient as 


{P/2)V^A 

where the symbol A stands for some area pertaining to the body 
tion. Equations (10.2) and (10.3) combine to give 


Form of body 

1 

/ 

d 

H 

Ci> 

Disk (normal to flow) 


> 10" 

1.12 

Tandem disks (1 — si)a(dn}^) 




(normal to How) 

0 

>10« 

1.12 


1 

>HP 

0.93 


2 

>UF 

1.04 


3 

>10" 

1.54 

Rectangular plate {1 — length) 


! 


(normal to flow) 

1 

1 >10" 

1.16 


5 

>10^ 

1.20 


20 

>H>'» 

1.50 


00 

>10' 

1.95 

Circular cylinder 




(axis parallel to flow) 

0 

>10' 

1.12 


1 

>10' 

0.91 


2 

>10' 

0.85 


4 

>10' 

0.87 


7 

, >10' 

0,99 

Hemisphere: 

i 

1 


Hollow upstream 


>10' 

1.33 

Hollow downstream 


> 10' 

0.34 

Circular cylinder 




(axis normal to flow) 

1 

j 10' t:> 10^ 

0.63 


5 

10' to 10^ 

0.74 


20 

10' to 10^ 

0.90 


00 

10' to W 

1.20 


o 

>5 X W 

0.35 


00 

>5 X KF' 

0.33 

Sphere 


10' to KF 

0.47 



>3 X KF 

0.20 

Airship hull (model) ... . . 1 


>2 X 10^ 

1 

0.040 


(10.3) 
in que.s- 

(10.4) 


In all problems that to date have any practical importance, at least one 
of the independent variables, R, F, or M, may be neglected. In the case 
of an immersed body moving through incompressible fluid, neither weight 
nor compressibility has any effect, and Eq. (10.4) reduces to 
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Cd = ^P(R) (10.5) 

The remainder of this article and several following ones will deal with the 
drag problems covered by Eq. (10.5). When a free surface or compressi- 
bility is to be considered, the fact will be clearly stated. 

In the table on page 183 * are listed approximate experimental values of 
drag coefficient for various simple shapes. The approximate range of R 
in which these Cb values apply is also stated. 

It will be noted that Cd is independent of R for each of the first five 
shapes listed, provided that R > 10^. All these bodies have corners, from 
which the flow separates, and are known as bluff bodies. The next two 
shapes, the cylinder and sphere, are rounded and exhibit two distinct 
regimes of flow; that is, Cd has a large value for 10*'^ < R < W but drops 
abruptly at a certain critical vahui of R and then remains approximately 
constant as R increases. The airship hull is also rounded but is more 
“streamlined^’ than the cylinder or sphere and does not exhibit the sudden 
drop in Cd characterizing those bodies. 

Examination of the table thus suggests a classification of shapes as 
“bluff,” “rounded,” or “streamlined,” the drag coefficient of each class 
showing a certain typical behavior as the Reynolds number changes. 

10,4. Pressure Drag and Friction Drag. It will be found useful to 
break the total drag into two components, the pressure drag Dp caused by 
normal stresses, and the friction drag Df caused by tangential stresses. 



The normal force on a surface element dA of a body is p dA, and the tan- 
gential force is To dA, as shown in Fig. 10.1. The components in the direc- 
tion of flow of these two forces are, respectively, p dA cos d and To dA sin 6, 
where 6 is the angle between the outward-drawn normal to dA and the 
upstream direction. Thus the pressure and friction drags are 

J* V cos 6 dA 

* Adapted from the tabulation in Fluid Mechanics for Hydraulic Engineers,” by 
Hunter Rouse, McGraw-Hill Book Company, Inc., New York, 1938. 
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To sin 6 dA 


An example of the use of these concepts is provided in the explanation 
of the change in Cd with l/d ratio, for a cylinder with axis parallel to the 
flow (see the table, page 188). When l/d = 0, the pressure-drag coefficient 
Cdp is large, and the friction-drag coefficient Cuf is zero. As l/d increases, 
the flow separation from the coi-ners becomes less intense and C^p gradually 
decreases. At the same time, however, shearing forces along the cylindric^al 
surface are becoming appreciable, so that increases. It is seen that 
these changes cause the over-all coefficient Cn to pass through a minimum 
when l/d ~ 2. 

10.6. Drag at Small Reynolds Numbers. It will be recalled from 
Art. 7.22 that H is a measure of the ratio of inertia to friction force at any 
point in a flow. CUniseciuently, if R is made sufficiently small, the effect of 
inertia on the drag may be negkicted. In other words, the density of the 
fluid has no influence on drag at small values of R. In this case Eq. (10.1) 
simplifies to 

D = cl>(V,l,fi) 

whence, by dimensional analysis, 

1) = constant ijlIV (10.6) 

Combining Eqs. (10.3) and (10.6), we get 




constant 


(10.7) 


The unknown constant appearing in Eq. (10.6) has been evaluated 
theoretically for certain shapes by means of the equations of motion for a 
viscous fluid. In the case of a sphere, for example, Stokes found that 

D = ^TfjiVd (10.8) 


where the diameter d is taken as the cliaracteristic length. The corre- 
sponding expression tor Cd is 




24 

pVd/UL 


R 


(10.9) 


Comparison of Eq. (10.9) with experimental values of Cd for a sphere in- 
dicates that Stokes’ result holds only if pVd/fJL < 1.2 (see Fig. 10.13). 
These equations, therefore, are valid only for extremely small spheres 
and velocities or for very viscous liquids. Practical applications are to 
dust particles in air and to water droplets occurring in fog or cloud. 
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The details of Stokes’ analysis indicate that the pressure drag of a 
sphere is one-third of the total, the friction drag accounting for the re- 
maining two-thirds. 

10.6. Drag at Large Reynolds Numbers. A large Reynolds number 
means, in general, that inertia force predominates over friction force. It 
has been found experimentally that friction can be neglected everywhere in 
a flow with a large value of except in a thin layer of fluid next to the 
body (called the boundary layer”) and in the wake. This frictional 
boundary layer is formed because the relative velocity of a real fluid at the 
body surface is zero, while the velocity a short distance away has a magni- 
tude comparable with that of the undisturbed stream. Consequently, close 
to the surface, there is a large rate of (change of V with respect to n, the out- 
ward-drawn surface normal; and the shearing stress r = jidV/dn is ap- 
preciable, even in a fluid of small viscosity, like air or water. 

Inside the boundary layer, the fluid particles are set into rotation by 
the shearing forces; the motion may be roughly likened to that of rollers 
in a roller bearing. Outside the boundary layer, however, the friction forces 
are so small that the motion approximates closely to an irrotational flow 
of frictionless fluid. 

For a streamlined body, the boundary layer remains thin over the 
entire surface and does not separate, the wake is small, and the streamlines 
and pressure distribution are nearly the same as for an irrotational flow. 
Theory shows that the pressure distribution over a body in an irrotational 
flow always yields a zero value of drag and drag coefficient. Consequently, 
the pressure-drag coefficient will be small for a streamlined l)ody in a real 
fluid. It is found that the friction-drag coefficient is of the same order 
of magnitude as the pressure-drag coefficient. 

The flow pattern for a bluff or rounded body differs markedly from an 
irrotational one, because the boundary layer separates and forms a con- 
siderable wake. Close to the body, the wake fluid experiences a violent 
eddying motion ; the mean level of kinetic energy is higher, and the mean 
level of pressure is less than in the corresponding irrotational flow. Since 
the pressure over the portion upstream from the separation point approxi- 
mates to that in irrotational flow, the pressure-drag coefficient will be large 
if the projected area of the wake is a large fraction of the projected area 
of the b(xly. 

For a bluff body the flow separates at the corners, regardless of Ry 
provided merely that R be sufficiently large. The ratio of the projected 
areas of wake and body is therefore constant, and so is Cdp^ Since Cdp 
>> Cd/j the over-all coefficient Ci> is likewise nearly constant. 

For a rounded body, however, the separation point depends on R and 
also on other factors, such as the turbulence of the flow approaching the 
body. The sudden drop observed in Cd at a certain critical Reynolds num- 
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her is caused by a sudden decrease in the area of the wake, when the bound- 
ary-layer flow becomes turbulent. This phenomenon will be discussed 
in more detail in Art. 10.11. 

10.7. Drag in a Nonseparating Flow. In Fig. 10.2 is shown a stream- 
lined body of revolution, together with curves of measured pressure and 
pressure calculated for an irrotational flow. This is one of several theo- 



Fig. 10.2. — Tlieorctiral and experimental presHure distributions over a body of revolution. 

{After Fukrmann, reference 4.J 

retically developed shapes tested by G. Fuhrmann [4] in comparing actual 
and theoretical flows around streamlined forms. It will be noted that the 
actual and theoretical pressure distributions are nearly the same, except at 
the tail, where the actual pressure fails to rise to the theoretical stagna- 
tion-point value. 

The pressure-drag coefficient computed from the measured pressure 
distribution and based on the projected area of the body was found to be 
0.0201. The total drag of the body was simultaneously measured and the 
over-all drag coefficient found to be 0.0362. The friction-drag coefficient 
is the difference between these two, viz., 0.0161. It is seen that pressure 
and friction drags are of the same order of magnitude for a streamlined form. 

Figure 10.2 also shows, to an exaggerated scale, the boundary layer 
formed on the body and the wake shed downstream. There is no appre- 
ciable separation of the main flow. 

10.8. Boundary-layer Mechanics. Prandtl [6] originated the concept of 
the boundary layer, early in this century, and he and his associates took 
the lead in developing both theoretically and experimentally this branch 
of fluid mechanics. The demand for aircraft capable of ever higher and 



DRAG 


188 


[Chap. X 


higher speed has provided a constant stimulus for this development, and 
many workers have contributed to the field. 

This article will be restricted to the simplest case of boundary-layer 
flow, viz,^ that on a flat plate parallel to the flow and subject to a uniform 
pressure. Figure 10.3 shows the two-dimensional flow past one side of 
such a plate. 

The basic assumption is that 5, the thickness of the boundary layer, at 
any point x be small compared with x. The definition of 5 is somewhat 
arbitrary, because the friction forces die away asymptotically with distance 
from the surface and the velocity does not ciuite attain the value V of the 

I I 



undisturbed flow. There is, however, pra(;tically full r(MM)very of velocity 
so close to the surface that 5 is usually defined as the distance at which 
the velocity equals 99 per cent of V. 

The slowing down of the fluid close to the plate gives rise to a gradual 
thickening of the boundary layer and to a small velocity component in 
the y direction, normal to the surface. The main stream thus diverges 
slightly. This y velocity component is very small compared with the 
X component, and is not shown in the figures. 

The main object of a boundary-layer analysis is to set up an expression 
for the drag coefficient of the plate, since this is the matter of greatest 
practical interest. Another object is to determine the thickness of the 
boundary layer. 

In the case of a laminar boundary layer the equations of motion of a 
viscous fluid can be solved, thanks to the simplifying assumption that 
b << X, Formulas for Cd and 5 for the laminar case were obtained by 
Blasius [3], an associate of Prandtl. They are 


D 1.33 _ 1.33 

^ vvyp vs 

5.2x 

VVx/p 


( 10 . 10 ) 

( 10 . 11 ) 


where D is the drag of one side and b is the width of the plate. 

The derivation of these formulas cannot be given here, but an ap- 
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proximation to them will be developed by means of the momentum equa- 
tion. To use this momentum analysis, v/hich is due to von Kdrman [5], 
one must assume a form for the .r-velocity distribution across the boundary 
layer. The analysis is, therefore, semiernpirical, but it has the advantage 
of being applicable to a turbulent boundary layer, as well as a laminar one. 
Indeed, since Blasius’ exact solution for a laminar layer is available, the 
momentum analysis is used chiefly for turbulent boundary layers, for which 
a reasonable velocity distribution can be assumed by analogy with pipe flow. 

In Fig. 10.4 is shown an elementary portion of the boundary layer of 
length dx, at an arbitrary point on the plate. The boundary-layer flow may 



be either laminar or turbulent. The only external force in the x direction 
acting on the fluid inside the control surface 1, 2, 3, 4 is — r^h dx] there is 
no pressure force, because the pressure is assumed uniform everywhere. 
The momentum equation [Eq. (6.6)], gives for this case 

— Tab dx = net efflux of x momentum from the control surface (10.12) 


The momentum influx across boundary 1, 2 is seen to be M = f pu^b dy; 

«/o 

the difference between the efflux across 3, 4 and the influx across 1, 2 is 
written as dM, There is also a certain influx of x momentum across 
boundary 2, 3, which must be subtracted from dM in order to get the net 
efflux from the entire control surface. This momentum influx is equal 
to the product of the mass influx across 2, 3 and the velocity V , since 2, 3 
marks the limit of the boundary layer, where the x velocity is practically 
equal to U. By continuity, this mass influx is equal to the difference 
between the mass efflux across 3, 4 and the influx across 1, 2, which may 
be written as dm, where m is the mass influx across 1, 2 and is equal to 

J pub dy. 

Equation (10.12) thus becomes 

~ Tob dx = dM — V dm = d is: py?b dy^ 
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which, since p, V, and b are constant, simplifies to 


Tob dx == pbVH J* dy 


Changing the variable of integration from y to y/5^ we get 


To^ ^ d^ 
p dx 


where 




(10.13) 


(10.14) 


The drag is the summation of the elementary friction force.s on the plak;. 


-s: 


Tub dx 


The drag coefficient is obtained from Eqs. (10.13) and (10.15). 


(10.15) 


J Tob dx 
(pTWi^bl 


= ? r 

I Jo' 


^■5 = I 


(10.16) 


where 5i and ai are the values of 5 and a at x — L 

For a smooth plate the shearing stress at the surface is related to the 
velocity distribution by the formula 


-(IL 


(10.17) 


Consequently, if the distribution of velocity across the boundary layer is 
assumed, one can evaluate a from Eq. (10.14) and then find 5 by combin- 
ing Eqs. (10.13) and (10.17). Finally, the drag coefficient is computed 
from Eq. (10.16). 

To illustrate this procedure assume a linear distribution of velocity 
across the boundary layer: u/V = y/S. This is a crude approximation to 
the actual distribution in a laminar layer. One easily finds that a = 
and that (du/dy)y^Q = V/d. The differential equation for 5 obtained from 
Eqs. (10.13) and (10.17) is 

1 ^ — JTl - JL- 

6 dx^ 'pV^ p F5 

or 

6 dS « dx 
pV 
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or 


^2 ^ ^ 2 ^ 3 : 
pV 

y/Vxfp 


The drag coefficient is found from Eq. (10.16). 


^ 2 . ^ 2 3.46Z 1 ^ 1.16 

I ^ I yJvijv^ Wl/v 


(10.18) 


(10.19) 


Equations (10.19) and (10.18) are to be compared with Eqs. (10.10) 
and (10.11), respectively, the exact formulas for a laminar layer. It is 
seen that the crude assumption of a linear velocity distribution leads to a 
value of Cd which is surprisingly near the truth. 

The principal use of this momentum analysis is to establish a rational 
form of expression for Cu in (*ase of turbulent flow in the boundary layer. 
A reasonable procedure is to assume a velocity distribution in the boundary 
layer based on measurements of turbulent flow in smooth pipes. In carry- 
ing over the pipe-flow data one considers V as the analogue of C7, the 
maximum velocity at the center of the pipe, and b as analogous to the 
pipe radius a. 

At the time von Karman first developed this method, it was known that a 
power law xi/lJ - {y/aY'^ was valid for pipes in the range of Reynolds 
numbers which had then been investigated. Accordingly, von Karman 
assumed that the velocity distribution in the turbulent boundary layer 
was given by 



The value of a computed from Eqs. (10.14) and (10.20) is 3^2- 
Equation (10.20) does not apply for very small values of y, since it 
yields an infinite slope for the velocity curve at the plate, where 2 / = 0. 
Actually, this slope is finite because the turbulence dies out close to the 
smooth surface and gives place to a thin, laminar sublayer. The value 
of To, therefore, cannot be computed by means of this equation; it is possi- 
ble, however, to use a formula for To, due to Blasius, which is based on 
pressure-drop measurements in smooth pipes at moderate Reynolds 
numbers: To = 0.0228p The analogue of this formula for a flat 

plate is 


To = 0 . 0228 pF“(yg)^^ 


( 10 . 21 ) 
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Straightforward calculations lead to the flat-plate formulas. 

{VxIp)^ 

^ 0.073 

C /> ■. y 

{Vl/v)^- 


( 10 . 22 ) 

(10.23) 


It is found that these equations agree with experiments up to a Reynolds 
number VI/ v of approximately 2 X 10^. Equation (10.23) is plotted in 
Fig. 10.5. 

In the development of Eqs. (10.22) and (10.23), it was assumed that 
the plate was entirely covered with a turbulent boundary layer. These 



Fig. 10.6. — Drag coefficient Cd versus Reynolds number R for a flat plate parallel to the 

undisturbed flow. 


equations will therefore be incorrect if a laminar layer covers an appreci- 
able part of the plate. It has been found that Eq. (10.23) agrees well with 
experimental data for a blunt-nosed plate, on which the initial disturbance 
to the flow causes an early transition to turbulence in the boundary layer. 
Data on sharp-nosed plates, however, gradually break away from the all- 
turbulent curve of von K^rmto as the Reynolds number decreases, and 
eventually reach the all-laminar curve of Blasius. An empirically cor- 
rected formula that applies in this Reynolds-number range is 


0.073 


constant 

Vl/v 


(10.24) 


The constant is determined by the value of Yl/v at which transition to 
turbulence occurs at the trailing edge of the plate. This value of Vl/v is 
called the critical Reynolds number'^ and, for a sharp-nosed plate, de- 
pends primarily on the turbulence present in the approaching flow. 
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With the growth of knowledge about pipe flow, it was found that the 
power law of Eq. (10.20) did not represent the turbulent velocity distribu- 
tion at higher Reynolds numbers, and the logarithmic distribution dis- 
cussed in Chap. VITI came to be accepted as substantially correct. Th. von 
Karman repeated his calculations for Cd, using the logarithmic velocity- 
distribution law and the corresponding expression for To. Since the resulting 
formula is awkward for numerical compmtations, an empirical interpola- 
tion formula has been developed by Prandtl and Schlichting that agrees 
with von Karrnan's equation up to Yllv = 10^ The Prandtl-Schlichting 
formula is 


Cz,- 


0.455 

[h>gio(V7/^)]2-^» 


(10.25) 


Equation (10.25) applies only if the boundary layer is all turbulent. To 
extend its range down to the critical value of Vljv, at which the last vestige 
of a turbulent layer disappears and th(‘ plate is completely covered by a 
laminar layer, the sanu? empirical correction is made as above. 


0.4e55 

iiogio(Fr/^)j‘^-^« 


constant 


(10.26) 


The remarks concerning the constant of Eep (10.24) apply also to this 
formula. 

10.9. Factors Affecting Transition. If the value of Yljv is less than the 
critical, the boundary layer on a flat plate is entirely laminar. If the value 
of Wjv is above the critical, the laminar boundary layer will persist only 
to a distance Xc back from the leading edge. At this critical distance, 
transition to turbulence sets in, and the rest of the plate is covered by a 
turbulent layer. It is found, for a given plate, for given initial turbulence, 
and in the absence of disturbances, that the value of Yxdv is constant and 
equal to the critical value of Yllv. Thus, as might be expected, the flow 
at any point is independent of the extent of the plate downstream from 
that point. 

The practical importance of a large value of Yxdv is apparent from 
Fig. 10.5, in which it is seen that an increase in the fraction of the surface 
covered by a laminar layer causes a decrease in Cz>. 

The values of Yxdv indicated in Fig. 10.5 are on the order of 5X 10®. 
These data were all obtained, however, in wind tunnels having a con- 
siderable degree of turbulence. In the motion of a surface through still 
fluid, as for an airplane wing, the initial turbulence is very small, and the 
value of Yxcjv is larger than that found in a turbulent wind tunnel. For 
this reason it is important to investigate the behavior of Yxdv under condi- 
tions of low initial turbulence and to determine the effect of disturbances 
on the stability of the laminar layer. 
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Dryden [2] and his associates [11] at the U.S. Bureau of Standards have 
developed a tunnel having a very low turbulence. The ratio of the rms 
of the turbulent component of velocity to the average velocity is used as a 
measure of the turbulence; the lowest value reached by this ratio is about 
0.02 per cent. At this value it is found that Yxdv is approximately 
2.8 X 10®, while, for a turbulence of 0.32 per cent, drops to 1.5 X 10®. 

The Bureau of Standards group has detected the presence of fluctua- 
tions in the laminar boundary layer, which grow until a breakdown of 
laminar motion takers place. They have found, further, that fluctuations 
produced artificially by a vibrating metal ribbon an^ amplified only within 
a certain band of frequencies. Waves having frecpicnc'ies outside this range 
die away without producing turbulence. The existence of such unstable 
frequency bands was predicted from theoretical considerations of the 
viscous forces by Tollmien and Schlichting several years before techniques 
were available for their experimental observation. The experiments have 
beautifully verified the theory. 

It is clear from these results that, for low drag, one should avoid the 
introduction of vibrations of certain frequemaes into the laminar boundary 
layer. Use of smooth, nonwavy surfaces braced against vibi’ation is indi- 
cated. Even engine or propeller noise may promote turbulence, if it con- 
tains intense components of the proper frequency. 

The above results relate to a flat surface subject to a uniform pressure, 
whereas in technical applications {c.g,, airfoils), the pressure is not uniform. 
An adverse pressure gradient on a flat surface has been found to widen the 
band of unstable frequencies and to increase the amplification of the Toll- 
mien-Schlichting viscous waves. Furthermore, dynamic instability is in- 
troduced, because the velocity profile develops a reversed curvature or 
inflection point. By ^Myiiamic instability'' is meant one that would be 
operative even in the absence of friction — in contrast to the viscous in- 
stability of Tollmien and Schlichting. The over-all result is that Vxdv is 
no longer independent of Xc but decreases as Xc is increased. 

On the other hand, if the pressure decreases in the direction of flow, it 
appears that a stabilizing effect is produced and Vxdv may increase with 
an increase in Xc. 

The effect on transition of curvature of the surface has also been studied, 
with the following general results; In the absence of a pressure gradient, 
Vxcjv appears to be uninfluenced on a slightly convex surface but to be 
decreased on a concave surface. The destabilizing effect of the latter is 
due to the introduction of a dynamic instability, and not to viscous 
instability. 

10.10. Low-drag Airfoils. The discussion in the preceding article 
indicates the desirability of a laminar boundary layer on a body designed 
for low drag. The National Advisory Committee for Aeronautics (NACA) 
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has developed airfoils that, under test conditions approximating free flight 
at useful Reynolds numbers, may have a laminar boundary layer over ap- 
proximately 0.6 of the chord. The minimum drag coefficients obtainable 
are on the order of 0.003 at a value of R= (Vl/v) ~ 6 X 10®, where I is the 
chord. Insertion of these values into Fig. 10.5 shows that Cd for these air- 
foils is down near the value given by Rlasius’ curve for a flat plate covered 
by a laminar layer. The minimum Co for a conventional airfoil is on the 
order of 0.007. 



Fig. 10.6a. Velocity distributions over a conventional and a low-drag airfoil, both at a lift 

coefficient of 0.2. 

In Fig. 10.6a is shown one of these ‘Maminar’’ airfoils, NACA 16-209, 
together with the theoretical velocity distribution over it at the design lift 
coefficient of 0.2. For comparison, a conventional airfoil, NACA 4412, is 
also shown, together with the measured velocity distribution over it at an 
angle of attack a = — 2 deg, corresponding to Cl = 0.2. It is seen that the 
NACA 16-209 has the maximum thickness much farther aft than the 
NACA 4412. This novel shape results in a theoretical pressure distribu- 
tion that decreases gradually over about 60 per cent of the chord and then 
rises abruptly at the tail. (The velocity-distribution curves are such that 
the ordinate is a maximum at the point of lowest pressure and zero at the 
stagnation preSvSure.) Tests in a nearly turbulence-free tunnel show that 
this favorable pressure gradient enables the boundary layer to remain 
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laminar up to approximately the point of minimum pressure, where transi- 
tion occurs. The formation of a turbulent boundary layer at this point is 
really advantageous because the air is thereby given enough momentum to 
follow the rest of the contour more closely than would otherwise be possible. 
Indeed, in some experiments at lower Reynolds number, transition was so 
much delayed that the laminar boundary layer separated and stayed 
separated, the transition coming too late to effect a return of the stream 
to the surface. Increased drag coefficients were the result. 

In contrast to the NACA 16-209, the NAC^A 4412 has an unfavorable 
pressure gradient over practically its whole surface. The laminar boundary 
layer thickens rapidly, therefore, and transition occurs at about 0.3 of the 
chord. The minimum drag coefficient is greater than 0.007, more than 
twice the value of approximately 0.003 for the NACA 16-209. 

In Fig. 10.66 is shown one of the newest low-drag airfoils. The ordinate, 
labeled ''pressure coefficient,'’ gives the value of (F/Fo)^ instead of F/Fo, 
as in Fig. 10.6a. For this airfoil a dropping pressure is i)rovided over the 
first 60 per cent of chord, followed abruptly by a linear rise in pressure 
over the rest of the surface. A laminar boundary layer is maintained back 

to the 60 per cent chord point, 
where the sudden change in 
pressure gradient causes a 
NACA66(215)-216, a=0.6 quick transition to a turbu- 




Chordwise position 

Fig. 10.66. — Distribution of (F/Fo)^ over a low-drag 
airfoil. 


lent boundary layer. The mo- 
mentum of the fluid close to 
the surface is so much en- 
hanced by the turbulence that 
very little separation occurs. 

The theory has been so far 
developed that it can supply 
the shape of airfoil to give a 
desired pressure distribution 
[12]. This can be accomplished 
at a useful flight Reynolds 
number and for a desired 
range of lift coefficient, pro- 
vided that both the mean (or 
design) value of Cl and its 
range of variation are kept 
small (both on the order of 
0.2). The excellent control of 


pressure distribution that is possible is illustrated in Fig. 10.6c, which shows 


the distribution for symmetrical airfoils having the maximum thickness 


(12 per cent of chord) at 30, 40, 50, and 60 per cent of chord from the lead- 
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ing edge. The subscript 1 indicates that this pressure distribution does 
not change radically in the range of lift-coefficient values, Cl design ±0.1. 

The advantage of the low-drag airfoil is brought out in Fig. lO.Gd, which 
gives the Cd versus Cl curves for a conventional section and for two low- 



63i-012 

64i-012 

65i-012 

661-012 


Big. 10. Gc. Diistributions of (t showing close relationship between point of maxi- 

mum thickness and point of minimum pressure. 


drag sections. The value of C't for both of the latter is 0.2. They 
differ, however, in the length of the laminar boundary layer, NACA 
63i-212 having 30 [ku- cent of the chfwd laminar and N.\C’A 66i-212 having 
60 per cent laminar. In the de.sign range of Ci it is .seen that NACA 



-1.2 -0.8 -0.4 0 0.4 0.8 1.2 1.6 


Lift coefficient 

Fig. lO.Gd. — Curves of drag coefficient versus lift coefficient for a conventional airfoil and 

two low-drag airfoils. 


66i~212 has a Cz) of about half that of the conventional airfoil. Outside of 
this range, however, it is the least desirable of the three. 
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The sudden rise of Cd at each end of the bucket^’ in the curve results 
from a forward shift in the point of minimum pressure and hence of 
transition. 

The importance of restricting the use of a low-drag section to the 
design conditions is obvious from Fig. 10.6d. It may also be remarked that 
slight roughness of the airfoil surface can cause transition to occur early 
and completely vitiate the special low-drag design. 

10.11. Drag in a Separating Flow. A flat plate set normal to the distant 



Fiq. 10.7. — Drag coefficient ('d versus Reynolds number R for two-dimensional flow past 
a plate normal to the undisturbed flow and of breadth d. {After F. Eisner, Das Wider- 
stands prohleni, Third Int. Cong. App, Mech.., Stockholm, 1930.) 


velocity is an (jxtreme example of a bluff body. The flow separates at the 
edges for all except the smallest Reynolds numbers. The entire drag is 
caused by the pressure difference between the front and back of the plate, 
since the shearing stresses are all normal to the drag direction. Figure 10.7 
gives Cd versus for two-dimensional 

flow past a rectangular plate, i.e.y flow ^ ^ t | -i ■ - 

with negligible end effects. Figure ^ j g aIZI 

10.8 shows the dependence of on ^ 

breadth-to-length ratio d/l for rectan- J q 

gular plates. End effects reduce Co 0 0.2 0.4 ^ 0.6 0.8 1.0 

because the average pressure differ- T 

ence over the surface is less if the io.r. - Drag coefficient Cn ver- 

flow can close in at the ends. breadth-to-length ratio d/l for a rectan- 

rn, 1 ir • 1 . p gular plate normal to the undisturbed flow. 

Ihe drag-coeracient curve for a 

disk, shown in Fig. 10.9, is similar in shape to that for a square plate. 

Several theoretical estimates have been made of the drag coefficient 
for two-dimensional flow past a plate. The assumption of a completely 
irrotational flow yields the obviously erroneous value of zero for the drag 
coefficient. This is equivalent to the assumption of a scalar velocity po- 
tentiaF^ whose gradient at any point is the velocity vector at that point. 
This type of flow is therefore frequently called '^potential flow.^’ It can 
be shown that the drag of a body of any shape is zero in a potential flow. 

Noting that the motion downstream from a plate is highly rotational, 
Helmholtz and Kirchhoff approximated to the actual wake by a region of 
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dead water or motionless fluid separated from the main stream by an in- 
finitely thin sheet of rotating fluid particles springing from each edge of the 


plate. (See Fig. 10.10.) Since the 
fluid in such a ^'vortex sheet'' ro- 
tates, there is a jump in velocity from 
zero in the wake to a finite value in 
the stream. For this reason the sheet 
is also called a surface of disconti- 
nuity." The pressure is assumed to 
vary continuously across the sheet 
and throughout the flow. In this 
idealization the flow is divided by the 
surfaces of discontinuity into two 



regions, in each of which the motion oocffiricnt Cd versus 

. u- u u Reynolds number R for a disk normal to the 

is irrotational, but which have dlt- undisturbed flow. {After Eisner, Das Wider- 

ferent Jiernovilli numbers. Such a otantkprohlem. Third hd. Cong. App. Meek., 
- , , ,1 Stockholm, 1930.) 

flow pattern cannot be more than 

a first approximation to the actual one, because a vortex sheet is unstable 
in a viscous fluid and tends to break up into scattered vortices, owing to 


the intense shearing stress accompanying the 
large (theoretically infinite) velocity change 
across the sheet. 

According to the Helmholtz-Kirchhoff two- 
dimensional theory, the value of the drag co- 
efficient for the flat plate is 

^ ^ drag per unit length ^ 


I iG. 10.10. value is to be compared with the experi- 

mental one of 1.8, shown in Fig. 10.7. This theory gives the right order 
of magnitude for Cd and is evidently a first approximation to reality. 

Observation of the wake behind a body shows that under certain condi- 
tions vortices are shed alternately from first one edge and then the other 
at a regular frequency and that they move downstream in two approxi- 
mately parallel rows. The vortices in one row are staggered with respect 
to those in the other. Figure 10.11a shows such a well-developed ''vortex 
street" for a cylinder, while in Fig. 10.116 a street is starting to form behind 
a flat plate. Th. von K arm an has sho^vn theoretically that such a staggered 
arrangement of vortices in an otherwise irrotational flow is stable only for a 
certain value of the ratio /?/?, where h is the lateral spacing and I is the 
longitudinal spacing of the vortices. Photographs of actual flows show 
that the theoretical value of h/l approximates closely the measured ones. 

Th. von K&rman has also computed the drag coefficient for this theo- 
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retically stable flow in terms of the frequency with which the vortices are 
shed and their lateral spacing in the wake. Neither the frequency nor 
the spacing is predicted in the theory, but when experimental values are in- 
serted in the theoretical equations, the computed and measured values of 
Cd are in good agreement. 



Fig. 10. Ha. — Vertex formation behind a cylinder. {After Prandtl.) 



Fig. 10.115. — Vortex formation behind a plate. {After Prandtl.) 


It should be emphasized that the actual wake ceases to resemble a 
vortex street if the value of Reynolds number Vi)d/v exceeds about 2,500. 

Measured values of the drag coefficient (based on projected area) for a 
cylinder with axis normal to flow and for a sphere are shown in Figs. 10. 12 
and 10.13, respectively. It has been pointed out in Art. 10.6 that the sudden 
drop in C/> at a critical value of R is associated with a change in the boun- 
dary layer from laminar to turbulent. This effect will here be further dis- 
cussed for the sphere, which is a representative example of a rounded body. 

Near the nose of a sphere the boundary layer is laminar on account of 
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its extreme thinness. Somewhat downstream from the nose the laminar- 
boundary-layer fluid enters a region where the pressure rises in the direction 



10 '^ 1 10 10 ^ 10 ^ 10 ^ 10 =^ 10 ® 
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Fig. 10.12. — Dra^ coefficient C/> versus Reynolds number R for two-dimensional flow 
past a circuUii' cylinder with axis normal to the undisturbed flow. {After Eisner, Das Wider- 
stands problem, Third Ini, Cong. App. Mcch., Stockholm, 1930.) 

of flow, so that th(i fluid is slowed down and eventually halted. Its motion 
is then reversed, and it is forced away from the surface. If the Reynolds 



Fig. 10-13. — Drag coefficient Cu versus Reynolds number pVod/p and {Dp)^/pi for a 
sphere. {After Eisner, Das Widerstandsproblem, Third Int, Cong. App. Mech., Stockholm, 
1930.) 

number is below the critical value, the main stream diverges, or separates, 
from the body at this point, which thus becomes the separation point. If, 
however, R is greater than the critical value, the separated laminar layer 
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becomes turbulent and returns to the surface. The increased momentum 
of the turbulent layer enables it to progress somewhat farther before the 
adverse pressure again causes it to separate, this time permanently. TIk' 



Fig. 10.14. — Measured pressure distribution for suberitieal flow past a sphere. The 
theoretical curve for irrotational flow is also shown. [Fror/i “Modern Develojmiejita in Fluid 
Dynamics'^ {edited by S. Goldstein) , courtesy of the Oxford University Press, p^iblishers.'] 

transition from laminar to turbulent flow in the boundary layer thus causes 
the separation point to be moved toward the rear. 

The critical value Re, below which transition does not occur, depends not 
only on the shape of the rounded body but also on the turbulence present 
in the main stream. The greater the turbulence of the approaching flow, 
the lower the value of Rcy and vice versa. 

li R < Rc^ the separation occurs approximately at the largest cross 
section of the sphere, as shown in Fig. 10.14a. On the other hand, if 
R > Rej the separation takes place farther back, where the cross-sectional 
area is less, as seen in Fig. 10.15a. 

In Fig. 10.146, the measured pressr.re distribution in suberitieal flow is 
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compared with that for a potential flow, which, from symmetry, is seen to 
yield a zero drag. A similar comparison for supercritical flow is given in 
Fig. 10.15?). It is obvious from these figures that the pressure-drag coeffi- 




Fkj. 10.15. — Moawurcd prewsuro distribution for supercritical flow past a spliere. The 
theoretical curve for irrotational flow is also shown. [From “ Modern Developments in Fluid 
Dynamics ''(edited by S. Goldstein), courtesy of the Oxford University Press, publishers.^ 


cient is less in supercritical than in subcritical flow. Since the pressure 
drag predominates over the friction drag, the over-all coefficient drops as 
the Reynolds number surpasses the critical value. 

For determination of the terminal velocity of a sphere falling through a 
fluid it is convenient to know the drag coefficient as a function of a dimen- 
sionless number including the drag, rather than as a function of R, because 
D is given, whereas V is unknown. It is seen from Art. 7.19 that the 
formula Cd == <t>{R) can be transformed to Cd = This curve 

is included in Fig. 10.13, 
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10.12. Influence of a Free Surface. In this case the general eciuation 
for Cd [Eq. (10.4)J takes the form 

Cn = yp{R,F) (10.27) 

The principal application of Eq. (10.27) is to surface vessels, in the design 
of which the excess over the friction drag, or “ residual drag,'’ is an impor- 
tant factor. Offhand, it would appear that the naval ar(‘.hitect (^ould 
test a scale model of a proposed hull at several values of R and F and 
thereby determine with sufficient precision the Cd surface defined by 
Eq. (10.27). A difficulty arises, however, because the only practicable liquid 
in which to carry out towing tests on a model is water. The kinematic 
viscosity is therefore the same as for the full-scale hull, and it is impos- 
sible to fulfill simultaneously the conditions, Rm = Rp and Fm = F p, where 
the subscripts M and P stand for model” and ^'prototype,” respectively. 

A satisfactory way to carry out and interpret model t(vsts on hull forms 
was first suggested by William Fronde in 1879, as the I’esult of extensive 
experiments. Stated in modern terms, Fronde’s basic assumptions are 
(1) that the friction-drag coefficient is independent of tlu; shape of the hull 
and is determined completely by the Reynolds number based on the 
length VI/ Vj and (2) that the residual-drag coefficient is a function of only 
the Froude number V‘^/lg. Thus, Ecp (10.27) becomes 

(10.28) 

where Cd/ and Cor are the coefficients of friction drag and residual drag, 
respectively. For the determination of the frictional component, Froude 
made numerous towing tests on planks, which caused practically no waves, 
and the drag of which was therefore nearly all due to surface friction. 
Froude’s own friction data have now been superseded by more modern 
formulations of flat-plate drag, such as the Prandtl-Schlichting equation 
[Eq. (10.25)]. 

An example of the Froude method is given in Fig. 10.16. At the left 
is the curve of Cd for a 20-ft model, obtained from towing tests covering 
the range of Froude number anticipated for the prototype. Values of the 
Froude number F = V^/lg are spotted on this curve. The Prandtl- 
Schlichting curve for a smooth flat plate covered with an all-turbulent 
boundary layer is assumed to yield Cd/ for either the model or the 400-ft 
prototype. According to Eq. (10.28) the values of obtained by sub- 
traction of Cd/ from Cd for the model are independent of the Rejmolds 
number and may therefore be added to the C d/ values at the proper Rey- 
nolds numbers to get the Cd curve for the 400-ft hull. This curve appears 
at the right side of Fig. 10.16. 

This procedure has been found reasonably satisfactory in the design of 



Sec. 10.12] 


INFLUENCE OF A FREE SURFACE 


205 


vessels. The fact that the shape of the hull is neglected in the determina- 
tion of the friction-drag coefficient does not lead to serious errors. In 
practice, however, a correction is added to the Prandtl-Schlichting curve 
for a smooth plate to take account of the roughness of the full-scale vessel. 
The empirical correction used depends upon the nature of the surface; 



Fig. 10.16. — Dni^ coefficient, Cj), for a model ve.ssel and its prototyiie. The dependence 
on both Koynolds number H and h'roude number F is shown. (After Davidson, reference 10, 
courtesy of the author and the Society of Naval Architects and Atarine Engineers.) 


for example, different correci-ions are employed for riveted and welded 
hulls or for freshly painted and barnacle-covered surfaces. 

The shape of the Cd curves of Fig. 10.16 is of interest in connection with 
the mechanism of the residual drag. At low values of Fronde number 
(F < 0.03) the Cd and Cd/ curves are practically parallel; in other words, 
Cdt is a constant. This fact leads one to suppose that, at low Froude num- 
bers, the residual drag is principally form drag. In support of this conclu- 
sion is the observation that no surface waves are set up in this range of F. 

The dotted line of Fig, 10.16, parallel to the Prandtl-Schlichting curve, 
indicates the assumed value of the form- (“eddy-making^’) drag coefficient 
at higher values of F. 

The upturn in the Cd curve at F = 0.03 corresponds with the first ap- 
pearance of surface waves created by the hull. A train of waves is shed 
from the bow and another at the stern, both of which increase in amplitude 
as F increases. The water level around the bow is raised by the presence 
of the bow wave, while the water level at the stern is lowered by the action 
of the stern wave. The pressure distribution over the hull is thus changed 
unfavorably, and the residual-drag coefficient is markedly increased. This 
increase is called the “wave-making-drag coefficient” and is indicated in 
Fig. 10.16. 

It will be further observed in Fig. 10.16 that the Cd curve has an un- 
dulant, or “hump-and-hollow,” shape and that this peculiarity is caused 
by variations in the wave-making coefficient. These variations have been 
traced to the change in phase between the bow-wave train and the stern- 
wave train that occurs as F is increased. When the two wave trains are in 
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phase, the water level at the stern is less than it would bo in the absence of 
a bow wave, while the opposite is true when the wave trains are out of phase. 

It is obviously desirable to design a hull to operate just at the base of 
one of the peaks of the Cb curve rather than at the crest. Otherwise, a 
considerable penalty is paid for a small increase in cruising speed. 

10.13. Compressibility at Subsonic and Transonic Speeds. At speeds 
that are appreciable compared with sound velocity the general drag equa- 
tion [Eq. (10.4)] takes the form 

Cd = yP{R,M) (10.29) 

The principal application of this equation at Mach numbers less than 1 is 
to aircraft, ("ompressibility effects on air propellers have long been recog- 
nized, and they are now important also in the flow past wings and control 
surfaces of high-speed airplanes. If an aircraft exceeds a certain critical 
velocity (as in a dive), shock waves appear on the wings and control sur- 
faces, which then undergo not only a sudden increase in drag but also a 
decrease in lift and a shift in the center of pressure. 

It is convenient to classify compressible flows as either subsonic or 
transonic. The former is defined as one in which the velocity is everywhere 
subsonic, while in the latter there is at least one point where sonic speed 
is attained or exceeded. The flow past a body moving at subsonic speed 
can be transonic, because near the body there are regions where the local 
relative velocities are higher and the local sound velocities are less than 
those of the distance fluid. The Mach number of the undisturbed stream 
at which the transition from subsonic to transonic flow occurs is known 
as the critical Mach number A/c. 

In general, the Reynolds number and Mach number are both important 
in determining subsonic flow patterns, but in the transonic regime the 
Mach number predominates. 

Large changes in the drag and lift coefficients of a body are observed 
to start if the Mach number is increased somewhat above the critical value. 
These changes are associated with the development of shock waves near 
the body, resulting from the breakdown of local supersonic flow. There is 
not yet a satisfactory theoretical value for the Mach number at which the 
shock waves first appear on a given body. The critical Mach number de- 
fined above is obviously a lower limit, since a shock wave can occur only 
in a supersonic flow. In certain irrotational flows that have been investi- 
gated theoretically speeds more than 50 per cent greater than the local 
sound velocity are attained, together with a continuous deceleration to 
subsonic speed farther downstream. At higher speed a so-called ^Timiting 
line’^ is found in the theory, beyond which the irrotational flow cannot 
progress. This line is interpreted as the locus of a shock wave, since these 
in general introduce rotation into a flow. Little is known of the stability 
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of these tiieoietical patterns, to say nothing of actual ones, which are 
further complicated by friction. It seems, however, that the Mach number 
at which a limiting line theoretically appears is a conservative upper limit 
to the M value at which a shock will occur in an actual flow. 

For subsonic motion the Glauert-Prandtl approximate theory for 
slender bodies (Art. 11.32) shows that th^elocities reached in compressible 
flow are increased by a factor 1/Vl - M- over those in incompressible 
flow at the same free-stream 
velocity. The pressure differ- 
ence between any two points 
is also in(5reased in the same 
ratio, and the drag coefficient 
may tend to rise, due princi- 
pally to the thi(?kening of the 
boundary layer by the larger 
advei’se pressure gradient. 

This ofhct is mon^ marked 
with thick airfoils than with 
thin ones, as is seen in Fig. 

10.17. For the thin airfoil, 

Ci) actually decreases over most of the range of M / Me, which is attributable 
to the increasing R. 

Figure 10.17 also shows the rapid increase in Cd after the critical Mach 
number is reached. This change, which dwarfs the small compressibility 



Mach-number ratio M/M^. 

Fi(i. 10.17. — Drag coofficient C/) versus Mac5h-riumber 
ratio M / Me for two airfoils. 



Fig. 10.18. — Sclilieren photo- 
graph of NACA 0012 airfoil with tail 
cut off illustrating propagation of 
disturbances at a Mach number M 
= 0.704. {NACA photograph. Cour^ 
tesy of John Stack.) 



Fig. 10.19. — Schlieren photo- 
graph of NACA 0012 airfoil with tail 
cut off illustrating propagation of 
disturbances at a Mach number 
M = 0.833. {NACA photograph. 
Courtesy of John Stack.) 


effects in subsonic flow, results from the alterations in the flow pattern 
produced by shock waves. Schlieren photographs of these flow phenomena 
are given in Figs. 10.18 and 10.19. An airfoil with the tail cut off was pur- 
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posely used in these experiments, so that the flow could be interpreted by 
observation of disturbance's set up at the blunt end. These disturbances 
are shed alternately from one corner and the other, as is seen by their 
staggered arrangement. In the first picture they can progress upstream 
everywhere, except in a small region near the widest part of the section, 
where they are crowded together. The flow is therefore supersonic only 
in this small region. There is no separation of the stream from the surface. 

The Mach number of the flow in Fig. 10.19 is higher than in Fig. 10.18, 
and a well-developed shock wave springs from both sides of the airfoil. 
Beyond the ends of the shock the tail disturbances move upstream, in- 
dicating that the supersonic region is again only local, although larger than 
that of Fig. 10.18. The forward end of this region is marked by oblique 
shocks, which coalesce with the normal shock set up at the downstream 
end of the region. Noticeable separation occurs, beginning under the 
oblicpie shocks and extending the length of the airfoil to form a relatively 

wide wake. 

Another picture of separation is given 
in Fig. 10.20, \vhich shows a transonic flow 
over an airfoil at a moderate angle of at- 
tack. It is clear that the separation point 
is just upstream from the first oblique 
shock. Since there would be no separa- 
tion of a subsonic flow from this airfoil 
at this angle of attack, it seems likely that 
the shock is connected with the separation 
observed. Measurements of pressure at 
the surface of the airfoil show a discontinu- 
ous rise under the shock, and it is thought 
that this so thickens the boundary layer 
that separation takes place. The oblique 
shocks are believed to be caused by the 
bending of the supersonic stream into a re- 
gion of higher pressure, as the supersonic stream flows over the more slowly 
moving fluid in the boundary layer. The dark line in Fig. 10.20 that ex- 
tends dowmstream from the separation point may mark the boundary be- 
tween sub- and supersonic flow. 

The large increase in drag coefficient in the transonic regime is found to 
be largely due to the separation induced by the shocks, rather than to the 
losses in the shocks themselves. The defect in total pressure, determined 
by a wake traverse with an impact tube, is given in Fig. 10.21 for both sub- 
and transonic flow conditions. The area under each curve is a measure of 
the corresponding Cz>. At the lower Mach number the width of the wake 
is small, as well as the maximum total-pressure defect. At the higher 



Fig. 10.20. — Schlioren photo- 
graph of separated flow for rear por- 
tion of NACA 23015 airfoil at a 
Mach number M ~ 0.601. Airfoil 
chord 5 in.; angle of attack 6 deg. 
{NACA photograph. Courtesy of John 
Stack.) 
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Mach number the area under the large peak is attributed to separation 
and the area under the flatter parts of the curve to the shock. The former 
area is more than half the total. 

It is of interest to compare the measured static-pressure rise on the a'l*- 
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Fig. 10.21. — Wake shape and total -pressure defect as influenced by Mach numl:)er. 
NACA 0012 airfoil at 0-deg angle of attack. {After Stack, reference 8. (Umrte.fiy of the Institute 
of the Aeronautical Sciences.) 


foil under the shock with the pressure rise computed from the measured 
total-pressure defe(;t caused by the shock. In Fig. 10.22 are shown the 
measured pressure distribution over the upper surface of an airfoil and the 




Total *pressure 
defect in wake, 
percent 


Fig. 10.22. — Measured static-pressure change through shock as compared with calcu- 
lated change based on total-pressure loss in wake. NACA 4412 airfoil at y^-deg angle of 
attack. M = 0.770. {After Stack, reference 8. Courtesy of the Institute of the Aeronautical 
Sciences.) 


total-pressure defect in the wake, together with the pressure jump computed 
from the height of the flat part of the defect curve. The latter is so much 
greater than the measured discontinuity that the difference cannot be ac- 
counted for by approximations in the theory. A reasonable explanation 
seems to be that the pressure distribution along the surface is modified by 
disturbances transmitted upstream through the subsonic boundary layer. 
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These phenomena of the transonic regime indicate the necessity of a 
large critical Mach number for an airfoil designed for high subsonic speeds. 
For a large Me the excess of the maximum local velocity over the distant 
velocity must be as small as possible. This condition is met by the NACA 
16 series of airfoils, each member of which is designed to have a minimum 
excess velocity at a definite value of the lift coefficient. In Fig. 10.6a are 
shown the velocity distributions for an incompressible flow over the NACA 
16-209 and NACA 4412 airfoils, each at angle of attack corresponding to 
Cl = 0.2. In Fig. 10.23 are plotted the velocity distributions computed 



Percent of chord 


Fig. 10.23. — Velocity distributions for comx^ressiblc flow over NACA 4412 and NACA 16-209 
airfoils, both at the same angle of attack. Compare with Fig. 10.6a. 


for a compressible flow over the same airfoils in the same attitude. The 
only difference between these two figures is in the Mach number: in 
Fig. 10.6a, M ^ 0, while, in Fig. 10.23, M = 0.6, which is the critical 
value for the 4412 at the given angle of attack of — 2 deg. It is seen that, 
under these conditions, the local sound velocity is reached on the lower 
surface of the 4412 but that the velocity everywhere on the 16-209 is well 
below the sonic value. The measured critical Mach number for the 
16-209 is Me = 0.76. 

10.14. Compressibility at Supersonic Speeds. Hitherto, this subject 
has been of practical importance only in the field of exterior ballistics, but 
the recent developments in jet and rocket propulsion foreshadow a much 
more widespread interest. Already, some ballisticians are using their 
experience with projectiles as the starting point in the rational design of 
low-drag forms for supersonic motion. 

It will be recalled from C'hap. IX that a shock wave is formed in front 
of a body whose velocity exceeds that of sound in the undisturbed fluid. 
The effect of this nose shock on the drag depends on the intensity of the 
shock, which in turn is greatly influenced by the shape of the front end of 
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the body. A relatively weak nose wave is associated with a thin airfoil or 
pointed projectile, while a round-nosed body sets up a bow wave of large 
amplitude, regardless of the tapering of the tail. A tapering, pointed nose 
is thus essential for low drag at supersonic speeds. 

A drag-coefficient curve for an airfoil is shown diagrammatically in 
Fig. 10.24. The rapid dropping off of Cd beyond the transonic region is due 
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Fig. 10,24. — Diagrammatic sketcli of the drag coefficient C/) ver.sus Mach number M for an 

airfoil. 

to the fact that shocks formed on the surface during the critical regime 
move off the airfoil and to the rear as M increases, the width of the wake 
being thus reduced. In the supersonic region, Cd is somewhat higher than 
at subsonic speeds, on account of the shock waves at the nose and tail. 
Data on projectiles are illustrated in Fig. 10.25, in which curve a gives 


/ 




\ \ 

Fig. 10.26. — Wave 
pattern set up by a bullet 
at a speed slightly greater 
than the sound velocity. 
{After Acker et, refererice 14.) 

the Gd for a pointed bullet. Critical phenomena similar to those on an air- 
foil cause a sharp rise in Ci> beginning approximately at Af = 0.8. The 
local shocks on the bullet for a Mach number slightly greater than 1, where 
Cd is near its maximum value, are clearly shown in Fig. 10.26. 



Fig. 10.25. — Drag coefficient C ver- 
sus Mach number M for a sharp-nosed and 
a blunt projectile. (After Ackeret, refer- 
ence 14.) 
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Curve b of Fig. 10.25, for a blunt-nosed projectile, is quite different from 
that for the bullet. The effectiveness of the local shocks formed during the 
transonic motion in increasing the drag coefficient is less than in the previous 



Fig. 10.27. — Wave pattern set up by a blunt-nosed bullet at a supersonic speed. 
{Photograph made at the Aberdeen Proving (hound. Courtesy of A. C. Charters and R. Turetsky.) 

examples. The probable explanation is that the flow has already separated 
from the forward corners before the critical conditions are reached. Much 
of the rise in Cp occurs at supersonic speeds and is largely due to the in- 
creased pressure on the nose accompanying the intense head wave. There 
is pronounced similarity between this Cp curve and the stagnation-pressure 
curve plotted in Fig. 9.19. 

Figures 10.27 and 10.28 are spark photographs that show the striking 
difference in the nose waves accompanying the blunt and pointed pro- 
jectiles. It will be recalled from Art. 9.3 that the more nearly normal a 
shock wave is to the line of motion the greater is its intensity. The nose 
wave of the blunt projectile is therefore much more intense than that of 
the pointed one. 

At high supersonic speeds the low pressure at the rear has relatively 
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little effect on Co- The large pressure on the front and the surface friction 
are the main sources of drag. The friction increases markedly at high 
Mach numbers; it may amount to 75 per cent of the total drag of a well- 
designed body at a Mach number of 5. 

The frictional heating of the boundary-layer fluid makes the wake 



Fig. 10.28. — Wave pattern set up by a sharp-nosed bullet at a supersonic speed. 
{Photograph made at the Aberdeen Proving Ground. Courtesy of A. C. Charters and R. 7'uretsky.) 

density less than that of the surrounding air, so that the wake is visible 
in the photographs. 

In line with the growing interest in supersonic motion, tests have recently 
been made on spheres [1], The spheres were fired in place of bullets, and 
spark photographs were taken at several stations along the line of flight. 
These photographs, made at known times, permitted the calculation of the 
drag-coefficient curve of Fig. 10.29. Spheres of in. diameter were used 
in most of the tests on which this curve is based, but a few results for 13 ^-in.- 
diameter spheres are also included. These fall on the same curve if Af > 0.8, 
while the dotted line shows their trend at lower values of M. 

It is seen that Cd starts to rise at a Mach number of about 0.5, reaches a 
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peak at ilf = 1.5, and then drops gradually with further increase in M. 
The gradual dropping off of the curve in the supersonic region suggests 
that the head wave may be intermediate in intensity between those for 

pointed and blunt objects. The 
wave pattern of Fig. 10.30 is of in- 
terest in connection with this spec- 
ulation. It is seen that the head 
wave follows the contour of the sur- 
face and hence is steeper (near the 
axis) than one for a pointed object, 
but not so steep as one for a blunt 
body. 

Figure 10.31 illustrates the waves 
at M = 0.992. For steady motion 
there would be no head wave, but 
for the decelerated motion of the 
sphere this wave is in process of 
moving farther ahead and eventu- 
ally disappearing. In Fig. 10.32, 
taken a few moments later, the head 
wave has moved out of the field of 
view. The value of M for this pic- 
ture is 0.972. 

It is well known that a sphere possesses a critical Reynolds number in 
incompressible flow. The f iQ-in. spheres, however, showed no drop in Cdj 
even though R passed through the range found to be critical for large 
spheres under conditions of incompressibility. This fact suggests that, at 
sufficiently large M, the influence of R is secondary. 

The dotted line in Fig. 10.29 is good evidence that the larger spheres 
(1^^ in. diameter) passed through a critical at a value of M somewhat 
below 0.6. The fact that the dotted line becomes coincident with the 
full-line curve at Af = 0.8 strengthens the conclusion that R is unimportant 
at large values of M. 
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Fig. 10.29. — Drag W)efficient versus 
Mach number AI for spheres. {After Charters, 
reference 1. Courtesy of the Institute of the 
Aeroimutical Sciethces.) 
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Fig. 10,30. — Wave pattern sot up by a sphere at a supersonic speed M — 2.23. The 
vertical black lines are not part of the wave pattern. {Photograph made at the Aberdeen Prov- 
ing Ground. Courlasy of A, C. Charters and R, Turetsky.) 



Fig. 10.31, — Wave pattern set up by a decelerating sphere at a Mach number M = 0.992. 
{Photograph made at the Aberdeen Proving Ground, Courtesy of A, C. Charters and R, Turetsky.) 
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Fig. 10.32. — Wave pattern set up by a decelerating sphere at a Mach number M = 0.972. 

{Photograph made at tfie Aberdeen Proving Ground, Courtesy of A. C. Charters and R. Turetsky.) 
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CHAPTER XI 

WING THEORY 


11.1. Potential Flow. The concept of a potential is familiar from its 
use in electricity, and in Chap. IV we discussed the potential energy in a 
gravity field. The potential function for an electric field has the property 
that its rate of change in any direction gives the magnitude of the force in 
that direction exerted by the field on unit charge of electricity. The 
gravity potential function, usually called the gravity potential energy,^^ 
has the property that its rate of change in any direction gives the magni- 
tude of the weight force in that direction exerted on unit mass of matter. 
One can easily verify that the gravity potential energy P has this property, 
for, from Art. 4.6, P is seen to equal ghj where h is the height above an 
arbitrary level. The expression, dP/ dx = g dh/ dx thus gives the negative 
of the weight force on unit mass in any direction x. 

Each of these potential functions is seen to describe completely the 
force field to which it applies. 

In a somewhat analogous manner, two potential functions, the stream 
function and the velocity potential, have been found, either of which com- 
pletely describes the velocity field of a flowing fluid. The reason for in- 
troducing them is the mathematical simplification that results and the 
possibility of finding the theoretical flow patterns about certain shapes. 

Here we confine ourselves to the steady flow of an ideal fluid and restrict 
the discussion to two-dimensional cases. 

11.2. Equations of Motion. Any flow pattern is determined by the 
boundary conditions, which require the boundary streamlines to take a 
definite form, and by the equations of motion. These include the con- 
tinuity equation, a purely kinematic relation, and a dynamic equation for 
each of the dimensions of space. 

The continuity equation for a steady flow was shown in Chap. Ill to be 



cos a dA = 0 


(3.8) 


provided that no source of fluid is included inside the closed surface A. 
In this equation, a is the angle between the local velocity V and the out- 
ward-drawn normal to the surface element, dA, For two-dimensional 
motion the flow has no component perpendicular to the x^y plane, and the 
flow patterns in all planes parallel to this are the same. Consequently, the 
closed surface A can be thought of as a ‘Hence of unit height whose trace 
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V cos a 


in the x^y plane is a closed curve (Fig. 11.1). In addition to this fence, A 
will also include two plane-parallel surfaces forming the ends of the cylinder 

whose side wall is the fence. These 
planes can be disregarded in the inte- 
gration indicated in Eq. (3.8), how- 
ever, since cos a is zero everywhere 
^dA= 1‘ ds on them. Equation (3.8) thus can be 
written as 



Fig. 11.1 


^ f>V COS O' ds = 0 (11.1) 

where ^ denotes the integral around 

the closed curve. By convention, one 
is said to face along the curve in the positive direction if the region 
bounded by the curve lies on the left hand. The positive direction is indi- 
cated by the arrow on the curve in Fig. 11.1. An observer facing in the posi- 
tive direction sees the local outward-drawn normal extending from left 
to right. 

The dynamic equations for steady flow of a frictionless fluid are derived 
for the X and y directions just as in Chap. IV for the directions parallel and 
normal to the velocity. Here, however, it is convenient to neglect gravity. 
The components of velocity parallel to x and y are u{Xyy) and v{Xjy)j re- 
spectively, and the corresponding accelerations are 

_ Du _ du dx ^ ^ 

dt dx dt dy dt ^ dx dy 
_Dv _ dvdx dv dy _ 

dt dx di dy dt dx dy 

The symbol D/dt denotes differentiation following the motion of the fluid; 
it is to be noted that here dx and dy are not arbitrary but are the com- 
ponents of the displacement of a particle of fluid, so that dx = u dt and 
dy — V dt. The components of pressure force per unit mass in the x and y 
directions are (— l/p){dv/^^) (— l/p){dp/dy)j so that Newton^s law 

yields 

p dx^ dt ^ dx ^ dy 
p dy dt ^ dx ^dy 


( 11 . 2 ) 


11.3. The Stream Function. The physical principle of continuity, on 
which is based Eq. (11.1), states that, for a source-free, steady, two- 
dimensional flow, the net mass eiBux across any closed curve is zero. 
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From Eq. (11.1) we get 

PB PA PB 

I pV cos a ds = — I pV cos ads - I pV cos a ds 

UCB) {BEA) UEB) 

where ACB and AEB are any two curves joining the points A and B 
(Fig. 11.2). In words, the mass flux is the same across any curve joining 
A and B. The mathematical consequences are important, for since the 
PB ^ 

integral j ^ pV cos a ds is independent of the path, pV cos a ds is the dif- 
ferential of some scalar point function. It will be found convenient to de- 
fine this function by the equation 


or 



V cos a ds 


- 



JP 

Po 


► 

V cos a ds 


(11.3) 


where the constant po is the density of the fluid at rest. 

The physical meaning of ^{x^y) is immediate: The difference between 
the values of yp at any two points ipB — \pA is 
proportional to the mass flux across any curve 
joining the points. In the case of an incom- 
pressible fluid, p = po, and \pB — is the vol- 
ume flux across any curve joining A and B. 

For this reason, ^ is called the stream func- 
tion.^’ 

Only the difference between two values 
of xp appears in the definition [Eq. (11.3)]. 

Therefore, the value of xpAy where A is any 
point in the flow, can be arbitrarily assigned. 

The values of \p everywhere else in the flow are then determined by Eq. 
(11.3). 

The stream function has three properties that render it useful, especially 
in the synthesis of complicated flow patterns from simple ones. The first 
property is that \p is constant everywhere on any one streamline. We 
prove this simply by choosing ds in Eq. (11.3) as an element of the stream- 
line and noting that cos a is then zero. It follows from Eq. (11.3) that 
dxp = 0 everywhere along the streamline, or ^ = constant. 

The second property is closely related to the first and also follows im- 
mediately from the definition. Divide both sides of Eq. (11.3) by ds, and 
obtain 



ds Po 


V cos a 


(11.4) 
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where the partial derivative is used to indicate that the change in is that 
corresponding to a change in s only. The second property can be stated as 
follows: The rate of change of ^|/ with distance in an arbitrary direction is 
proportional to the component of velocity normal to that direction. For 


a) 



incompressible fluid, p = po, and 
d\p/ds is equal to the normal 
velocity component. The con- 
vention has already been stated 
in Art. 11.2 that an observer 
facing in the positive direction 
along a curve sees the local out- 


normal ward-drawn normal extending 

cosa>0and|^ >0 from left to right. This con- 

vention fixes the sign of d\j//ds 


b) 



Outward-drawn 

normal 


and is illustrated in Fig. 11.3. 
For Cartesian coordinates x and 


2 /, Eq. (11.4) yields 
dxp p 
oy Po 


d± 

dx 



11.5 



To get the first of these equa- 
tions, we let ds = dz/, so that 
the positive x direction coincides 


with the outward-drawn normal and V cos a = u. To get the second, we 


take ds = dx, so that the normal points in the negative y direction and 


V cos a = — V. Similarly for plane-polar coor- 
dinates r and 0, we get 

ii = £F 
rde po ' 

dr Po 

where Vr and Ve are the components of veloc- 
ity in the directions of increasing r and 0, re- 
spectively (see Fig. 11.4). 

It should be pointed out that, for incom- 
pressible fluid, Eqs. (11.3), (11.4), (11.5), and 
11.6) all hold (with p = po), even in an unsteady 



V 



Fiq. 11.4. 


flow. This follows from the fact that, for incompressible fluid, the continuity 
equation has the form cos a ds = 0, regardless of whether or not the 
flow is steady [see Eq. (3.9)]. 
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In this discussion of the stream function, we have so far required merely 
that the flow be continuous. If we add now the requirement that the fluid 
be incompressible and consider two flow patterns having stream functions 
^ 1 , and ^ 2 , Eq. (114) gives 


_ 1 _ = ^(^1 + ^ 2 ) 

ds ds ds 


Vi cos ai + V 2 cos az 


Since Vi cos ai + V 2 cos 0^2 is the component of the resultant velocity 
normal to the arbitrary direction ds, we may 
state the third property of the stream function 
as follows: The algebraic sum of the stream func- 
tions for two incompressible flow patterns is the 
stream function for the flow resulting from su- 
perposition of these patterns. 

None of the properties of the stream func- 
tion are of any practical use unless the flow 
patterns concerned satisfy not only the con- 
tinuity requirements, but also the dynamical 
equations [Eqs. (11.2)]. It is possible that 
two incompressible flow patterns may each 
fulfill all of these conditions and yet, if they 
are superposed, their resultant may not satisfy 
Eqs. (11.2). It is shown below that this dif- 
ficulty does not arise in case the continuous 
incompressible flows are assumed to be irrota- 
tional. 

The rotation, or vorticity, at a point was defined in Chap. IV as the 
algebraic sum of the angular velocities of two mutually perpendicular line 
elements moving with the fluid and intersecting at the point in question. 
One of the pair of elements there considered was taken parallel to the 
velocity and the other normal to it. It may be shown, however, that the 
vorticity at a point is independent of the orientation of the line elements 
considered, so that the vorticity may be expressed in terms of elements dx 
and dyy for an arbitrary choice of axes x and y. Figure 11.5a shows that 
the counterclockwise angular velocity of fluid-line element dx is 

V + (dv/dx) dx — V _ ^ 
dx dx 




b 

Fig. 11.6. 


while, from Fig. 11.56, that of dy is 

- [g + (du/dy)dy] + u ^ du 
dy dy 
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By convention, the counterclockwise sense is taken as positive, 
quently, the vorticity is 


Vorticity = 


dv 

dx 


du 

dy 


Conse- 

(11.7) 


An irrotational motion is defined as one for which the vorticity is every- 
where zero. 


dv _ du 
dx dy 


( 11 . 8 ) 


The restriction which the dynamical equations impose on the velocity 
components is found by elimination of p and p from Eqs. (11.2). Assuming 
p to be a function of p only, differentiate the first of these with respect to p, 
the second with respect to and subtract the first from the second. 


^ ^(1/p) 
dy dp dx 


1 1 §P ^(1/p) ^P I 1 _^P _ 

p dydx dx dp dy p dxdy 

\dx ~^Jt\dx ^ 


(11.8a) 


It is obvious that, in irrotational flow, Eq. (11.8a) is everywhere 
satisfied. 

Substitution in Eq. (11.8) of d^/dy^u and d}p/dx==—v, from 
Eq. (11.5), yields the differential equation that must be satisfied by \{/ 
everywhere in the fluid. 

0 - 0 - 


Equation (11.9), known as Laplace’s equation, is linear, so that the sum of 
two solutions is also a solution. Therefore, if two flow patterns are given, 
having stream functions ypi and ^ 2 , each of which satisfies Eq. (11.9), the 
sum \J/i + ^2 also satisfies the same equation and thus represents the stream 
function for another irrotational incompressible flow. By the third prop- 
erty of a stream function, discussed above, this flow is the resultant of 
the two flows in question. 

The stream function is thus a powerful tool in the study of irrotational 
incompressible flows, since complex patterns can be synthesized by alge- 
braic addition of the stream functions of simple patterns. This important 
application of the stream function is illustrated by the examples below. 

11*4. Parallel Flow. As a simple example of a stream function, assume 
a steady two-dimensional flow parallel to the axis of x and with velocity 
U. The streamlines are horizontal lines running to the right. Since 
d^/ dx - — V - 0 and dyjz/dy - u = Ujdyj/ = U dy and the stream function 

( 11 . 10 ) 
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completely describes the flow. Note that the x axis is the line ^ = 0, and 
larger values of y correspond to larger numerical values of If, for ex- 
ample, 2 / = 5, ^ = St/ and the discharge between this line and the x axis is 

= ^6 — ^0 = 5t/ per unit depth. Note that flow is positive toward 

0 

the right, by our convention as to signs, so that 5t/ denotes a discharge to 
the right. 

In this example we made the constant of integration equal to zero by 
arbitrarily setting xj/ = 0 on the x axis. If we write = Uy + constant, 
we do not change the flow pattern but merely change the value of yp on 
every streamline by an amount equal to the constant. In any flow having 
a stream function the constant of integration plays the same trivial role, 
so that in later examples it will usually be set equal to zero. 

11.5. Source and Sink. Imagine that, along a line normal to the x,y 
plane at the origin of coordinates, fluid is being emitted at a constant rate 
and that it flows away radially from this “line source.’’ In the two- 
dimensional space of a layer of unit depth the source discharges at a rate 
of Q units of volume per unit time. At any radius r from the source the 
velocity V must be, from continuity considerations, V = Q/27rr, Equation 
(11.6) applied to this purely radial flow gives 

-^ = 0 

r dd 27rr dr 

Therefore 

and 

^ - I 9 (IMl) 

At the origin, where all the streamlines cross, xp can have any value whatso- 
ever and is therefore undefined. The origin, where the source is located, 
is thus a singular point as far as the stream function is concerned. This is 
to be expected, since a source-free flow was postulated as one essential for 
the existence of \p. The stream function for the source is multiple-valued, 
increasing by Q each time 8 increases by 27r. 

A sink is the reverse of a source, fluid being abstracted at a rate Q. In 
this case the radial velocity is F = — Q/27rr, and the stream function is 

^--^9 ( 11 . 12 ) 

The streamlines for both source and sink are radial lines. The product 
Vr has a constant value in each case, so that the velocity varies hyper- 
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bolically along the radius, approaching infinity as r approaches zero and 
zero as r approaches infinity. 

11.6. Combination of a Source and Sink. In Fig. 11.6 are shown a 

source at B and a sink at A . The 
two have the same strength Q. 
The value of the stream function 
\ at any point P for the resultant 

^ \ flow is obtained by addition of 

^ ^ Eqs. (11.11) and ( 11 . 12 ), with 

the angles at B and A set equal 
62 to di and 02 , respectively. 



^ = -g(^2~0i) (11.13) 

Lines of constant xp (the stream- 
lines) are lines for which 02 ■- 0i 
is constant. Thus, by a well- 
known theorem in geometry, the 
streamlines are circles passing 
through A and B, 

11.7. Rankine’s Construction 
for Ship Forms. The stream 
function for the combination of a source and sink with a uniform flow to 
the right is 

(11.14) 

The streamline ^ = 0 can easily be shown to be the axis of x, together with 
an oval enclosing all streamlines running between the source and sink. 



Fig. 11 . 7 , 

Outside of this oval is a field of flow consisting of streamlines extending as 
shown in Fig. 11.7. The oval streamline separates the fluid in the para^ 
flow from that flowing between the source and sink. The oval maylfe 
replaced by a solid body of the same shape, so^h^t Fig. 11,7 may be thought 
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of as the pattern of frictionless flow around such a body. The restriction 
to frictionless flow is necessary, because the velocity at the oval is not zero. 
The boundary condition for a viscous fluid is thus violated. 

If several sources are combined with several sinks of total aggregate 
strengths equal, the oval can be elongated or fish-shaped. Rankine de- 



veloped mathematical forms for ships by this method, using two-dimen- 
sional flow, and Fuhrmann developed the forms for early Parseval airships 
by using a system of three-dimensional sources and sinks (see Art. 10.7). 



Such a body, as shown in Fig. 11.8, is an ideal ^'streamline form,^^ since it is 
bounded by streamlines in an ideal fluid. 

J 11.8. The Doublet and the Cylinder. If a source at B and an equal 
sink at A is moved indefinitely close together and their strengths increased 
so as to maintain QAB finite and constant, the resulting flow is called a 
"doublet.” The streamlines will be circles tangent to the axis of the 
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doublet, as shown in Fig. 11.9. From Eq. (11.13) and Fig. 11.6 the stream 
function for a source and sink is 




(^2 - 6i) . __ n N Q (62 - 61) AB sin 01 

27r sin (62 —61) ^ ^ 27r sin (62 — di) r2 


If we let AB-^Oj keeping QAB constant, (02 — ^O/sin (02 — 0i) 1, 
sin 01 sin 0, and r 2 r. Therefore, in the limit, the stream function 
for the doublet is 




QAB sin 0 ^ sin 0 

2x r r 


(11.15) 


where C = QABI2w is a constant. Equation (11.15) can readily be shown 
to yield the streamline pattern of Fig. 11.9. 

If we combine a doublet with a flow parallel to the x axis, the shape 
enclosed by the external flow is a circle. From 
Eqs. (11.10) and (11.15), 

xj/ = [Ur — {C/r)] sin 0 

Let C = Ua^j for convenience, so that 

Fig. 11.10. — Combi- 
nation of a doublet and a / n?\ 

parallel flow gives the ^ = [7 sin 0 ( r ) (11.16) 

streamlines for a cylinder. \ T / 



One can readily show that Eq. (11.16) yields the flow pattern for a trans- 
verse flow disturbed by a circular cylinder, as shown in Fig. 11.10. 

J 11.9. Pressure Distribution over a Moving Cylinder. The flow pattern 
about a cylinder is seen to indicate retarded flow and hence higher pressure 
at the front and rear of the cylinder and higher velocity and lower pressure 
over the top and bottom. The symmetry of the flow indicates that there 
is no force exerted by the pressure on the cylinder in any direction. The 
pressure distribution over the cylinder is obtained as follows; 0y Ber- 
noulli's equation, if the pressure and velocity in the undisturbrf flow are 
po and U, we have , 

{p/2W “ ^ 


where p and V are the pressure and velocity at any point in the flow. 
From Eq. (11.16) the components of V are 
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At the surface of the cylinder, where r = a, Eqs. (11.18) show that 
Fe = — 2U sin df and Vr = 0. Consequently, Eq. (11.17) becomes 


P - Po 
(p/2)t/'^ 


1 — 4 sin- 6 


(11.19) 


This equation is plotted in Fig. 11.11. It is seen that p — po = 0 where 



Fig. 11.11. — Pressure distribution over a cylinder. 


sin 0 = ± and that p — Po rea(*.hes its minimum value — Z{p/2)IP where 
sin 0 == ± 1. 

11.10. Additional Apparent Mass. If on the flow pattern of the pre- 
ceding article we superpose a general velocity — IJ from right to left, we 
get a cylinder moving through a fluid that is at rest at infinity. Since the 
stream function for a parallel flow from right to left is — C/p, or — Ur sin 0, 
the stream function for the resultant flow is 

}[/ = U ^ sin 0 — C/r sin 0 = — sin 0 (11.20) 

The streamlines relative to the fluid are portions of circles, as can be 
seen by comparison of Eqs. (11.20) and (11.15), and are drawn in Fig. 11.12. 
The velocity at any point is given by 



Hence the kinetic energy stored in the flow pattern is 

f " I d(r») = I plPa* |^_ I piw = I M'U^ (11.21) 
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The virtual mass of the cylinder is thus its own mass M plus an additional 
apparent mass M' = pira^ due to the energy of the flow. Any body in 
motion through a fluid moves with additional inertia. 

Virtual mass affects the motions of balloons and airships, making them 
slow to accelerate. For airplanes this effect is negligible, as the displacement 
is relatively small. For ships and submarines virtual mass is important 
in mooring and docking operations. 

11.11. Circulation. The circulation of fluid along any line from A to H 
is defined by the summation, or line integral, from A to /i, at a given 
instant, of the component of velocity tangent to the line multiplied by 



Fig. 11.12. — Streamlines for a moving cylinder. 


the corresponding element ds of the line. Expressed in the symbols of 
Fig. 11.13, the circulation is 



F sin a cfe 


( 11 . 22 ) 


This definition is analogous to the definition of work as the displacement 
times the component of force in the direction of the displacement, or 

Work = J F sin a ds 

Now we know in mechanics that we may compute work by resolving both 
the force and the displacement and get, for a two-dimensional case, the 
work done from A to jB as 
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(Xdx+Y dy) 


where X and Y are the force components in the x and y directions, re- 
spectively. 

Similarly, the circulation along the line from ^4 to 5 is the line integral. 



dx-\- V dy) 


(11.23) 


where u and v are the components of the velocity V in the directions x 
and y. It should be noted that u and v are functions of x and y and that 



integration takes place along the line at a given instant. This is space 
integration, independent of time. 

The symbol T is generally used to designate the circulation about a 
closed curve obtained by line integration indicated by the symbol 


r 


^(u dx H- V dy) = sin a ds 


(11.24) 


Consider the circulation about a small rectangular element of area, 
defined as in Fig. 11.14. 


dr 


u dx + ^ dxj dy -- + ~ d^ dx — v dy 


[Fx 
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Thus the elementary circulation is expressed in terms of the element of 
area dx dy ^ dA. Any circuit will enclose a number of elementary areas dA, 



Fig. 11.14. 


The sum of the circulations of all the elementary areas is obviously the 
circulation around the bounding circuit, because every interior line is 
traversed twice, in opposite directions, and all “internal records’’ cancel, 
as indicated in Fig. 11.15. 

r = dx + v dy) dx dy (11.25) 

This equation is a special case of Stokes’ 
theorem, discussed in texts on the calculus. 

11.12. Velocity Potential. From Eq. (11.7) 
it will be recognized that (dv/dx) — (du/dy) 
is the rotation, or vorticity, at any point in 
the flow. It follows from Eq. (11.25), there- 
fore, that the circulation is zero around any 
closed curve in an irrotational flow. Conse- 
quently, we see by the argument used in 
Art. 11.3 that the circulation from A to B is the 
same along any path joining these points, provided that the flow is irrota- 
tional. A scalar point function <j> can thus be defined as 



or 


d<t> = V sin a ds 


4>b-4>a = 


F sin O' da 


(11.26) 


The function <l>{x,y) is called the “velocity potential.” 
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The velocity potential has three properties that are analogous to those 
of the stream function and that can be demonstrated in the same way. 
The first property, which follows at once from Eq. (11.26), is that the lines 
of constant <t> are normal to the streamlines. A plot of streamlines and 
equipotential lines thus appears as a mesh having all intersections at right 
angles. 

Dividing Eq. (11.26) by ds and using the partial derivative as in 
Eq. (11.4), we get 

^ == F sin a (11.27) 


which gives us the second property: The space rate of change of <^> in an 
arbitrary direction s is equal to the component of velocity in that direction. 
For X, y coordinates we thus find 


d(j) 


d(t> _ 
dy 


and for plane-polar coordinates 


dr 


d(t> 
r dd 


Ve 


(11.28) 


(11.29) 


If we now consider two flow patterns having velocity potentials <^i and 
<f> 2 y Eq. (11.27) gives 


d(f>i ^ ^ d((/>i + </>2) 

ds ds ds 


Vi sin ai + V 2 sin 0:2 


Since Vi sin ai + F 2 sin a 2 is the component of the resultant velocity 
parallel to the arbitrary direction ds, we may state the third property of 
the potential as follows: The algebraic sum of the potentials for two irrota- 
tional flow patterns is the potential for the flow resulting from their super- 
position. 

None of the properties of the velocity potential are of any practical 
use unless the flow patterns concerned are not only irrotational, but also 
satisfy the continuity equation [Eq. (11.1), or its equivalent, Eq. (11.4)]. 
It is possible that two irrotational flow patterns may each satisfy Eq. 
(11.4) and yet, if they be superposed, their resultant may not do so. It is 
readily shown, however, that this difficulty does not arise if the contin- 
uous irrotational flows are assumed to be incompressible. In this case, 
Eqs. (11.5), yield the condition that 
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or 


d^\l/ _ ^ 

dij dx dx dx by dy 


da 

dx 


di 

dy 


(11.30) 


Substitution in this equation from Eqs. (11.28) shows that (f> satisfies 
Laplace's equation 


^ 4 -^ = 0 

dx^ dy^ 


(11.31) 


Since this equation is linear, the sum of the potentials for two different 
flow patterns is the potential for another irrotational incompressible flow. 
By the third property of a velocity potential, discussed above, this flow 
is the resultant of the two flows in question. 

The velocity potential can thus be used in place of the stream function 
in the synthesis of irrotational incompressible flow patterns. 

11.13. Thomson’s Theorem. An important generalization is Thomson's 
(Kelvin’s) theorem, which states that in a frictionless fluid the circulation 
along any closed fluid line remains constant as time goes on, provided 
merely that pressure depends only on density (homogeneous fluid). Conse- 
quently, if the motion starts from rest, when the vorticity is everywhere nil, 
the flow will be irrotational at all times. Thomson’s theorem may be 
proved as follows: 

In a continuous two-dimensional flow of fluid (unit thickness normal 
to xy plane) assume any closed fluid line with P and Q two points on that 
line: (x,t/) and (x + dxj y dy). The corresponding velocity components 
are (u^v) and (u + du,v + dv). We neglect gravity for simplicity. From 
Eq. (11.24) we find that the rate of change of circulation around a closed 
curve is 


where the symbol D/dl denotes the rate of change following the motion 
of the fluid. Since the operations D/dt and ^ are commutative, 

^^f^^(udx + vdy) (11.32) 

Consider now the expression 

^^iuds) = u^{dx) + dx^ (11.33) 


The points P, Q move with the fluid, so that the x component of the dis- 
tance separating them, dx, stretches at the rate dw, the x velocity of Q rela- 
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tive to P. Thus {D/dt)(dx) = du. Reference to Eqs. (11.2) shows that 
Duldi = — {l/p)[dp/dx). Therefore, Eq. (11.33) becomes 

^ (u dx) =- u du — ~ ~ dx 

p ox 

The corresponding expression in y and v is 

^^(vdy) = vdv-^-^dy 

Substituting these expressions into Eq. (11.32), we find that 


= ^ u d: 


d:u -f V dv 




P \dx 


m-f) 


But since p = /(p) l)y assumption, dp/p may be written as rfP, where P 
is a function of p only. 


The summation at a given instant around the closed path of the space 
differential d [(T‘'^/2) — P)] is obviously zero. Hence we obtain 


or r = constant 


(11.34) 


which was the statement to be proved.* 

This proof is readily extended to include gravity and any other body 
force that has a potential. Consequently, irrotational flow remains irrota- 
tional, in the absence of friction, and any flow generated from rest by 
gravity and pressure forc^cs alone will be irrotational. 

We may justly observe that, since pressure and gravity forces cannot 
act tangentially, no rotation can be set up by them in any element of the 
fluid. Rotation requires the tangential, or shearing, force of friction, such 
as exists in real fluids near a solid boundary or near a surface of discon- 
tinuity of velocity. The boundary layer of real fluids is therefore rotational 
and turbulent, after a more or less short initial portion that may be rota- 
tional and laminar if the body be smooth and its curvature slight. 

Thomson's theorem holds also for a real (viscous) fluid, provided that 
no vcrticity crosses the fluid line. That is, if all particles comprising the 
fluid line are initially without rotation, the circulation around the line will 
remain constant so long as the motion of all particles forming the line stays 
irrc^tional. 

n/11.14. Potential Vortex. An important example of an irrotational flow 
is the potential vortex, already discussed in Art. 4.11. It will be recalled 


* This may also be proved by using Eq. (11.8a). 
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that the streamlines are concentric circles and that the product of velocity 
and radius is the same for all streamlines, Vr = constant. From Eq. 
(11.24), the circulation about any streamline is 


r = sin a ds ^ 



Vr dd ^ 2Tr Vr = constant 


Since the value of F is different from zero for all curves enclosing the origin, 
it follows that the motion at the origin is rotational. The origin is thus a 
singular point in an otherwise irrotational flow. The flow of a real fluid 
can approximate closely to a potential vortex, except in a core at the center 
where frictional effects predominate and the motion is like that of a rigid 
body. The value of F can be expressed in terms of the angular velocity co 
and cross-sectional area of the vortex core. From the above equation we get 

F = 27r Vr = 27rcorf) = 2a;7rr§ 


where ro is the radius of the core. F is thus given by twice the product of 
angular velocity and cross-sectional area of the core. 

Since vortex motion is irrotational except for the origin, or core, a 
velocity potential exists outside the core. The expression for this potential 
is obtained by substitution in Eqs. (11.29). 


whence 


or 




d(f> 
r dd 




(11.35) 


where the constant of integration is arbitrarily taken as zero. The potential 
is a multiple-valued function that increases by F each time 6 increases 
by 27r. 

In a similar manner we may form the stream function for a vortex. 
Since dr= — Ve — — V and dip/r dd = 0, we obtain 

d\l/ F 

dr 2Trr 

whence 

^ = -^lnr (11.36) 


Figure 11.16 shows the circular streamlines and the radial equipotentid 
lines for the vortex. 
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It may be remarked parenthetically that a close analogy exists between 
a source and a potential vortex. For comparison, the stream function and 
velocity potential for each are 



quently referred to as the strength 

of the vortex. The equipotential lines of the source are the streamlines of 
the vortex, and vice versa, and (^i,, for each of which the origin is a sin- 
gular point, are multiple-valued functions, but y/zv and </>«, for which all 
points are regular, are single-valued. 

11.15. Induced Velocity. Several vortex cores or filaments may be 
enclosed by a fluid line, in which case the circulation along that line is the 
sum of the circulations, or strengths, of the enclosed vortex filaments. The 
velocity at a point in the continuum is the vector sum of the velocities due 
to each vortex present, ri/27rri, r2/27rr2, .... This velocity is induced 
by the vortex and is called induced velocity.’^ 

The induced- velocity field due to one or more vortices is similar to the 
magnetic field induced by one or more conductors carrying electric current. 
Current strength corresponds to vortex strength. 

11.16. Conclusions of Vortex Theory. It can be shown, as by Helm- 
holtz, that for a free potential vortex in an ideal fluid 

1. The strength F is permanent and is constant along its length. 

2. A vortex core must end on a solid boundary, form a closed loop, 
or extend to infinity. 

3. The circulation about any closed curve is equal to the sum of the 
strengths of the vortex cores enclosed, 

4. The velocity distributions induced by several vortices may be 
superimposed. 
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5. A vortex moves in a path prescribed by the other vortices in the 
region. 

For example, the following sketches illustrate the nature of the velocity 

patterns induced by free vortices. For 
a single vortex, the induced velocity at 
any point is V == T 1 27rr; it is small at 
a great distance from the core (see Fig. 
II. 17a). For a pair of vortices having 
strengths equal and opposite, the in- 
duced velocities are equal and the pair 
advances, as shown in Fig. 11.176. The 
eddies formed at the edges of a paddle 
are of this character. For a vortex pair 
having equal strengths, the induced ve- 
locities cause the cores to swing around 
a common center, as shown in Fig. 
11.17c. A vortex ring advances in the 
direction shown in Fig. 11.17d, because 
of the velocity induced at each element <ls by all other elements. 



Fiq. 11.17a. — Streamlines and velocity 
distribution for single potential vortex. 



Fig. 11.176. — Vortex pair with opposed rotations. 



Fig. 11.17c. — Vortex pair with the same direction. 
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11.17. Magnus Effect. Consider a circulation about a cylinder, com- 
bined with a translation. This combination is approximated in nature by 
a spinning rod falling or by a sliced golf ball, cut tennis ball, or rotating 
rifle bullet shot across the wind. Under these conditions a transverse force 
is produced, known as the Magnus effect. 

We have already shown how to develop the stream function defining 
the flow pattern about a vortex core of strength T and the stream function 
for a circular cylinder moving transversely. We have also shown that 
stream functions may be added to give the resultant flow. We can thus 

add the two stream functions and differ- 
entiate to find the velocity at any point 
in the combined flow. 

The translation of a cylinder in a per- 
fect fluid gives rise to a s^mimetrical flow 
pattern with no resultant force on the 
cylinder, as shown in Fig. 11.10. How- 
ever, when the flow appropriate to a 
clockwise vortex of stream function ^2 is 
superimposed on the flow about a cyl- 
inder in translation, given by i/'i, the in- 
duced velocity at every point caused by 
the vortex produces an unsymmetrical flow pattern, as illustrated in 
Fig. 11.18. From Eqs. (11.16) and (11.36) the resultant stream function 
is found to be 

+ ^2 = f/ ~ sin 0 - “ In r (11.37) 

Since the vortex motion has been assumed clockwise, the value of T in 



Fig. 11 . 18 . — Combination of a 
doublet, parallel flow, and vortex gives 
the streamlines for a cylinder with cir- 
culation. 
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Eq. (11.37) is negative, for, by definition, a positive value of F is associated 
with a counterclockwise vortex. 

The effect of adding a clockwise circulation is to speed up the flow above 
the cylinder and to slow it beneath the cylinder. Therefore, from Ber- 
noulli's equation the pressure on the bottom of the cylinder is greater than 
on the top. Consequently, there must be a resultant upward force, or lift, 
due to this unsymmetrical pressure distribution. There is no drag, or 
resistance, to forward motion in irrotational flow, as pointed out in 
Art. 10.11. Note that the stagnation points S are shifted below the hori- 
zontal axis. 

The lift per unit length of cylinder can be found from the distribution 
of pressure around the surface of the cylinder. One computes these pres- 
sures by using Bernoulli’s equation, in which the velocities are given by the 
stream function. Differentiating Eq. (11.37) with respect to r, we find for 
Vbj the velocity normal to r, 


Ve^- 



sin 6 + 


r 

27rr 


At the cylinder, where r — there is no radial velocity, and 




— 2U sin 6 -f 


r 

27ra 


At the stagnation points Ve = 0, 0 = and 


«in = 


By Bernoulli’s theorem, the pressure at a point a, 6 on the cylinder is 


p = constant — ^ 

= constant — ^ (ilP sin^ 6 — sin d + a ) (11.38) 
2 \ 7ra ' 


From Fig. 11.18 the 
breadth a dd is pa dd, 
of lift ~ pa sin 6 dd. 
integral, 


force on an element of area of unit length and of 
The upward component of this force is an element 
The total lift on unit length of cylinder, L, is the 





sin 0 dd 


If we substitute for p from Eq. (11.38), we obtain four terms, the first con- 
taining sin d; the second, sin® d; the third, sin® d; and the fourth, sin 6. 
But since 
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p2Tr 

/•27r 

/•27r 

1 sin 6 (Id ^ 0 

/ sin^ 6 (16 = 0 and 

/ sin^ 6 dd — TT 

Jo 

Jo 

Jo 


all terms drop out except tlie third, and 

L = - prt7 (11.39) 

This is an important result and shows that the combination of a circula- 
tion with a translation produces a transverse force directly proportional to 
the strength of the circulation and the speed of advance. Since F is nega- 
tive for the flow pattern of Fig. 11.18, Eq. (11.89) shows that L is positive. 
Usually we are interested only in the aVjsolute value of L, the direction being 
obvious. The negative sign in Eq. (11.39), which results merely from the 
convention regarding a positive circulation, is therefore frequently omitte^d. 

11.18. Kutta-Joukowski Law. Equation (11.39), which was developed 
for a cylinder, can be shown to hold, regardless of the shape of the body 
about which the circulation is assumed to take place. This mathematical 
lesult was endowed with a semblance of physical reality by Lord Rayleigh 
and soon after 1900 was given a precise application to the lift of airplane 
wings by the German Kutta and the Russian Joukow ski. Equation (11.39) 
is now universally known as the Kutta-Joukowski law. It is the basis for 
the modern vortex, or circulation, theory of the lift of wings, the thrust of 
fan and propeller blades, or the transverse force on any solid body moving 
through a fluid in an unsymmetrical attitude. 

11.19. Circulation Theory (Wing of Infinite Span). A fundamental con- 
sequence of the Kutta-Joukow\ski law^ is that, in an ideal frictionless fluid 
in steady two-dimensional motion, the existence of a transverse force on a 
wing is associated with a circulation of definite amount. The wing, for 
purposes of computation, can be replaced by a vortex filament of strength F, 
such that the lift per unit span is given by Eq. (11.39). This imaginary 
vortex filament has the properties of the free vortex of Helmholtz, except 
that it does not consist always of the same particles of fluid, is not a fluid 
line, but is ‘‘bound’’ to the location of the wing rather than drifting away 
with the transverse flow\ It has no physical reality and is called a “bound 
vortex.” 

The great contribution of Kutta and Joukowski was the provision of 
mathematical methods to compute the lift on the wing by adjustment of F 
to give a tangential and thus a finite velocity at the trailing edge. Experi- 
ments show that the lift so computed predicts the measured lift with good 
approximation. 

Physical intuition suggests that real fluid streams, separated at the 
leading edge of a wing and following the contour of the upper and lower 
surfaces, should join at the trailing edge and flow smoothly away. That 
circulation about the wing is necessary to accomplish this result is indicated 
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in the sketches of Fig. 11.19, which show successive stages in the develop- 
ment of the steady-state flow pattern around an airfoil from an initial condi- 
tion of rest. Before the motion starts, the circulation is obviously zero for 



Lift 



Lift 



Fig. 11.19. — Development of the steady-state flow pattern about a two-dimensional 
wing, (a) Start of motion: no circulation, no lift, theoretically infinite velocity at trailing 
edge, stagnation point on back of wing, (b) Formation of starting vortex behind trailing 
edge (due to high friction where shearing velocity is great); circulation of starting vortex 
equal and opposite to that about wing, (c) Circulation established about wing sufficient to 
give smooth tangential flow at traiUng edge. 

any closed fluid line. Thomson's theorem indicates that the circulation 
will remain zero for the fluid line shown dotted in the sketches, because no 
particle in it starts to rotate during the time interval considered. 

Figure 11.19a shows the flow pattern observed immediately after motion 
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starts. No rotating particles are yet visible in the flow. Consequently, 
there can be no circulation around the airfoil. The lift is zero. This flow 
cannot persist because of the high velocity gradients near the sharp trailing 
edge. Almost at once, the viscosity causes a counterclockwise vortex to 
spring from the airfoil, as shown in Fig. 11.195. A single vortex (called 
the starting vortex^’) is thus created, which has a definite strength (circu- 
lation) associated with it. But the cinailation around the dotted fluid line 
is still zero. Hence, an equal and opposite circulation must exist around the 
airfoil itself, no other vortex being present in the fluid. A lift is therefore 
set up by virtue of the l\utta-Joukowski relation [Eep (11.39)]. 

The flow pattern changes as the circulation around the airfoil increases, 
until the rear stagnation point has moved to the trailing edge. When this 
condition is reached, the high velocity gradients no longer exist in the flow, 
so that the starting vortex cannot continue to grow but travels on down- 
stream, its strength remaining constant. The lift also attains a constant 
limiting value. This state of affairs is depicted in Fig. 11.19c. 

The flow pattern around the wing (and consequently the lift) remains 
unchanged from this time on. The subsequent history and eventual 
dissipation of the starting vortex have no effect on the forces acting on the 
wing. 

11.20. Lift Coefficient. For any wing in a two-dimensional incom- 
pressible flow, the lift per unit length of span, L, is a function of the chord c, 
the angle of incidence a, the distant velocity F, and the fluid properties p 
and p. Dimensional reasoning leads to the result 

f’/. = = / (®> ') = /(«>^) (1 1-40) 

where Cl is called the ^Mift coefficient.’^ 

We can, to a good approximation, neglect frictional effects on the flow 
pattern for an airfoil, provided that the angle of incidence is not too large. 
In other words, the influence of the Reynolds number R is negligible. In 
this case, Cl depends only on a; it is in fact a linear function of a, as is 
shown below. 

It is easily seen by dimensional reasoning that, if friction is neglected, 
r = Vc f{a). Therefore, if a wing is fixed parallel to a;, as in Fig. 11.20, 
and the velocity is assumed to be wo, also parallel to x, the corresponding 
circulation is Tx = wocFi, where Fi is a constant, because the angle of 
incidence (referred to the tangent to the lower surface of the wing) has 
the fixed value zero. Similarly, if the velocity is assumed to be the 
corresponding circulation is F*, == vo^^F 2 , where F 2 is a constant, because 
the angle of incidence has the fixed value of 7r/2. 

If these two flow patterns are superposed, the resultant velocity will 
be V and the angle of incidence will be a', as in Fig. 11.20. Furthermore, 
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the resultant circulation will be the algebraic sum of the component cir- 
culations, since it is a scalar defined in terms of the velocity components 



Fig. 11.20. 


Thus, r == Fx + Fj, = c(?^oFl + ruF 2 ). From Fig. 11.20, Uo = V cos a' and 
Vq—V sin a', so that 

F = cF(Fi cos a' + F 2 sin a') 

Let tan a" = F 1 /F 2 ; then Fi = VFf -f FI sin a", and F 2 = VFJ -f F^ cos a" 
F = cFVff+ T] sin (a' + a") 

It is seen that, for a' = — a", F = 0. The angle — a" is thus the angle of 
zero lift. Since Fi and F 2 are independent of both the magnitude of the 
velocity and its direction (angle of incidence), we may write, for small 
angles, 

F = constant (a' + a")Vc 

and 

L = pVr = constant pV^c(a' + a") 

Introducing the lift coefficient, we get 


~pV^c/2 


constant (a' + a") 


constant a 


(11.41) 


where a is measured from the attitude of no lift. 

This analysis makes the important prediction that for small angles the 
lift coefficient should vary directly with the angle of incidence, and experi- 
ment verifies the prediction. A more elaborate analysis shows that the 
constant has the numerical value 27r, and experiment shows this to be a 
close approximation for actual cases. For a wing in air, it is found that 

Cl = 27rTya 
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where the correction factor for frictional effects tj is of the order of 0.9 for 
modern airfoil sections. This result, of course, applies only to a wing of 
infinite span or aspect ratio (two-dimensional flow) inclined at angles well 
below the stalling incidence, 

11.21. Circulation Theory (Wing of Finite Span), While the Kutta- 
Joukowski concept of a bound vortex replacing the wing predicts the lift 
per unit span of a wing of indefinite extent, it cannot be applied to the 
practical case of a wing of finite span, without modification to account for 
the three-dimensional flow near the tips. According to the rules of vortex 
motion, the bound vortex (;annot end at the wing tips but must continue 
out into the fluid, either forming a closed loop or extending to infinity. The 
theory must therefore explain where the unbound portion of the vortex is 
located. Furthermore, the theory must account for the fact that the lift 
(and hence the circulation) drops off gradually to zero at the wing tips, 
even though the circulation of a vortex is constant along its entire length. 

Lanchester first suggested that, at each wing tip, there must be a flow 
of air from the high-pressure region below the wing toward the low-pressure 
region above it. This flow sets up a vortex that is a continuation of the 
bound vortex of the wing. The trailing vortex shed from each wing tip is 



thus a free vortex whose core follows the streamlines of the general flow 
past the wing tip. There is ample evidence of the existence of such trailing 
wing-tip vortices. When temperature and humidity conditions are favor- 
able, ^ Vapor trails left by the wing tips of an airplane extend for miles 
across the sky. The lowered temperature accompanying the lowered 
pressure at the core of the vortex causes condensation. 

The Lanchester concept of a horseshoe-shaped vortex filament extend- 
ing indefinitely to the rear was developed by Prandtl into the modern 
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circulation theory of finite wings, by means of which great advances have 
been made in airplane design. In the simplest form of the theory a wing is 
replaced by the bound portion of a vortex of circulation T, which extends 
back from each wing tip to join the starting vortc^x. Thus we have a closed 
loc p of circulation F at all points as the equivalent of the wing (see Fig. 
1 / 21 ). 

Within the loop formed by the closed vorti^x filament, there must be a 


D| 



downward component of velocity, induced by the circulation. The down- 
ward momentum imparted to the air as the wing advances is a measure of 
the lift, w^hich may be considered to be transmitted to the ground as a 
momentary increase of pressure, due to impact of the down-wash. 

At any point along the lifting line A J?, w hich replaces the wing, there will 
be a horizontal velocity V due to the forward motion of the wing and a 
down-wash, or vertical component, of velocity w, due to the horseshoe 
vortex. As the starting vortex is far distant or, in a real fluid, quickly 
destroyed by friction, the down-wnsh cy is caused by the trailing vortices. 
If the wing span were infinite, the trailing vortices would have no effect 
and the only velocity would be V. This is, of course, the two-dimensional 
case, where the Kutta-Joukowski law applies. 

For a finite wing the flow about any section takes place as in the two- 
dimensional case except that V has become Vi and is inclined by a small 
angle e to the direction of V, The lift Li, caused by the flow, is normal to 
the direction of Vi and is also inclined to L by the angle e. The Kutta- 



Sec. 11 . 23 ] 


LIFT ON COMPLETE WING 


245 


Joukowski law then states, for the case of the finite wing, 

Li = pViT 

From Fig. 11.22, the following relations are evident: 

w Di . 

t/ = -r = tan € = € 

V Jj 

L V 

Y = ^ == cos e = 1 Li = L F< = F 

iji V i 

w 

ao=a — e=a-y 

11.22. Induced Drag. The effect of the trailing vortices is, by means 
of down-wash, to reduce the effective angle of attack and to rotate the 
transverse (lift) force vector to the rear, so that it has a component Di in the 
direction to oppose the motion. Di is, in fact, a drag and is given the name 
^‘induced drag^’ because of its origin, e is an induced angle of incidence, 
and w is an induced velocity. Mathematically, w is analogous to mag- 
netic-field strength and F to current strength for a horseshoe-shaped elec- 
trical circuit. 

The apparent paradox of drag in a frictionless fluid must be noted. 
This induced drag is represented by the kinetic energy supplied to the trail- 
ing vortices as they are left behind. In a real fluid there will be an addi- 
tional drag due to friction. It should be further noted that the induced 
drag is independent of the shape of the wing section or its chord length and 
depends only on the section lift. Since lift depends on angle of incidence, 
which in turn determines the circulation necessary to maintain smooth 
flow, it is apparent that the induced drag for a given wing will increase 
with the angle of incidence. 

It is important to observe that this form of the theory only partly ac- 
counts for the objections first raised. The objection that the bound vortex 
must go somewhere upon reaching the wing tip has been answered by 
postulation of trailing free vortices. The other objection, that the lift 
must drop to zero at the wing tip, has not yet been met, since a single 
vortex filament (which must have a constant strength along its entire 
length) has been assumed to extend across the whole span and to turn 
abruptly at the wing tips. 

11.23. Lift on Complete Wing. The preceding discussion must be 
thought of as dealing with the lift on only the central portion of the total 
span of a wing. To compute the lift on the complete wing, further refine- 
ment of the basic concept is required, A single vortex filament of constant 
circulation F implies a constant lift at every section out to and including 
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the wing tips. This is obviously impossible, as the lift must fall to zero at 
the wing tips. Furthermore, the down-wash assumed small, varies in- 
versely as the distance from the trailing vortex and becomes large near a 
wing tip from which a vortex of finite strength is shed. 

Prandtl resolved the difficulty by considering that, since circulations 
about parallel filaments may be superposed, it is immaterial to the Kutta- 

Joukowski law if we substitute for r, where T is made up of the sum 

of circulations of a large number of filaments, each of infinitesimal circula- 
tion dr. Then he considered, instead of a single lifting line with one pair 
of trailing vortices, a bundle of such lifting lines of different lengths, each 
with its pair of trailing vortices. By adjusting the lengths of the elements 
one can get any desired distribution of circulation along the wing span and 
hence a corresponding distribution of lift. For each section, L = pFF, 
where F is a function of the distance from the axis of symmetry of the wing. 

Figure 11.23 illustrates a rough distribution of circulation and lift 
across the span of a wing. In the limit an infinite number of vortex fila- 
ments, each of strength (/F, can be imagined, with a trailing vortex sheet 

behind the wing. Prandtl 
discovered that an elliptical 
distribution of lift for a given 
span gives a constant down- 
wash at all points along the 
span and that the total in- 
duced drag is a minimum for 
a given total lift. 

This conclusion from anal- 
ysis has been of the highest 
technical utility, as practical 
wings of elliptical plan form 
or of conventional taper are 
found experimentally to have 
an elliptical lift distribution 

Fic 3. 11.23. — Diagrammatic sketch of distribution of , i . 

circulation along span of finite wing. ^ Very gOOd approxima- 

tion. 

For constant down- wash we have similar vector triangles of velocities 
and forces at all points along the span. Then the induced drag on the whole 
wing, made up of the sum of section drags, will be 

p,* _ w 

L^V 



We introduce nondimensional lift and drag coefficients, in terms of the 
wing area S, 
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L = Ci I V^S Di = Cx>. I V^S 

and obtain 

Cpj _Di _ w 
Cl~~L'~'V 

Computations carried out for the elliptical distribution of lift reduce to the 
following important relation for the necessary down-wash in terms of the 
aspect ratio ^ of a wing of span h: 

w ^ Cl 

V ttA 

where A is defined as = span/mean chord = b/{S/b) = ¥/S. Further- 
more, since e = w/V == Cl/tt/I = CdJClj 


and the effective angle of incidence 


Oo = « - 6 = 


a — 


Cl 

ttA 


where a is the geometrical angle of incidence. 

An important conclusion of the theory here outlined is that the induced 
drag of a wing having a given Cl is reduced directly as the aspect ratio is 
increased. Modern long-range airplanes, consequently, have narrow wings 
of the greatest span that can be built in the current state of the art of 
materials and structural design. 

The effective angle of incidence for a finite wing has been shown to be 
less than for a wing of infinite span by the angle of down-wash induced by 
the trailing vortices. For a given geometrical angle of incidence, the section 
lift must be correspondingly less than for the infinite wing, since the lift 
coefficient varies directly with the effective angle of incidence. 

The slope of the lift curve for a wing of infinite span is determined by 
Cl = 27ra from the two-dimensional theory of Kutta and Joukowski. But 
for the finite wing 


and 

Therefore, 


Cl = 27rao a = ao + 


da _ dap _ 1 

^L^dCl^TA^2T^ 


dCL 2TrA 


da A + 2 


< 27r 


Cl 

ttA 

J_ 

tA 
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The effect of aspect ratio is therefore to flatten the slope of the lift-coeffi- 
cient curve, as indicated in Fig. 11.24. 



Fio. 11.24. — Diagrammatic comparison of curves of lift coefficient Cj^ versus angle of inci- 
dence OL for wings of finite and infinite span. 

11.24. Polar Diagram and Profile Drag. For a real wing in a real fluid 
the total drag at any given attitude is made up of the induced drag Di, 
associated with the circulation and lift developed, and, in addition, a drag 
due to friction of the fluid and defects in the smoothness of flow around the 
wing section, or profile. This latter portion of the total drag is called ^‘pro- 
file drag^’ because it depends on the shape, or profile, and not on the plan 
form or aspect ratio of the wing. For infinite span the induced drag is 
zero, and the total drag is the profile drag, designated by Do. 

We may write in coefficient form, 

T/) = Cdo + Cd, = Ci)^ + 

where 

Cn,^DJ(p/2)V^S 

We observe that a plot of Cl versus Cd- for given A will be a parabola, 
and we know from experimental evidence that the profile-drag coefficient 
Cdo is substantially constant for small angles. 

The relative merits of various wing profiles are conventionally dis- 
played by plotting experimentally determined values of Cl versus Cd 
on a so-called polar diagram,'' together with the corresponding angle of 
incidence. On this polar diagram the induced-drag-coefficient parabola is 
plotted from Cm = CUttA to serve as a reference to the ideal case of no 
friction. The curve of observed values lies to the right of the parabola by 
the amount of the profile-drag coefficient as shown by Fig. 11.25. 

For a smooth airfoil at a small angle of incidence the profile drag is 
nearly equal to the skin friction on a flat plate moving edgewise. However, 
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when a wing or blade is held at too great an incidence or if the curvature is 
abrupt, the fluid cannot follow the contour, circulation is interfered with, 
and there is both a loss of lift and a sharp increase in profile drag, due to the 
formation of a large eddying wake stream. The wing is then said to be 
‘^stalled'^ because of flow separation. 



Fig. 11 . 25 . — Polar diagram for an airfoil of finite span. {After Prandll.) 

11.26. Section Profile Drag. Airplane wings are usually tapered in 
plan form, not only to approximate the favorable elliptical distribution of 
lift and circulation, but also to save structural weight in the design of the 
cantilever girder. Structural considerations require a thicker wing near 
the root and a higher profile drag than would otherwise be chosen. Conse- 
quently, a designer frequently must estimate the profile drag of a wing 
having airfoil sections varying from root to tip in some regular manner. 
Furthermore, in actual construction, the unavoidable roughness of the 
surface of the wing may increase skin friction (and consequently the actual 
profile-drag coefficient) considerably above the values reported from wind- 
tunnel tests with polished models. 

The ‘‘pitot-traverse^^ method was developed by Sir Melville Jones to 
estimate the section profile drag from measurements in flight. The theory 
is an approximation that has been found to give results within the precision 
of the experimental observations [5a]. 
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Let a wing move through still air of density p. The relative velocity 
of the air is V, except in a well-defined region behind the wing, where it is 
less than V. This region is called the “wake^' and represents a loss or de- 
fect of momentum corresponding to the profile drag. If there were no 
friction, there would be no wake or profile drag. The plane of Fig. 
11.26 is normal to V and is sufficiently far behind the wing to have the 



Fig. 11.26. 


'A 


velocity across the plane sensibly equal to F except in the wake where it is 
Fa. The static pressure is sensibly equal to that in the undisturbed stream. 
If dS is an element of area of the plane AA and Fa is the air velocity in the 
elementary area, the mass of fluid passing per second through a stream tube 
of section dS is pFa dS. If there were no wing friction, the velocity of 
this mass of fluid would be F. There has thus been a change of momentum 
flux equal to pFa d>S(F — Fa). The drag of the wing causes the total 
momentum change in the air passing plane ^1/1, so that 


f pFa(F 


Fa) dS 


However, it is not possible to measure Fa in the wake at any con- 
siderable distance behind an airplane in flight. Even if we could do so, 
we should find that the wake had become so diffused and widened by the 
effects of turbulent mixing that the pitot-tube measurement of velocity 
differences over the plane AA would be useless. Furthermore, the wakes 
created by various parts of the airplane could not be identified, as each 
elementary stream tube leaving the trailing edge of the wing would have 
mixed with its neighbors. 

The assumption is made that it does not matter to the wing how the 
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wake is diffused and that we may replace tlie real wake by an imaginary 
one in which stream tubes leaving the wing and passing the plane BB con- 
tinue unmixed through AA^ without further loss of total pressure. In 
other words, the Bernoulli constant is unchanged behind the wing in this 
hypothetical wake. At the plane BB^ normal to the wake, the mass flow 
per unit time in a stream tube of section dS' is pVs dS\ This mass when 
passing the plane AA has velocity and the drag of the wing must be 

D-= f pVb{V - Va) dS' 

•/aS" 

The integration is taken across the wake since no other part of the plane A A 
contributes to the drag. Note that we use BB^ the plane of measurement, 
only to determine the amount of fluid ultimately discharged into the parallel 
wake where the static pressure is again that of the general stream. 

The Bernoulli constant of the undisturbed stream is Po = Po + (p/2)V^y 
where po is the atmospheric pressure. In the plane of measurements BB, 
Pb - Pb (p/2)T^. In the plane A A the static pressure is again equal to 
the pressure of the undisturbed atmosphere. Since we assumed no loss 
of energy between BB and A A, Bernoulli's equation yields 

Pi. = Pb + ^ + I = p„ + ^ Fi 

whence 

Y2 _ ^(-^0 ~ Po) _ ^P'o 

P P 

72 ^ 2(P ^ - Po) ^ ^ 
p P 

T72 _ 2(Pb — Pb) 

7 ,= - 

and 

D - Pb (V7^ - VH) dS' 

By measuring Pb and Pb with a pitot tube at a number of points in 
line BB and knowing P^ = one can plot values of the function 

2VPj5 — Pb (V P'o — VPb) in terms of the distance along the line BB. The 
area hatched in Fig. 11.27 represents the profile drag per unit of span 
divided by 2Pq, the momentum flux through unit cross section of the un- 
disturbed stream. 

The profile drag measured in a wind tunnel by the wake-survey method 
is found to be within 1 or 2 per cent of the profile drag obtained by sub- 
traction of the computed induced drag from the total drag measured by 
the balance mechanism. 

Tests in flight, made with apparatus as shown in Fig. 11.28, on actual 
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airplane wings usually indicate higher section profile drag than polished 
wind-tunnel models, owing to unavoidable roughness of manufacture. 
A factory-painted metal wing showed a section-profile-drag coefficient of 
0,007, which was reduced to 0.005 by sanding and polishing. 



Fiq. 11 . 27 . 
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11.26. Boundary Layer. On a solid boundary a real fluid is at rest 
relative to the body. It was stated in Chap. X that near the boundary 
there is a strong velocity gradient dV/dn which decreases to zero at the 
outside of a narrow boundary layer of fluid, where the velocity of potential 
flow is reached. In this boundary layer, viscous forces predominate. Out- 
side the boundary layer, viscosity is unimportant because the velocity 
gradient is small. 

The boundary layer is thin initially but becomes turbulent and thickens 
as the flow progresses along the surface. In order to prevent this layer of 



relatively slow-moving fluid from a(‘cumulating, there should be a fall in 
pressure along the surface in the direction of relative flow. Otherwise there 
is risk of flow separation. 

Figure 11.29 shows a falling pressure at the forward end of an airfoil on 
the upper surface, and a gradually rising pressure over the lower surface 
and part of the upper one. This type of pressure distribution corresponds 
to an angle of incidence giving practically no lift. 

11.27. Flow Separation. When the wing is turned to a sufficiently 
large angle of incidence, the pressure distribution assumes the form given 
in Fig. 11.30. The boundary layer on the upper surface then thickens 
and the fluid next the wall moves upstream as a result of the steeply rising 
pressure. Note that the main flow has separated over the back of the 
wing and the eddying wake stream is much broader than in Fig. 11.29. 
The lift of such a wing will be poor because circulation is not good, and 
the profile drag will be high because energy is lost in the wake. 

11.28. Stalling. At a somewhat larger angle of incidence, separation 
will occur over the entire upper surface, and the drag will be relatively 
enormous. The wing is now stalled,^’ as indicated by Fig. 11.31. Circula- 
tion has been further interfered with, and the lift may be even less than at a 
smaller incidence. 
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The boundary layer contains the key to flow separation and the develop- 
ment of eddies. The lines A B and CD represent surfaces of discontinuity 
as studied by Helmholtz and Kirchhoff. The fluid is continuous in the 
ordinary sense of having no voids, but the velocity is continuous only in 
the region outside the wake stream bounded by A B and CD. These sur- 
faces mark a sharp discontinuity in the velo(;ity of fluid particles. 
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11.29. Characteristic Curves. The lift and drag at given incidence 
are found experimentally to vary nearly as the area of the wing, the density 
of the air, and the square of the velocity of the stream, t.e., the lift and 
drag coefficients are found to be practically constant. This behavior is 
found in steady motion, where the velocity at no point in the flow ap- 
proaches the velocity of sound. More refined experiments bear out the 
result of dimensional reasoning, that, at given incidence, the lift and drag 


Cl/Cd 



a . degrees 

Fig. 11,32. — Characieri.stic curves for an NACA 4412 airfoil in two-dimensional flow. 
See Fig. 10.6a for the shape of this airfoil. 


coefficients for any particular shape of airfoil depend on the Reynolds 
number Vc/v^ where c is conveniently taken as the chord. The drag 
coefficient Cd as a function of the Reynolds number is found to vary rather 
slowly. Cl for modern wings varies but little with the Reynolds number, 
indicating that friction plays only a small part in the maintenance of 
circulation. The ratio ClICd is a measure of the usefulness of a wing. 
A typical wing has characteristics given by Fig. 11.32. Note that the 
wing is stalled at about a 15-deg incidence, where Cl reaches its maxi- 
mum. 

11.30. Airplane Mechanics. An airplane in steady level flight has its 
weight balanced by its lift and its drag by the propeller thrust. Thus 
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W = weight ^ Cl^ V-A 
T = thrust = (Ci> + Cf) g FM 

where Cd is the drag coefficient for the wings and (7/ is the parasite-drag 
coefficient for the rest of the airplane; A is the wing area. The power re- 
quired is obviously 

TV 

The power available is the engine power Pe times the efficiency of the 
propeller, or 

Pa = PeV 

For a given speed it is necessary that Cl = 21F/pT^‘M to support the 
weight. To this Cl there corresponds a single value of Cd and a corre- 



Fig. 11.33. — Power available Pa and power required Pr as functions of speed of an airplane 
at sea level and at high altitude. 

sponding angle of incidence a, which may be found from the characteristic 
curve for the wing used. C/, which is nearly independent of a, may then 
be added to C/j, and Pr computed. Typical speed-power curves for an air- 
plane are given in Fig. 11.33, in which Fi is stalling speed, F 2 is maximum 
speed, Vz is speed of best climb, and Pc is power available for climb. 

Note that, at high altitude, the engine power will be much lower (unless 
supercharged) and that the power required is higher for low speed and 
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lower for high speed than at sea level. For example, if the density is half 
that at sea level, to maintain a recjuired (h necessitates a doubled angle of 
incidence at the same speed or a 40 per cent higher speed at the same in- 
cidence. Eventually an altitude may be reached for which the curves of 
Pa and Pu become tangent at a certain speed. This is the absolute ceiling 
for the airplane with the particular engine installed. 

When turning with speed V on a radius r, the airplane must be banked 
at an angle d such that the centrifugal force 


and the weight 
Hence 




gf' 


= L sin 6 


IV = L cos e 


F 


W 


, = tan 6 = 


F2 

gr 


The force diagram is given in Fig. 11.34. 

The necessary aright of bank is greater for higher speeds and for sharper 


L 



Fig. 11.34. 


turns and is independent of the weight or size of the airplane. Any object, 
including the pilot, of weight w experiences a force opposite to the lift 
vector that is the vector sum of weight and centrifugal force, or 

Apparent weight = \/(^^) w^^/tan^ 0 -f 1 == ^ - 

For a sharp bank the pilot^s apparent weight can be several times his 
normal weight, and serious structural or physiological damage may result. 
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In a glide with power cut off the component of the weight along the 
flight path balances the drag D. The lift of the wings L, normal to 
the flight path, balances the component of W normal to the flight path. 
The flight path is inclined at an angle 6 to the horizon and at an angle a 
to the wing. For equilibrium, these three forces W, i>, and L must meet 
at the center of gravity (see Fig. 11.35). 


L = ir cos (9 = C,. ^ V-A 
D = W sin 6 ={Cd + C/) § VU 
tan 0 = y 


Since for each angle of incidence a there is one value of D/L (ranging 
down to about ^ 15 ), there is also a single corresponding angle of glide 6. 



When L = 0 , 0 = 90 deg and the glide becomes a vertical dive in which 
D = W. The speed of such a dive is called the ^Herminal velocity.” 




2W 


{Cd + Cf)pA 


Modem airplanes with high wing loading W/ A, low parasite resistance C/, 
and flat wings of low Cd may attain dangerous speeds in such a dive. 

11.31. Lift at Subsonic and Transonic Speeds. It is found in wind- 
tunnel tests that the lift coefficient tends to increase with increasing Mach 
number, other things being unchanged. This rise in Cl continues up to 
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the critical Mach number Me] but above this value Cl drops off rapidly, 
and Gd rises. These rapid changes in Cl and Cd are due to the formation 
of shock waves, as described in Art. 10.13. A typical Cl versus M curve is 
shown in Pig. 11.36. 

This behavior of Cl is important in the flight of an airplane, not only 
because of the loss of lift, but also because of the changed flow around the 



M 

Fio. 11. .30. — Lift coefficient Cl versus Mach number M, 

control surfaces in the wake of the wing. The decrease in circulation around 
the wing results in a diminished down-wash, so that the airflow around the 
control planes is deflected upward from its original direction. The tail thus 
tends to rise and further to complicate the control problem, which may al- 
ready be serious, owing to compressibility effects on the elevators them- 
selves. 

11.32. Theory of Small Perturbations for Subsonic Speeds. Glauert 
and Prandtl have developed an approximate theory by means of which the 
effect of compressibility on the pressure distribution around a thin body 
can be computed. The basic assumption is that the body be so thin and 
inclined at such a small angle as to cause only small percentage changes in 
the velocity of the flow. If U is the undisturbed-flow velocity and u' and v' 
are the additional components caused by the body, it is assumed that 
u'/U and v' /U are so small that their squares and products can be neglected. 
This assumption is obviously not fulfilled in the neighborhood of the 
stagnation point at the nose of a body; but if the body be thin, this region 
is small and so is the resultant error. 

It is further assumed that pressure and density are related by the re- 
versible adiabatic equation [Eq. (9.5)] p/ = constant. This, together 
with the additional assumption of steady irrotational flow, leads to the 
following equations: 




(11.42) 
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1 

1 

1 

II 

a 

(11.43) 



(11.44) 


where pi = p/po, pi = p/po, Vi = F/Co, Ci = C/Co, and the subscript zero 
refers to the fluid at rest. Since we are considering only the two-dimen- 
sional case, Eqs. (11.5) apply and may be combined with Eqs. (11.28) to 
give 


3 ^ _ 3 (/> 

dy dx 


dip _ dcf) 
dx dy 


(11.45) 


Elimination of xp from these equations, by use of the fact that 
d^\l//{dx dy) = d‘^\l//{dy dx), gives 


Pi 


^dx- drf) 


dpi dpi 

dx dy 


(11.46) 


But from Eq. (11.43) one gets 


whence 



1 

II 

PiVi 

Cl 



(11.47) 

dpi _ 

Pi dVl 

Pi 


dvA _ 

Bil 

d^ 

V] d'^(t> \ 

dx 

2Cl dx 

Cl 

dx) 

q' 

\,Co dx- 

Co dx dy) 


dpi _ 

-£}{ 

(ui d^4> 

V, d'^4>\ 







\Co dx dy 

ITodf) 





Substitution of these expressions into Eq. (11.46) yields, finally, 
/ u^\ d^<t) 2uv d‘^(l> / \ 52 ^ ^ 

[ cy dx^ d^y V cy 5? " 


(11.48) 


Equation (11.48), which is nonlinear since u, v, and C depend on <f>, 
must be satisfied in a compressible flow. It replaces the relatively simple 
linear Laplace equation [P]q. (11.31)] for incompressible fluid, to which it 
is seen to reduce if u and v are each very small compared with the local 
sound velocity C. 

Introducing now the assumption peculiar to the method of small per- 
turbations, we let 

u ^ U + u' 

V ^ v' 
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where u'/V and v'/U are so small that their squares and products 
are negligible. The sort of 

flow considered is shown in U 

Fig. 11.37. Substituting for 
and V in Eq. (11.48), noting 
that d^(l)/dx^, d^(t>ldi/, and 
d-(t>/{dxdy) are all on the order of u' or v\ and neglecting terms of the 
order u'‘\ we get 





u^\ 


dx‘^ dif 


(11.49) 


With the aid of Eq. (11.44) it is readily found that 

1+ (/c 


in 


Cl 


1 ) 

^''oo - 


I + (k - 1) ^72 


when* is the sound velocity and M is the Ma(4i number in the fluid 

having speed i'. Equation (11.49) can 
thus be written 





(11.50) 


with negligible error (on the order of ?/'^). 

It will be noted that P]q. (11.50) ap- 
j)lies to either subsonic or supersonic flow, 
M may be either greater or less 


since 


than 1. For the present we are con- 
cermid only with the subsonic case, for 
which 1 — AP > 0. If we intr oduce a 
new independent variable = 2 / VI — APy 
Eq. (11.50) reduces to the Laplace equa- 
tion 

in the XyTj plane. If, then, we know the 
value of (t> at any point in an incom- 
pressible flow, we can assign this value 
of (t> to the corresponding point Xyy of 
a compressible flow. This procedure 
may be visualized with the help of Fig. 
11.38, in which are shown three values of 0 in the Xyt] plane and the same 
three values at the corresponding points of the x, 2 / plane. From this fig- 
ure it follows that 
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or 

and 

or 


d<t> _ 1 30 ' 

drj Vl - M 2 dy 



(11.52) 


30 _ 30 1 

3a: 3a: I (11.53) 

Ui Ui — ?7c + J 


where subscripts i and c refer to incompressible and compressible flow, re- 
spectively. The ratio of the slopes of the streamlines at any pair of 
corresponding points is thus 

Ui -f u'i ^ ^/, _ ( 1 1.54) 

Uc 4- u'c Vi 

It is to be noted that the boundary of the body in the incompressible flow 
is not mapped into a streamline of the compressible flow. The slope of the 

line joining these mapped p oints is 
increased by a factor 1/Vl — 
over that in the x^tj plane, while the 
slope of the streamline through any 
mapped point is reduced by the 
factor V 1 — Af 2 below that through 
the original point in the x,7] plane. 
The curve ABCDEF of Fig. 
* 11.39 represents the surface of a 
body in incompressible flow, and 
A'BV'D'ET' is the map of this 
curve in the x^y plane. The stream- 
lines of the compressible flow ob- 
tained from the mapped values of 0 
are shown as heavy lines in the x^y 
plane. It is seen that between A' 
and F', B' and JS", and C' and D' 
there are no 0 values to map, the 
corresponding points in the a:, 77 
X plane lying inside the body. The 
dotted portions of the streamlines 
are obtained in the following way: 
Any distance, such as G'C', between a point on a dotted streamline and 
the termination of the full streamline directly above it is on the order of 5, 
the thickness of the original body. This thickness, however, is measured 
by a mean value of the slope times the length of the body 1. Hence 
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G'C' 5 v'i v’c 

— 

I I Ui Uc 


Furthermore, du'd dx is of order udL It follows therefore from 
Eq. (11.50) that dv'ddy is also of this same order of magnitude. The 
difference between the values of Vr at O' and C' is thus given by 




u'cV- 


(11.55) 


It can also be shown, from the irrotational nature of the flow, that 


PUC ^ OPr ^ Vc grfjt _ ^ 

uy ux f' Uc 


(11.55a) 


Both these differenct^s are negligible by hypothesis. Hence, at a given 
value of X, the slopes of all the dotted streamlines are the same as that of an 
adjacent full streamline. 

The dotted streamline^ A 'Q'F' ^ which joins the stagnation points A' and 
F', is a boundary of the compressible flow and thus may be considered as 
the outline of a body. It is clear from Eqs. (11.54), (11.55), and (11.55a) 
that any ordinate of this body, such as //'G', is related to the ordinate HC 
at the same value of x by the equation 

G'H' = CH 


It is readily seen from this result that the approximate streamline pat- 
tern about a thin airfoil in a subsonic compressible flow can be obtained 
from that for an incompressible flow about an airfoil of the same length but 
whose thickness, angle of attack, and camber are all greater by a factor 
1 / Vl — than those of the first airfoil. 

Practically, we are interested in knowing the relation between the lift 
coefficients for these two airfoils. This relation is found as follows: 

The lift coefficient for the compressible flow in the x,?/ plane may be 
defined as 

„ A? 

PJIJV2 pjjy2 


where I is the chord, Ap is the average pressure difference between the lower 
and upper surfaces of the profile, and p^ is the density and Uc is the ve- 
locity of the distant fluid. The Euler equation [Eq. (4.7)] reduces in this 
case to 


r 


P 2 


which, together with the formula p/p* = constant, yields 
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or 



k-l 

Cl 


UcU\ 


') 


k/(k-i) 


1 - 


kUcM'c 

Cl 


P - P® = 


fep® 

Cl 


UcU'c = - p» CcU'c 


where terms of the order u'l have b(«n neglected. Therefore 


^P = - Poo Cc Aa; 

and 

Clo = - (11.50) 

The lift coeffieient for the incompressible flow around the profile in the 
x,ri plane is found by similar methods to be 

r - - 

Vi 



Fig. 11.40. — Ratio of the slopes of the lift-coefficient curves for compressible and in- 
compressible flow dC i^/dC vc^rsus Mach number M. (After H. von Mises, reference 4.) 


Thus the ratio of lift coefficients is 


^ Au'i 


(11.57) 


Since Eqs. (11.53) apply at all pairs of corresponding points^J^ey hold 
far upstream where = Uc = 0, Hence Lh — Ucj u\ — Uc^ and AwJ = Aur. 
Therefore, using Eqs. (11.55a) and (11.57), we find that 

Cl, = Cl, 

It is easily seen that the lifts and pressure distributions, also, are the 
same for these two airfoils, provided that is the same of both. 

The question now arises as to the effect of compressibility on the lift 
coefficient of a given profile at a given angle of attack. It is found that in 
this case 
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CLi Vl - 


(11.58) 


The details are left to the reader (see problem 11.19). 

The theoretical formula, Eq. (11.58), is found to agree well with experi- 
ment for M less than about 0.6, as shown in Fig. 11.40. Here the measured 
value of dCic/dCLi is compared with that computed from Eq. (11.58), at 
different values of M, The computed value is, obviously, l/^/l — 

The increasing divergence between experiment and theory for values of M 
greater than 0.6 is due to the fact that variations in the local Mach number 
and its approach to 1 in (certain regions can no longer be ignored. 

11.33. Lift at Supersonic Speeds. The flow pattern around a wing at 
supersonic speeds is characterized by the nose and tail shock waves already 
discussed in Art. 10.14. An idealized example, the two-dimensional 
flow around a thin flat plate in an unsymmetrical attitude, is given 
in Fig. 11.41. The approaching flow remains unaffected by the plate 
until the fluid reaches the lines oa and oc. On the upper side the fluid 
expands and turns gradually until at the line oh it is moving parallel to 
the plate. It then flows in a straight path to the line o'c', where the stream 
is suddenly deflected back to its original direction. On the lower side the 
stream turns suddenly at the line oc, moves parallel to the surface, and 
then gradually returns to its original direction between o' a' and o'V, The 
pressure and velocity are constant over both the upper and lower surfaces, 
the pressure being greater underneath than above. It is thus a relatively 
simple matter to compute the lift and drag of the plate. 

The theoretical flow pattern of Fig. 11.41 is based on the assumption of 
two-dimensional irrotational flow. It is 
found that a solution of the equations of 
motion exists which satisfies these pos- 
tulates and which yields the flow pat- 
terns for the expansions around the sharp 
corners, z.c., it gives the streamlines and 
pressure distributions in the wedges aob 
and a'o'h', A second solution is known 
which gives the oblique shock lines oc and Fig. ii. 41 . — Supersonic flow past 
o'c' by which the fluid is turned and sud- ^ 

denly compressed. Schlieren photographs 

of the flow of air past a plate are practically identical with the theoreti- 
cal pattern. 

The occurrence of drag in this two-dimensional compressible flow is at 
first sight even more baffling than that in the three-dimensional incom- 
pressible flow around a wing of finite span. For the wing of finite span 
the origin of the drag is the continual introduction of rotation into the 
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fluid by the trailing vortices. In the present problem, on the other hand, 
the flow near the plate is entirely irrotational. It will be observed, how- 
ever, that the lines oc and o'a' extended will intersect. Since o' a' represents 
a wave of rarefaction, its junction with the shock line oc will result in a 
decrease in the pressure jump across oc. The shock line will thus become 
more oblique and will eventually intersect all the rays from o', after which 
it will have disappeared completely, since the pressure rise at the leading 
edge is exactly equal to the pressure drop at the trailing edge. It will be 
shown below that rotation is introduced into the flow along that part of 
the shock line beyond the point of intersection with o' a', where the condi- 
tions cease to be the same at all points on the shock. The drag thus results 
from the continual input of rotational kinetic energy into the fluid at some 
distance from the plate. 

11.34. Theory of Small Perturbations for Supersonic Speeds. As 

already mentioned, Eq. (11.50) of the Glauert-Prandtl theory is applicable 
to supersonic flow. In this case, since M > 1, the equation is written 

It is readily shovm by direct substitution that a solution of this equation is 
</) = t/o: + fix - \/M^“l 2 /) + Fix + (11.59a) 

where / and F are arbitrary functions of their respective arguments. 


a 



c 

Fig. 11.42. 


Equation (11.59a) will be applied to the supersonic flow around a small 
angle, as shown in Fig. 11.42. 

Ux is the velocity potential for the undisturbed flow approaching the 
angle. The function fix — y / — ly) is the potential for an additional 
flow superposed on the main stream. Since the argument of / is constant 
along a straight line of slope 1/VAf^ ~ 1, both / and its derivatives 
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3 // dx = u' and df/ dy = v' are also constants along such a line. There- 
fore, the additional velocity is normal to this line and has a constant value 
everywhere along it. We can accordingly build up a supersonic flow pat- 
tern that is theoretically correct by choosing suitable additional velocities 
to turn the stream through an angle 3 when it reache s the straight lines oa 
and oc. The angle a == sin~^ IjM ^ tan“^ \j\/M‘^ - 1 that these lines make 
with the X axis will be recognized as the Mach angle. The lines oa and ec, 
known as '^Mach lines,'' represent standing disturbances or wavelets; the 
component of the approaching velocity normal to the wavelets is U sin a, 
which is equal to the sound velocity in the undisturbed flow. 

The potential F(x — ly) gives disturbance velocities along 

lines of slope In the present example, however, the 

boundary conditions are satisfied without any such wavelets, and F must 
be put equal to zero. 

Figure 11.42 may be considered as the flow around a flat plate. It 
is a simple matter to compute the lift coefficient for the plate from 
the theory presented above. We note that the velocity (and hence the 
pressure) is constant over the upper and lower surfaces of the plate. The 
lift coefficient is easily expressed in terms of these constant pressures: 
Cl = [(Pi - pu)/(p^/2jun cos 5 « (p, ~ p.)/{p^/2)U\ The Euler equa- 
tion has here the form given on page 263, since terms in are assumed 
negligible. Accordingly, pi - Pu = p^V{ul - 2 il) and Cl = {2/lJ){ui - Ui), 
The velocity diagrams of Fig. 11.42 yield the relations 

Uu 

V 

so that 


The drag is equal to the resultant force multiplied by 5. Hence, the 
drag coefficient is Cd = Cl5/cos 5 or (with cos 6 « 1) 

which is of order 5^ and is here neglected. 

The flow pattern around a thin body, such as is shown in Fig. 11.43, 
may be determined by the Glauert-Prandtl method if the continuously 
curved surface is replaced by a number of straight segments. At each 
corner formed by the junction of two consecutive segments a Mach line 
is drawn, at every point of which the velocity direction changes by the same 
amount. Compression occurs only at the nose and tail; along the whole 
surface the flow expands. It will be noted that in this approximate theory 


VM2 - 1 - 5 


and 


u'l 


U 


1 + 5 




46 


Vap - 1 


(11.60) 
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all the Mach lines are parallel, since changes in the Mach number are 
assumed negligible. An exact theory must take into account the fact that 


Mach lines 



Fig. 11.43. — Glauert-Prandtl approximate supersonic flow pattern past a thin body. 


neighboring Mach lines diverge in a region of expansion and converge in a 
region of compression. 

11.35. Flow around a Comer (Expansion). To develop such a theory 
we observe that the Glauert-Prandtl theory is exact for an expansion of an 
initially parallel stream around an infinitesimal corner and that the flow 
downstream from the corner is again parallel but has a higher velocity 
and smaller Mach angle. The further expansion of this flow around an- 
other infinitesimal corner can be handled just as that around the preceding 
one; the new values of approach velocity and Mach angle must, however, 
be used. In an expanding flow, such as that over the body of Fig. 11.43, 
we can thus approximate as closely as we please to the exact solution, by 
replacing the continuously curved outline with a number of straight seg- 
ments and applying the Glauert-Prandtl approximation to each corner so 
formed, using in every case, the appropriate velocity and Mach angle. 
Obviously, the greater the number of segments used, the better will be the 
approximation. 

In a flow that is being compressed, the Mach angle increases at succes- 



sive corners, and the Mach lines converge and eventually come together. 
Such coalescence results in the formation of a finite pressure jump, or 
shock, in which the changes in pressure and density are not of the reversible 
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adiabatic type postulated in the development of the Glauert-Prandtl 
theory. If, however, the total compression is small, the above method may 
be used with only a small error. An outline of this method, which was de- 
veloped by Prandtl and Busemann, follows: 

In Fig. 11.44, V is the velocity of a parallel flow approaching a corner 
at which the direction changes by an infinitesimal angle - dd; a is the local 
Mach angle; and V + dV is the velocity after the flow turns the corner. 
By the Glauert-Prandtl theory, conditions are uniform all along the Mach 
line, and the disturbance velocity is normal to the Mach line. The velocity 
diagram of Fig. 11.44 thus yields the equation 


dV , 1 

— , /I = “■ ^ r - 

V (Id V{vyc^) - 1 


(11.61) 


where C is the local sound velocity. In this equation, terms of second 



Fig. 11.45. — Characteristic curves for synthesis of supersonic flow patterns. 


order are neglected. With the aid of Eq. (11.44), Eq. (11.61) can be trans- 
formed to 

JL ^ ^ Vl - [jk - l)/2] (FVCt) 

Vd~d V[(fc+1)/2](FVQ~1 

where Co is the sound velotfity in fluid at rest. 

An integral curve of Eq. (11.62) is conveniently plotted in polar co- 
ordinates for which the radius vector is the velocity V and the polar angle 
is the angle of turn d. This plane is appropriately called the ‘^hodograph 
plane.^’ It is seen from Eq. (11.62) that, in the se coordin ates, an integral 
curve is radial {dV /V dd = oo) where V = \/2/(fc + l)Co, which is the 
value of the local sound velocity [see Eq. (9.11)]. This lower limiting value 
of V is represented by a circle in the hodograph plane, as shown in Fig. 
11.45. Furthermore, an integral curve is normal to V (that is, dV IV dd 
— 0) where V = \/2/{k — l)Co, which will be recognized from Eq. (9.8) as 
the maximum attainable velocity (corresponding to p==0). This upper 
limiting value of V is given by the outer circle in Fig. 11.45. In the 
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supersonic region lying between these two limits it can be shown from 
Eq. (11.62) that an integral curve (characteristic curve) is generated by a 
point on a circle rolling on the inner circle and touching the outer one. 
The characteristics are thus epicycloids. 

It is obvious that if the flow expands through a positive (counterclock- 
wise) angle dd we shall get Eq. (11.62) without the negative sign. There 
are therefore two families of characteristic curves A and as sketched 
in Fig. 11.45. 

If the flow expands from any initial supersonic velocity Fi, around a 
corner (or series of corners) of total angle /3, the final velocity is uniquely 
determined by the appropriate characteristic curve (see Fig. 11.45). But 
from Eqs. (11.42) and (11.44) the pressure and sound velocity are deter- 
mined (for given po and Co) when the velocity is known. The final condition 
of the flow is therefore known. It is apparent from Fig. 11.45 that there is 
a maximum angle through which a stream can turn and that this angle 
depends on the initial velocity. The greatest value of this angle, which 

occurs if the flow is initially just sonic, is 
129.3 deg [9]. 

A graphical method, based on the char- 
acteristic diagram of Fig. 11.45, has been 
evolved, by which supersonic two-dimen- 
sional flow patterns are readily constructed.* 
The flow determined by this method around 
the lenticular body of Fig. 11.43 is shown 
in Fig. 11.46. Since the nose and tail angles 
of the body are small, the method is satis- 
factory even for the compression of the flow 
in these regions. For example, one deter- 
mines the magnitude of the velocity on the 
upper surface immediately downstream from 
the nose by following in the counterclock- 
wise sense through a polar angle 5 the appropriate characteristic of family 
B of Fig. 11.45. 

11.36. Flow around a Comer (Compression). If the flow is compressed 
and turned suddenly through an angle that is not small, the method of 
characteristics is not even approximately correct and a new analysis is 
required. It is assumed that a parallel irrotational flow of a perfect gas is 
turned through a finite angle by means of a straight oblique shock, along 
both sides of which conditions are uniform. The irreversible changes that 
occur as the fluid crosses the shock preclude the use of the Euler equation 
between points on opposite sides of the shock, and it is necessary to use 
the energy equation [Eq. (9.19)]. The analysis is similar to that given in 

* For further information see references 1 and 9 at the end of this chapter. 



Fig. 11.46. — Shock waves and 
Mach lines for a supersonic flow 
past a thin body. {Rejjroduced from 
L. Prandtl, The Flow of Liquids 
and Gases, in “ The Physics of Solids 
and Fluids"' Blackie and Son, Ltd.^ 
London and Glasgow.) 
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Shock line 


Art. 9.6 for a transverse shock, the only new feature being the inclusion of 
a velocuty component parallel to the shock. 

The velocity diagrams and control surface used in the analysis [9] are 
shown in Fig. 11.47. The upper and lower 
sides of the control surface are streamlines, and 
the other two sides are parallel to the shock. 

For convenience the areas at the ends of the 
control surface, through which fluid enters and 
leaves, are taken as unity. The continuity 
equation thus gives 


PlUl = P2U2 


(11.63) 


The momentum equation applied normal to the 
shock yields, when combined with Eq. (11.63), 

Pi “ P 2 = p\Ui{u2 - Ui) (11.64) 



Fig. 11.47. 


while, when applied parallel to the shock, it gives Pii/i(t ’2 — Vi) ~ 0 or 
V2 = Vi. The energy ecpiation [Eq. (9.19)] therefore takes the form 


__L . VA = 

^ - i VP2 Pi) 


ux — u; 


(11.65) 


From Eqs. (11.63), (11.64), and (11.65) we obtain, finally, the expressions 


P} = (^- + .l)p 2 + ( /c - l)pi 
Pi {k — l)p2 + {k + l)pi 


and 24 = (/c - 1) + (/c + 1) — 

2pi L PiJ 


Noting that Uj — Vi cos /3i and that the Euler equation may be applied 
between section 0 upstream where the velocity is zero and section 1 to give 


we find 


and 


Tl = 


2k Pi 
k - 1 Pi 



cos^ jSi = 


[(A^ - 1) + (A: + l){x/y)](k - 1) 
4A: [(1/2/)(^-LA _ 1] 


tan ft __ (k + l){x/y) + (A; — 1) 
tan /3i (k - l){x/y) + (A; + 1) 


( 11 . 66 ) 

(11.67) 


where x = P2/P0 and y = pi/po. 

The curves of Figs. 11.48 and 11.49 are a convenient means of repre- 
senting Eqs. (11.66) and (11.67). Figure 11.48 gives two values of ft for 
a given value of y and the angle of deflection ft — jSi. Only the smaller 
of these two values of ft is found to occur in experiments. This figure also 
shows that no solution of this type exists if the stream is turned through 
an angle greater than about 45 deg. It is further seen that no solution of 
this type exists, even for ft — ft < 45 deg, if fii is too small. This condi- 
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tion on ft is equivalent to the stipulation that the Mach number at 1, 
cannot be too small. Experiments show that, if this type of solu- 



Fig. 11.48. — Curves for synthe.sis of a shock wave. (Courleay of Sir Geoffrey Taylor.) 

tion fails for either of these reasons (nose angle too great or Vi/Ci too 
small), the shock wave does not have the shape shown in Fig. 11.47, nor 

does it touch the nose of the 
body; instead, it is curved 
and passes in front of the nose, 
as described in Art. 9.3. 

As an example of the use 
of these curves, suppose that 
the angle ft — ft is given, to- 
gether with the flow condi- 
tions at 1 and 0. Figure 1 1.48 
then gives the value of ft, 
from which the slope of the 
shock is found, while from 
Fig. 11.49 the value of x 
= Pz/po is determined. 

A similar analysis has also been made for the axially symmetrical flow 
over a cone [9]. 

11.37. Shock Waves and Rotation. In Art. 11.33 it was pointed out in 
connection with Fig. 11.41 that the drag on a two-dimensional object in 
supersonic flow results from the introduction of rotation into the fluid be- 
hind shock waves. If we refer to Fig. 11.47 it is clear that, in the region abd 
of Fig. 11.50, there is no ^rotation, since the flow conditions are uniform 
throughout this region. Between points b and c, however, the shock in- 
tensity gradually diminishes to a negligible value owing to the action of the 
rarefaction wavelets emanating from comer d. The flow downstream from 
this segment of the shock wave is rotational, as is shown below. 



Fig. 11.49. — Curves for synthesis of a shock wave. 
{Courtesy of Sir Geoffrey Taylor.) 
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The definition of rotation given in Art. 4.12 is 


Rotation 


F_ ^ 

R dn 


where R is the radius of curvature of the streamline, and the normal direc- 
tion n is considered positive toward 
the center of curvature (Fig. 11.51). 

Since the fluid is assumed frictionless >7 

in this region and gravity is neglected, yV / 

Euler’s differential equation for the \/f// 

pressure change normal to the stream- y^J^Rarefaction 

line [Eq. (4.4)] is valid: (l/p)(dp/dri) / JW 

= — FV-R- Furthermore, the flow is / W 

supposed to be adiabatic everywhere 

and to be uniform upstream from ® 

the body, so that the energy equa- x 

tion takes the form of Eq. (9.18): Fig. 11.50. — shook front set up by a 

h + (KV2) = constant, or {dh/dn) body with a wedge-shaped nose. 

+ F(dF/dn) = 0. The expression for rotation thus becomes 


Fig. 11.50. — Shook front set up by a 
body with a wedge-shaped nose. 


Rotation = 


1 dp dK 
p dn dn. 


This equation can, however, be expressed in terms of the entropy change 
normal to the streamlines, with the aid of Eq. (9.28), differentiation of 
which leads to T{ds/dn) = (dh/dn) — {1/ p){dp/ dn). The rotation, 
therefore, is 

T 

Rotation = 17 ^ (11.68) 


According to Eq. (11.68) there must be rotation downstream from segment 
be of the shock, because the entropy jump through 
Center of curvature shock is different for different streamlines. 

11.38. Hodograph Method. The theoretical 
methods so far discussed yield solutions if the flow 
is entirely subsonic or if it is entirely supersonic 
but fail if the flow contains both sub- and super- 
sonic regions. The equation of motion for a com- 
pressible fluid in the form of Eq. (11.48) is practically 
impossible to handle because it is nonlinear. The 
Russian mathematician Chaplyguine, however, dis- 
covered that this equation becomes linear if expressed in terms of F and 6 
as independent variables, instead of x and y. (See Art. 11.35 for the defi- 
nition of F and 0.) The great advantage of a linear equation is that solu- 
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tions may be added to obtain another solution, so that a teclinique similar 
to that used for an incompressible fluid can be developed. This superpo- 
sition method is limited to the F, 6 (hodograph) plane in the case of a com- 
pressible fluid, and a great deal of labor is involved in the transfer of the 
solutions to the x,y (physical) plane. The differential analyzer has been 
used [8] to obtain certain solutions in the hodograph plane and to transfer 
them to the physical plane. 

Perhaps the most important result of the limited investigations so far 
made by the hodograph method is the fact that a continuous transition 
from sub- to supersonic flow and back again is possible, at least in friction- 
less fluid. It may be, therefore, that an airfoil can in future be designed 
such that over part of its surface there is supersonic flow but a complete 
absence of shock waves. The critical speed of such an airfoil would be 
considerably nearer the sound velocity than that of the best sections de- 
veloped to date (see Fig. 10.23). It is, of course, impossible to avoid shocks 
if the speed of the airfoil itself is supersonic. 

11.39. Some Factors in High-speed Flight. The flow conditions on a 
thin wing in actual flight approximate to those assumed in the Glauert- 
Prandtl theory of small perturbations (Arts. 11.32 to 11.34). The results 
of this theory are useful in demonstrating the adverse changes in wing 
characteristics that occur, say, between the flight Mach numbers of 0.8 
and 1.2. Such demonstration can be expected to be only a rough guide 
since both these values of M are fairly close to 1 . 

As a simple example, consider the changes in lift coefficient (7 l of a thin 
flat plate. Potential theory of incompressible flow [2] yields the formula 
Cl = 2x5, for a small angle of incidence 5. The effect on Cl of compressi- 
bility at subsonic spe eds is g iven by Eq. (11.58), from which we find, for 
M == 0.8, Cl = 2x5/ Vl — 0.64 = 10.55. In the supersonic range, on the 
other hand, the flow pattern has changed completely, and Cl is obtained 
from Eq. (11.60). It is found, for M = 1.2, that Cl = 45/V1.44 — 1 
= 6.05. 

The change in the drag coefficient is also adverse. In subsonic motion 
the only source of drag in a two-dimensional flow over a plate is the skin 
friction, and measurements indicate that Cd is approximately 0.01 under 
these conditions. In supersonic motion, on the other hand, there is an 
additional component of drag, which is given by Eq. (11.60a). For M 
= 1.2, the incremental drag coefficient is found to be ACd = 45VV1.44 — 1 
= 6.05^ If, for example, 5 = 2 deg (0.04 radian), ACd = 0.009. The 
drag coefficient is thus approximately doubled in the supersonic flow. 

In the immediate neighborhood of il/ = 1 the Glauert-Prandtl theory is 
inapplicable, but the experimental results shown in Figs. 10.24 and 11.36 
demonstrate the extremely undesirable changes encountered in the tran- 
sonic region. 
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It is apparent from these two-dimensional considerations that flight at 
transonic or supersonic speeds offers 
many difficulties in connection with wing | 

design. These difficulties are moder- Ms0.65\ 


ated, however, if a third-dimensional 
component is introduced into the rela- 
tive flow by use of a wing swept back at 
an angle greater than the flight Mach 
angle. The basis for this improvement 
is the fact that the wing characteristics 
depend primarily on the component of 
flow normal to the leading edge of the 
wing. Thus, if the sweepback angle is 
greater than the Mach angle, the normal 
component is subsonic and the wing 
characteristics are nearly the same as 
those at this subsonic speed [11]. 

Consider a wing of infinite aspect 



p^Vo^cos* p/2 


Fig. 11.62. — Experimental veri- 
fication of the effect of sweep in a two- 
dimensional flow. Pressure distribution 
over mid-section depends only on normal 
component of flow. 



ratio in a subsonic flow normal to the leading edge. It is evident, if fric- 


tion be neglected, that motion of the wing parallel to its leading edge 



Fig. 11.53. — Streamlines near 
a swept-back wing in two-dimen- 


will have no effect on the pattern of the 
normal flow. The relative velocity of air and 
wing can theoretically be given an arbitrarily 
high value without effect on the wing char- 
acteristics. Experiments made under two- 
dimensional conditions verify the theory, as 
shown in Fig. 11.52. The pressure distribu- 
tion along the chord of the normal wing is 
seen to be practically the same as for the 
swept-back wing, even though the Mach 
numbers of the resultant flows are quite dif- 
ferent. 

The finite length of an actual wing will 
modify this conclusion somewhat, owing not 
only to the tip but also to the ‘^wall effect” 
of the fuselage. The latter effect is peculiar 
to a swept-back wing and results from the 
following phenomenon: 

The resultant streamlines for an infinite 
swept-back wing are not straight in the plan 


sional flow. (After Jones, refer- view but are slightly curved, as shown in 

Fig. 11.53. This bending results from the 


superposition of a constant velocity component parallel to the leading 



276 


WING THEORY 


(Chap. XI 


edge, and a variable component Fn, normal to the leading edge. The 
normal component Vn is slightly reduced near the leading and trailing edges 
and increased near the middle of the chord, as seen from the shape of the 
stream tube in the sectional view of Fig. 11.53. The introduction of a wall, 
such as a fuselage surface, parallel to the distant flow will thus result in a 
changed pressure distribution, since the streamlines are thereby constrained 
to be parallel to the wall. 

Another effect of the finite length that tends to reduce the benefit from 
sweepback comes into play if the Mach angle approaches the sweepback 
angle. In this case an air particle is undisturbed by the wing until it has 
practically reached the leading edge, and the flow pattern over the forward 
part of the wing must differ from that in subsonic motion. 

These unfavorable effects of the finite length are not of first importance, 
however, as is evident from the fact that at supercritical Mach numbers the 
drag coefficient for a wing swept back at a 45-deg angle may be less than 
half that of an unswept wing. 

The effect of sweep on stability of a wing is also important. Although, 
at low speed, sweep may have an unfavorable influence, at high speed it is 
beneficial [12]. The characteristics of control surfaces at high speed are 
also improved by sweepback. 

In summary, it may be said that the problem of transonic and supersonic 
flight may not be so formidable as might be expected from the purely two- 
dimensional considerations of previous articles. The study of three- 
dimensional compressible flow is just beginning, but it has already led to 
important practical developments [13]. 
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CHAPTER XII 

HYDRODYNAMIC LUBRICATION 


12.1. Introduction. All machinery depends for its useful operation on 
slippery surfaces between moving parts. The limitation on our ability 
to maintain slippery surfaces has always constituted an effective bar to 
materially higher performanc^e. The difficulty of lubricating the hot 
pistons of high-powered airplane engines now limits their output, and one 
of the apparent advantages of the (*ombustiori gas turbine is the elimination 
of this restraint. 

From long experience with oils and greases the term oiliness has come 
into use to indicate the slippery quality of a lubricant on a smooth surface, 
although no single physical property of the lubricant to measure oiliness 
has ever been found. It is obvious that, while maple sirup may resemble 
a mineral oil in appearance, it certainly does not resemble it in oiliness. 

Perfect lubrication presupposes the presence of a fluid completely sepa- 
rating the rubbing parts and substituting fluid friction for solid friction. 
Perfect lubrication, therefore, becomes a matter of fluid mechanics and is 
often referred to as hydrodynamic lubrication. Since the solid parts do 
not touch, there can be no wear, and the viscosity of the fluid determines 
the friction. It will be shown that no oiliness consideration is required by 
the theory and that in special cases water or even air may afford perfect 
lubrication. 

Hydrodynamic lubrication cannot occur if the rubbing surfaces are 
pressed too tightly together, as when a machine has to be started from rest. 
The bulk of the fluid lubricant is squeezed out in such a case and only an ad- 
herent surface film remains. This film may be only a few molecules thick 
but can still prevent seizure and permit sliding. The adherent film of lubri- 
cant is bound to the metal by molecular forces of great intensity and has 
evidently lost its fluid properties. 

Under very severe conditions even the adsorbed film may be burned or 
scraped off. In such cases the dry friction of the metal surfaces may be 
avoided by the use of a solid lubricant that shears easily, such as graphite, 
or a chemically formed coating such as an oxide or sulfide of the metal of 
one of the rubbing surfaces. 

Severe conditions under which perfect lubrication is impossible are 
classed as conditions of imperfect or boundary lubrication, and the proper- 
ties of the metal surfaces in relation to the physical and chemical properties 
of the lubricant become of primary importance. 
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The limiting case of no lubricant at all implies the occurrence of dry 
friction and failure of the bearing. Wear, galling, and seizure are associated 
with dry friction. Whether or not a bearing is easily destroyed by partial 
or temporary failure of the lubrication has been found to depend on the 
combination of metals paired in the design. 

Boundary lubrication is intimately concerned with the nature of the 
rubbing surfaces and of the lubricant, while perfect lubrication is concerned 
primarily with the viscosity of the lubricant. However, as a practical 
matter, a bearing operates sometimes under conditions of perfect lubrica- 
tion and at other times under conditions of boundary lubrication. Further- 
more, practical bearing surfaces are only technically smooth, clearance 
and alignment are not exact, the lubricant may contain abrasive dirt, and 
the lubricant may oxidize and change in character at high temperature. 
Many practical considerations combine to limit the period of perfect 
lubrication and to incite failure. As a result of long experience, certain 
metals have been found suitable for use in bearings, and other substances — 
fluids, plastics, and solids — have been found suitable for use as lubricants 
with them. 

The use of ball and roller bearings avoids some of the complications of 
the lubrication art but introduces other difficulties inherent in high-pres- 
sure rolling contact. Rollers and balls in effect take the place of a lubricant 
by separating the rubbing surfaces. 

12.2. Historical. The; art of lubrication is at least as ancient as the 
greasing of Egyptian chariot wheels and axles with tallow. The launching 
ways of shipbuild(irs were greased with animal fats until very recent times. 
Lard oil is still used in machine shops as a cutting’^ fluid to lubricate the 
chip coming off the tool point. Sperm oil is still highly prized by clock- 
makers. The early airplane engines required castor oil as a lubricant, 
and it was not until 1918 that the American Liberty engine demonstrated 
that mineral oil could be successfully employed under severe operating 
conditions. These references to animal and vegetable oils with good oili- 
ness characteristics imply an empirical art in which bearing design evolved 
slowly with the machinery for which lubrication was essential. 

The ideal, or perfect, lubrication by which moving parts are completely 
separated by a fluid film is a recent concept and is associated exclusively 
with smooth, accurate parts, continuous motion, and high speeds. In 
other words, the concept is associated with modem machinery. 

The axle of a heavy wagon is rough and loosely fitted; the motion is 
slow; stopping and starting are frequent. Any lubricating fluid would be 
squeezed out. The case is obviously one of imperfect lubrication, and a 
stiff grease or even wet clay could be more effective than an oil. The 
pressure at the point of the cutting tool of a lathe or at the bit of a drill 
press is too great to permit a fluid film to separate the cutting tool from the 
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metal being cut. The early airplane engines already mentioned ran too hot, 
had inadequate bearings, and consequently suffered from imperfect lubri- 
cation. Castor oil, having superior oiliness characteristics, established 
tolerable boundary lubrication for a short time and helped out a defective 
design. 

The concept of perfect lubrication evolved at about the same time, but 
independently, in England and Russia. Beauchamp Tower conducted 

experiments to determine the fric- 
tion of the journal of a railway-car 
wheel. Such a journal runs in a 
partial bearing pressing down from 
above and is supplied with lubri- 
cant by a wick or pad of waste, 
which wipes against the journal as 
it turns. Tower obtained erratic re- 
sults until he ran the journal in an 
oil bath, so ensuring a copious sup- 
ply of lubricant (see Fig. 12.1). 
Then he observed a stream of oil 
being discharged from an oilhole in 
the top bearing. The journal and 
bearing acted as a pump, and at- 
tempts to hold a plug in the oil- 
hole indicated a very high pressure. 
Tower drilled other holes through 
the upper bearing and measured the 
distribution of pressure in the oil 
between journal and bearing, reporting his results to the British Institu- 
tion of Mechanical Engineers in 1885. 

Professor Osborne Reynolds of the University of Manchester reported 
in the next year the results of his analysis of Tower^s experiments. He 
showed that application of the principles of fluid mechanics would account 
for the pressures observed by Tower, His analysis was formulated as a 
differential equation requiring as parameters only the viscosity of the 
lubricant, the speed of rotation, and the dimensions. Reynolds in this 
paper really established the modern theory of perfect lubrication although 
its significance was not recognized until much later. 

About this same time N. Petroff in Russia was experimenting with 
bearings lubricated with mineral oil from the newly opened Russian oil 
fields. A paper in the St, Petersburg Engirieermg Journal for 1883 indicated 
that Petroff also had the modem concept of perfect lubrication by means of 
a separating fluid film. He explained how the friction of the bearing could 
be entirely accounted for by shearing forces in the viscous film of lubricant. 



Bearing 


Journal 


Load 

Fig. 12.1. — Schematic diaji^ram of Beau- 
champ Tower’s apparatus for detecting high 
pressure in a partial journal bearing. 
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Petroff established fluid shear as the source of frictional resistance to 
rotation in the form of an equation involving viscosity, speed, and the 
dimensions. Reynolds proved that the pressures depended on the same 
parameters. Reynolds’s name is recalled in the Reynolds number, the non- 
dimensional criterion of dynamical similitude in fluid motion. Petroff is 
remembered by the Petroff equation for the coefficient of friction of a 
journal bearing. 

Reynolds’s theory of the journal bearing was subsequently further de- 
veloped by Sommerfeld in Germany in 1904. His name is preserved in 
the Sommerfeld parameter,” which will later be sho\vn to control the 
performance of similar bearings. Michell of Australia and Kingsbury of 
New Hampshire State College independently extended Reynolds’s theory 
of the pressure-sustaining property of a converging oil film to the design 
of thrust bearings. A plane bearing surface was divided into separate 
segments, or shoes, each free to adjust itself to a small angle of inclination 
to the opposite rubbing surface. Because of the pressure developed in the 
wedges of oil so formed, metal-to-metal contact was prevented, and a large 
thrust load could be transmitted. These pivoted-shoe thrust bearings are 
necessary for large hydroelectric and marine power plants. 

The theory of perfect lubrication may be considered to be in a very 
satisfactory state. Engineers can design bearings with full confidence in 
their predicted performance under specified conditions. Unfortunately, 
the same assertion cannot be made for boundary lubrication. Here the 
phenomena are much more complicated: properties of the oil other than 
viscosity are involved, as well as the physical and chemical condition of the 
surfaces. 

12.3. Properties of Lubricants. Oils and greases are the most 
widely used lubricants. While viscosity is the most important single 
property involved in lubrication, in engineering applications many other 
properties, both physical and chemical, become important under special 
conditions. A voluminous literature exists regarding the specification and 
testing of the various properties of lubricants, but only brief mention of 
their nature need be made here. 

12.4. Viscosity. For a fluid lubricant of Newtonian characteristics 
shear stress r is directly proportional to rate of shear, that is, 


T = M 


du 

dy 


where /x is the coefficient of viscosity (or simply viscosity), u is relative 
velocity in the direction parallel to the sliding surfaces, and y is measured 
across the fluid film. Experiments both with bearings and with flow 
through capillaries indicate that Newton’s law may safely be relied on for 
bearing design both with fatty and with mineral oils in liquid state. 
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Furthermore, there is abundant evidence that there is no slip between the 
fluid and the solid surfaces at the boundary. For extreme cold or extreme 
pressure, however, oils may solidify and in such condition do not behave 
as true fluids. 

Viscosity can be measured by determining the rate of flow through a 
capillary tube and using Poiseuille's formula [Eq. (8.16)]. Another method 
is to measure the force required to rotate a cylinder mounted concentrically 
within an outer cylindrical shell, the space between being filled with oil. 
From the measured force and the rate of shear, which is known from the 
relative velocity and the clearance between the cylinders, viscosity can be 
calculated. 

Common commercial practice in this country expresses the viscosity 
of an oil in “Saybolt universal seconds,'' meaning the time taken for a 
standard volume of liquid to flow out through the short tube of the 
standard Saybolt instrument. Such a measure of viscosity may be useful 
in purchasing oil but for engineering purposes has to be converted to 
absolute viscosity by means of tables. 

The poise is the cgs unit of viscosity, named for Poiseuille, and is the 
^riscosity of a fluid maintaining a shearing stress of 1 dyne per sq cm for a 
rate of shear of 1 cm per sec per cm thickness. The poise is thus equivalent 
to 1 dyne-sec per sq cm. The ccntipoise is one-hundredth of the cgs unit. 
In this country, the usual engineering unit is named after Reynolds; it is 
called a ^^reyn" and is equivalent to 1 lb-sec per sq in. 

Hersey [7] gives the following conversion table: 

VISCOSITY UNITS 

1 poise, or dyne-sec/cra^ = 1.02 X 10“* kg-sec/m^ 

1 poise, or dyne-sec^/cm^ = 2.09 X 10“^ Ib-sec/ft^ 

1 {Kiise, or dyne-sec/cm^ = 1.45 X 10~^ Ib-sec/in.^ 

1 poise, or dyne-sec/cm^ = 2.42 X 10~^ Ib-min/in.* 

1 kg-sec/m^ = 98 poises 

1 Ib-sec/ft^ = 479 poises 

1 Ib-sec/in.* = 69,000 poises 

1 lb-miii/in.2 == 4,140,000 poises 

The viscosity of a gas rises slowly with increasing temperature, about 
as the four-fifths power of the absolute temperature. The viscosity of the 
common lubricating oils, like that of most liquids, falls rapidly with rising 
temperature and may be approximately expressed by the formula 

IX = 

where T is temperature and h and d are empirical constants. 0 has been 
found to be nearly constant for most lubricating oils. 

The degree to which the viscosity depends on temperature is called the 
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“viscosity index (V.I.) of the oil. Oils from Pennsylvania crudes, which 
show the smallest change with temperature, have been arbitrarily assigned 
a V.I. of 100, and those from California crudes, which show the greatest 
change, have a V.I. of zero. This scale has little physical significance, 
as additives often raise this index above 100. A high V.I. is desirable for 
machinery that must be started cold and is especially necessary for the 
working fluid of hydraulic control systems exposed to extreme ranges of 
temperature. 

The dependence of viscosity on pressure is given by the equation 


IX = 

where p is the gauge pressure, fXr is the viscosity at temperature T and 
atmospheric pressure (p == 0), and c is an empirical constant. This increase 
becomes appreciable at pressures greater than 1,000 lb per sq in. At a 
sufficiently high pressure the oil solidifies. The pressure at which this 
occurs for a given oil depends on the temperature. At atmospheric pres- 
sure the temperature at which solidification occurs is called the “pour 
point of the oil. The effect of both temperature and pressure is more 
pronounced on the viscosity of mineral than fatty oils, but the fatty oils 
solidify more readily, 

12.6. Density. The density of an oil has no direct influence on its 
lubricating value, but experience has indicated that, for oils made by 
similar methods from similar stock, viscosity increase's with density. 
Hence there has grown up a popular classification by density of so-called 
“ heavy and “ light oils, although it is possible for two oils of the same 
density to be of substantially different viscosity. 

Each industry that uses hydrometers to measure specific gravity 
generally devises some convenient but arbitrary scale. The petroleum 
industry has in the past used two so-called “Baum6 scales^’ for liquids 
lighter than water but standardized in 1921 on the American Petroleum 
Institute (API) scale, defined by the relation 


Deg API = 


specific gravity at 60/60 F 


Degrees API are equivalent to a uniform scale of specific volume. Specific 
gravity is here defined as the ratio of the density of oil at 60 F to the 
density of water at 60 F as indicated by the symbol 60/60 F. 

12.6. Acidity. The chemical test for acidity is of use to the lubrica- 
tion engineer to detect deterioration of oil or to detect the presence of 
fatty acids as addition agents. Fatty acids in very small concentrations 
may be desirable for certain applications to increase oiliness but in general 
are dangerous in causing corrosion, sludges, and emulsions. At high 
temperatures the oiliness gain may be lost and several bad effects exag- 
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gerated. The acidity of a fatty oil will increase with decomposition at 
high temperature. The standard ASTM test rates acid content by a 
^^neutralization number/’ 

12.7. Oxidation. There is no generally accepted standard for testing 
the oxidizing characteristics of an oil, and recourse is usually had to testing 
in the actual machine for which it is intended. Carbon, gum, and varnish 
deposits are likely to be found in all types of internal-combustion engines 
where the oil is in contact with air at high temperature. 

12.8. Flash Point. Though usually of no effect on lubricating value, 
the flash point is often cited as a characteristic of an oil. It is the tempera- 
ture at which a flash appears when a test flarne is placed near the surface 
of oil in an open vessel. It measures the degree to which light petroleum 
fractions have been removed in refining and should never be less than 
300 F. 

12.9. Emulsification. Tests of emulsification indicate the time re- 
quired for an emulsion of oil and water to separate. Emulsions are unde- 
sirable for general lubrication as they retain dirt, interfere with circulation, 
and promote corrosion. However, for metal cutting, emulsions may be of 
advantage because their water content gives them a relatively large 
specific heat. 

12.10. Foaming. Entrainment of air bubbles, bubbles of gas coming 
out of solution, and bubbles of water vapor may appear at high temperature 
and low pressure. Foaming is an especially dangerous phenomenon for 
airplane engines at high altitudes. The designer of the lubricating system 
must provide against entrainment of air and for the segregation of foam. 
Water in the oil tends both to increase the volume of foam and to stabilize 
the bubbles. 

A “foam meter” is an apparatus to convert a sample of oil to foam and 
to note its rate of collapse. Antifoaming chemicals are frequently added to 
lubricating oils to cause segregated froth to collapse and submerged bubbles 
to coalesce. Such chemicals are generally ineffective above 212 F. 

12.11. Specific Heat. This property is important in cooling a bearing 
by means of oil circulating through it. The specific heat of lubricating oil 
is about 0.45 times that of water. 

The specific heat of petroleum oils, given in the following Bureau of 
Standards table, is calculated from the equation 

c = -A (0.388 + 0.()0045r) 
vd 

in which c is the specific heat in Btu per pound per degree Fahrenheit, 
d is the specific gravity at 60/60 F, and T is temperature in degrees Fahren- 
heit. This formula does not take into account latent heat of fusion, vapor- 
ization, or reaction (cracking). 
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Specific Heat of Petroleum Oils 


(Btu/lb deg F) 


Temperature, 
(leg F 

Deg AJ’I at 00 F 

10 

fcO 

o 

30 

40 S 

1 

50 ; 

60 ! 

70 ' 

89 

Specific* gravity at 60/60 

1.000 

0.934 

0.876 

0.825 

0.780 

0.739 

0.702 

0.670 

0 

0.388 

0.401 

0.415 

0.427 

0.439 

0.451 

0.463 

0.474 

100 

0.433 

0.448 

0.463 

0.477 

0.490 j 

0.504 

0.517 

0.529 

200 

0.478 

0,495 

0.511 

0.526 i 

0.541 

0.556 

0.570 

0.584 

300 

0.523 

0.541 

0.559 

0.576 

0.592 

0.609 

0.624 


400 

0.568 

0.588 

0.607 

0.625 

0.643 

0.661 



500 

0.613 

0.634 

0.655 

0.675 

0.694 




600 

0.658 

0.681 

0.703 

0.724 





700 

0.703 

0.727 

0.751 






800 

0.748 

0.774 

0.799 







12.12. Thermal Conductivity. PJxperimerital data on thermal conduc- 
tivity of petroleum licpiids are represented approximately the following 
ecjuation : 

K = [1 - 0.0003(T - 32)] 

in which K is the thermal conductivity in Btu per hour per square foot per 
degree Fahrenheit per inch, d is the specific gravity of liquid at 60/60 F, 
and T is temperature in degrees Fahrenheit. 


Thermal Conductivity of Petroleum Oils 
(Btu in. /hr fU deg F) 



Licpiids 

Sulids 

Temperature, 
deg F 

Deg API at 60 F j 



10 

20 

30 

40 

50 

60 

Asphalt 

Wax 

Specific gravity at 60/60 F 


1.000 

0.934 

0.876 

0.825 

0.780 

0.739 



0 

0.82 

0.88 

0.94 

1.00 

1.05 

1.11 

1.2 

1.6 

200 

0.77 

0.83 

0.88 

0.94 

0.99 

1.05 

For temperature range 

400 

0.72 

0.77 

0.83 

0.88 

0.93 

0.98 

from 32 F to melting 

600 

0.67 

0.72 

0.77 

0.82 



pcfint 



12.13. Perfect Lubrication. Assume two sliding surfaces separated by 
a film of fluid lubricant. The motion of the fluid can be considered laminar 
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because, although the speeds involved may be high, the thickness of the 
film is very small. The Reynolds number for the system stays well below 
the critical value. In this discussion we assume the usual boundary condi- 
tion in fluid mechanics, that the relative velocity of the fluid adjacent to 



either solid surface is zero. VVe also assume the fluid to be iru^ompressible, 
continuous, and of viscosity defined by the Newtonian relation 



Consider first the physical aspects of the problem. Let a flat slider, or 
slipper, of length L and width B slide on a much larger flat surface upon 
which is spread a copious supply of fluid lubricant as indicated in Fig. 12.2. 
If the two surfaces are parallel, the shear stress in the lubricant is 

du U 

since experiment shows that the velocity is a linear function of y. Then 
the absolute value of the shearing force or friction force on the slipper 
will be 

F=tBL== BL 

h 

If the two surfaces arc parallel, the system will support no transverse 
load, since it can be shown that the pressure everywhere in the oil film 
equals atmospheric pressure. If, however, the surfaces are inclined to each 
other as shown in Fig. 12.3, a pressure is built up in the film by the motion. 
The upward force due to this pressure balances the normal load applied 
to the slider. 

If the supported load W is to be large, it is necessary that the slider be 
wide {B/L large) to minimize the pressure-relieving effect of leakage of 
fluid at the sides. It is also necessary that the minimum thickness of the 
film be small. It is obvious that, for a given speed and fluid, the upper 
limit of W will be reached when the slider is pressed down to make h 
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vanish. Then there will be metal-to-metal contact at high spots of the 
plate by the heel of the slider, and imperfect lubrication with attendant 
wear and risk of seizure. 

The velocity of the slider should be high, in order to develop sufficient 
pressure to support the load. In starting from rest a condition of boundary 
lubrication obtains until the slider reaches some minimum velocity. 

It is also reasonable to conclude that high viscosity will impede the 



escape of fluid from beneath the slider and so contribute to the develop- 
ment of pressure in the wedge-shaped film of lubri(;ant. Furthermore, the 
angle of inclination 5 and the length L must play a direct part in the 
determination of the amount of load that can be supported. 

The density of the fluid is known to be of first-order importance in the 
dynamic lift of airplane wings or turbine blades, but in the case of a slider 
inclined at a small angle and moving on a wedge-shaped film of oil the 
inertia effects are negligible. Density, therefore, plays no part in these 
phenomena. 

From this consideration of the physical aspects of the problem we may 
name the independent variables as L, B, 6, f/, /x, and /?, with IF as a depend- 
ent variable whose magnitude is determined by a particular set of values 
for the six independent quantities. Thus 


W = UU.B,n,b,L,h) 


The n theorem shows that this equation is equivalent to one involving 
four dimensionless products of the above variables, since there are three 
primary quantities. These products, or II’s, can be chosen in any way, 
provided only that they are independent of one another. 

Let 

n ^ 
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Il3 = 5 


Then 



( 12 . 1 ) 


The maximum load that can be carried vsafely by a bearing is of para- 
mount importance. Equation (12.1) enables us to discuss this matter in a 
qualitative way. For given values of 6 and J5/L, liUljjW is determined by 
the value of h/L, For geometrically plane surfaces, h might theoretically 
decrease to zero, but in actual practice there is a lower limit to h that is 
governed by the roughness of the surfaces and the probable size of grit and 
other adventitious solid particles in the lubricant. If these particles cannot 
pass out under the trailing edge, they will collect under the rider and score 
the surfaces. 

This minimum value of h/L determines some corresponding minimum 
value of idUL/W that, for a given slider and oil, determines a maximum 
value of W. This is the load capacity of the lubri(;ated system and is of 
great practical importance in all design work. Since the minimum value 
of jjlUL/W is fixed, we see that, if either viscosity or speed is doubled, the 
load capacity is also doubled. 

If 5 is increased for given h/L and B/L, the ratio of the entrance cross 
section to exit cross section for the oil is increased and more oil tends to 
collect under the slider with a resultant increase in oil pressure and load 
capacity. 

Finally, if the slider is made quite narrow {B/L small) with d and h/L 
fixed, more of the lubricant escapes from the sides and the oil pressure is 
decreased. This reduces the load capacity. 

We have so far assumed that 5, the angle of inclination, can be fixed at 
will. But since 5 must be small and consequently difficult to maintain 
accurately in practice, it is customary to pivot the slider on its support and 
allow it to take its own inclination. It is shown in Art. 12. 16 that a pivoted 
slider is inherently stable. 

Another point of interest in connection with a bearing is the size of the 
friction force. Let F be the friction force between the fluid and the sup- 
porting lower surface, when W is the total transverse load applied across 
the fluid film. The conventional coefficient of friction is defined as 


/- 


L 

w 


The concept of the friction coefficient has been carried over from the study 
of dry friction between two solid bodies, where it has long been known 
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that / is essentially independent of the load and speed. Actually in fluid 
friction / is independent of neither. It has little fundamental signifi- 
cance, but long usage has made it the commonly accepted measure of 
performance. 

We now consider / as the dependent variable and, as before, take L, By 
8, IJy iXy and h as independent variables. Then 

/= ,ti,h) 

Inspection shows that no dimensionless product can be formed with /x or U 
in combination with any of the other variables. The 11 theorem therefore 
leads to 

/=</»4(|>5,Q (12.2) 

If the flow is assumed to be two dimensional, i.e.y if side leakage is 
neglected, B has no influence on/ and Eq. (12.2) becomes 

( 12 . 3 ) 

We shall see later what form is taken by the undetermined function (/> 4 , 
but the dimensional reasoning shows that the coefficient of friction for a 



Fig. 12.4. — Schematic drawing of (a) segmental thrust bearing and (5) segmental journal 

bearing. 

family of geometrically similar bearings {h/L, B/L constant) depends only 
on the inclination of the slider and is independent of speed and the kind of 
oil used. 
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A thrust bearing is designed to take an axial load on a rotating shaft. 
In its primitive form it consists merely of a flat plate pressing against the 
squared end of the shaft. Since the moving surfaces are parallel, the forma- 
tion of a wedge of lubricant is impossible and the load capacity is very low. 
In the bearings of Michell and Kingsbury the thrust plate is cut up into 
segments each of which is pivoted so that it can tilt as shown in Fig. 12.4a. 
In this way a fluid wedge is formed under each segment as discussed in the 
case of the plane slider, and the load capacity of the bearing is increased 
many times. The same principle can also be applied to journal bearings as 
shown in Fig. 12.46 for unidirectional motion. Bearings can be designed 
so that the pivot shifts as the direction of rotation is changed. 

12.14. Reynolds’s Pressure Distribution. A clearer appreciation of 
how pressure is produced in a wedge-shaped film of fluid under the action 



a 



of viscous shear forces may be gained by a discussion of the fluid mechanics 
involved. 

Figure 12.5 represents a slipper bearing for the two-dimensional case. 
It is assumed that the angle of inclination 5 is small. The lubricant is a 
viscous incompressible fluid in laminar flow. Figure 12.5a shows the slider 
moving with a steady velocity U toward the left and the base plate fixed. 
In Fig. 12.56 the slider is at rest, and the base plate is moving toward the 
right with velocity U, Though the slider may actually be the moving 
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element, it is more convenient for purposes of analysis to consider the 
motion relative to the slider as shown in Fig. 12.56. Newton’s laws can be 
applied in the usual form to the relative motion because is a constant 
velocity. 

In Fig. 12.56 is shown an element of fluid of dimensions dx, dy and of 
unit depth normal to the x^y plane. The x forces on the element are 
as indicated. It can be shown that, since 6 is a small angle, the pressure 
is independent of y and the inertia effects are negligible. Consequently, 
dp/dx ^ dpjdx, and the sum of the x forces is zero. The statement of the 
latter relation is 


or 




dp _ dr 
dx dy 


Substituting for r from the NewTonian definition of viscosity 

du 

T IX 

dy 

we obtain 

dp _ dhi 
^ dy^ 


On integration, Eq. (12.6) becomes 

du 
dy 


and 






(12.4) 

(12.5) 

( 12 . 6 ) 

(12.7) 

( 12 . 8 ) 


w^here /i and are functions that can be evaluated from the boundary 
conditions u — U when ?/ = 0 and u = 0 when y = h. The quantity h 
is the thickness of the film at x. Then /2 = I/, /i = *“ {h/2p){dp/dx) 
- (U/h), and 


_ 1 dp 
^ 2p dx 


(y-h)y+U^\^ 


(12.9) 


The velocity at any point y in a, cross section of the oil film at x is seen 
to consist of two terms, and we may therefore consider the velocity u of 
Eq. (12.9) to be made up of two components, Ui and U 2 , such that 


Ui 


1 dp 


U2^U 


2p dx 

(h-y) 


(y - h)y 


(12.9a) 
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The first term Ui represents a parabolic distribution of velocity as 
shown in Fig. 12.6a. Note that the velocity ui is zero for 2 / = 0 or ?/ = /i, 



a 

Fio. 12.6a. — Parabolic velocity distribution for laminar pressure flow between fixed par- 
allel planes. 


and the flow pattern is that which would occur between stationary parallel 
surfaces in response to a pressure gradient falling along the direction 

of the X axis. 

The second term U 2 represents a linear 
distribution of vt^locity such as would oc- 
cur in a layer of fluid between two parallel 
surfaces separated by a distance h and 
moving relative to each other with ve- 
locity U as indicated in Fig. 12.66. 

Let Q represent the volume rate of 
flow per unit width of slider. Then, from 
continuity, Q is the same at all cross sec- 
tions. By using Eq. (12.9), we can ex- 
press Q as follows: 



Q 


.fu 


dy 


m 

2 


dp 
12 p dx 


( 12 . 10 ) 


Fig. 12.6?>. — Linear velocity dis- 
tribution for laminar flow at constant 
pressure between parallel planes, one 
fixed and one moving. 


We thus obtain a form of Reynoldses fundamental equation for the pressure 
gradient, 

( 12 , 10 .) 

Another form of this result, which is useful in some applications, is 
obtained by computing dQjdx from Eq. (12.10a) and setting it equal to 
zero by virtue of continuity. 
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The constant ki = 2Q/U of Eq. (12.10a) can be evaluated, after an 
integration, from the fact that the pressures at entrance and exit are 
atmospheric. Note that the pressure gradient depends only on the viscosity 
of the lubricant jjl, the speed of the slider U, and the thickness of the film h. 
This equation was derived without any assumption as to the shape of the 
surface of the slider, and, as we shall see in Art. 12.22, this equation can 
be applied to the developed oil film in a journal bearing. 

Eejuation (12. 10a) cannot be integrated until h is expressed as a func- 
tion of X. To accomplish this in the present case the surface of the slider 
is taken as a plane. Let hi represent the film thickness under the toe, or 



entrance, and h^, the film thickness under the heel, oi* exit, from the slider. 
Let the slider be of length L in the direction of motion, and let x be measured 
in the direction of motion as shown in Fig. 12.7. 

The film thickness h is obviously a linear function of x, with the inclina- 
tion of the slider as the determining parameter. Using the method of 
Norton * we may write 

h =/'!-£ (^1 - 

It is convenient to use, in place of x, a length coefficient I — x/L such 
that at the toe of the slider I = 0 and at the heel 1=1. Similarly, a non- 
dimensional slope coefficient s = hi/Jh determines the inclination of a slider 
of given length. Changing the notation to correspond, one finds h 
~ /^^(s si “f“ ^) • 

Substitution of the above expression for h and LI for x in Eq. (12.10a) 
yields 

* See p. 72 of reference 8 of the bibliography at the end of the chapter. 
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1 


kx 


r] 


dl hi l(s — si -j- ly hiis — si + 1) 
Integration with respect to I along the length of the slider gives 
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( 12 . 11 ) 


p = 




and 




V 


&IJiVL 

hi 


ri dl k. Cl dl I 

L*/o \s-si + iY hJo (s-siTiyj 

-_i_ , ki 

L(1 - .s)(s - 


).] 




si + 1) 2 // 2(1 - s){s — si + iy\ 

The constants of integration, which are determined from the condition 



Fig. 12.8. — Theoretical pressure-distribution curves for a slipper bearing. {After Norton, 

reference 8.) 

that p — po = 0 (po = atmospheric pressure) when Z = 0 or 1, are 

6/xf7L 1 


7 26* , 
fcl — — ^ — r fh 


k2 


s + 1 

Substitution of the constants leads to 


kl 1 — s‘ 


+ Po 


where 


fiUL 

6(s-l)(l-i)l 
(s + i)(s -si + ly 


( 12 . 12 ) 

(12.13) 
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The quantity fxUL/hl has the dimensions of pressure, and g is a non- 
dimensional function called the '^pressure function.'' 

It is important to observe that, at the toe and heel of the slipper where 
Z = 0 and Z == 1, the pressure function g = 0. The pressure function also 
becomes zero when s - i, indicating as would be expected that the pressure 
is atmospheric throughout the film when there is no inclination of the 
slipper. 

It remains to consider how the fluid pressure is distributed in such a 
manner that a transverse load can be supported. The point of maximum 
pressure can be found by setting dp/dx = 0. With the nondimensional 
notation used before we find that this point is at 

Ux = (12.13a) 

and, substituting this in Eq. (12.12), 

7>.nax Po- [ s(s + 1) J (12.14) 

The distribution of pressure as given by Eq. (12.13) is shown by the 
computed values of the pressure function g plotted in Fig. 12.8. 

12.15. Bearing Load. Any transverse load carried by the slider must 
be borne by hydrostatic pressure in the fluid film. Since the inclination 
of the slider is small, the external load can be equated to the total normal 
force on its surface. For a longitudinal section of unit width the total 
load will be 

W= f^pdx^L f\dl 
Jo Jo 

By using Eq. (12.12) for p and integrating, we find 

W = (12.15) 

where 

Both W and the quantity pUL^/hl have the dimensions of force per 
unit of width, while (7«, is a nondimensional load factor. It is to be noted 
that for a given bearing the load factor depends entirely on the inclination, 
and where s = 1 no load is supported by hydrostatic pressure. 

12.16. Center of Pressure. For a practical bearing it is necessary to 
support the slider by means of a pivot located somewhat behind the center 
of pressure, in order that the slider may adjust itself to an inclination 
appropriate to the given values of IF, /it U, L, Jh. 
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Using the notation of Fig. 12.7, let Xi be the distance of the center of 
pressure from the toe of the slider. Take moments about the origin, 

and get XiW = f xp dx. Substitution of the value of p from Eq. (12.12) 

Jo 

and W from Eq. (12.15), a straightforward manipulation, which need not 
be detailed here, yields X\ = LC\,, where C,, represents a nondimensional 
support factor that is found to be a function of slider inclination alone. 
Calculation of C,, for a series of values of the inclination s = hi/h^ discloses 
that the center of pressure lies behind the mid-point of the slider and moves 
to the rear as the inclination is increased, as indicated in the following 
table : 


!h 

fh 

1 

2 

i 

3 

4 

5 

Ratio of film thickness at (ui trainee 
to thickness at f^xit 

c. 

0.50 

0.56 

0.61 

0.64 

0.66 

('enter of pressure, % of slitler 
length from toe 


It is fortunate that the center of pressure shifts to the rear as the 
inclination is increased since this makes for stability. For (wample, sup- 
pose the pivot placed at the 56 per cent point to balance the estimated load 
with hi/h 2 = 2. If the slider turned to a greater inclination, say to 
hi/h 2 = 3, the center of pressure would move back to the (H per cent point, 
giving a moment about the pivot tending to reduce the inclination. 
Correspondingly, any decrease of inclination from the equilibrium position 
for hi/h 2 == 2 would cause the center of pressure to move ahead of the 
pivot and to restore the designed inclination. 

12.17. Frictional Force. The force necessary to move the plate along 
under the slider is equal to the friction of the fluid on its wetted surface, or 



where F is the frictional force on the plate per unit width and To is the 
shear stress at the plate surface. 

Combination of Eqs. (12.5) and (12.9) gives the expression for r at any 
point in the fluid film. On the surface of the plate i/ = 0, r = To, and 

fhdp.m 

But from Eq. (12.10a) an expression for dp/dx is available. Substituting 
for To in Eq. (12.17) and integrating, we obtain the result in the form 


-tELr 


( 12 . 18 ) 
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where Cf is a nondimensional friction factor that is a function of the inclina- 
tion. As mi^ht be expected, the friction factor becomes somewhat smaller 
as the inclination increases, dropping from about 0.85 for A 1//12 = 1.5 to 
0.62 for h/lH = 5.0. 

The average coefficient of friction for the bearing as a whole can be 
found from Eqs. (12.15) and (12.18). 


F _ (fxUL/h,)Cf h, Cf 

^ W {JjLllLyhDC^ L l\ 


(12.19) 


E(piation (12.19) is to be compared with Eq. (12.3), which was based 
on dimensional analysis. Since h 2 in Ecp (12.19) is identical with h 
in Eq. (12.3) and Cf/C,,, is a function of ,s‘ = 1 + biL/lh), the two ecpia- 
tions are in c.omi)lete agreement. Dimensional reasoning alone cannot, 
of course, yield as complete information as the analysis leading to Eq. 
(12.19). 

Note that the coefficient of friction is independent of the viscosity of 
the lubricant. This results from the fact that the transverse force W is 
caused by hydrostatic, pressure that in turn is caused by viscous shear. 
[Recall that in Ecp (12.4) shearing forces were balanced against pressure 
foix^es in the horizontal plane. Since hydrostatics pressure is independent 
of direction, the same pressures cause an upward force on the slider to 
supi)ort the load IE.] Hence both W and F are the direct result of fluid 
shear stress, owing to viscosity. Their ratio is therefore indcipendent of the 



Fig. 12.9 

lubricant, provided that it is a true fluid and provided that /12 has a finite 
value. Obviously, if becomes zero, the load is taken by contact at the 
heel of the slider and the theory is invalid. 

The friction force F exerted by the oil on the lower plate is equal to 
the force of the oil on the slider. This is true because the acceleration of 
the oil film is negligible. The forces acting on it are therefore in equi- 
librium. From Fig. 12.9 
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F, = TU5 + F 

= W(1 -dF^W 

It is permissible to let N == W since 5^ < < 1 and, from Eq. (12.19), F is 
on the order of Wb. 

It is apparent from the foregoing that the work done per second on unit 
width of oil film in moving either the slider or the plate at a constant 
speed U is equal to FU. 

12.18. Energy Balance. Apply the energy equation [Eq. (5.8)] to the 
oil film under the slider of Fig. 12.9, assuming a steady two-dimensional 
flow, and neglecting heat transfer. Inertia effects and gravity are ignored, 
as in the rest of this chapter. Noting that the shear work per second done 
by the oil is — FUB, where B is the width of the slider, and recalling the 
definition of enthalpy i = {p/p) + u, we find from Eq. (5.8) that 

FIJB = {i 2 - ix)pQ = pcATQ (12.20) 

where c is the specific heat of the oil, A7' is its temperature rise as it passes 
under the slider, and Q is the volume rate of flow. Substitution of F from 
Eq. (12.18) yields 

pcATQ = Cf (12.21) 

hi 

Equations (12.9a) show that the velocity distribution across the oil 
film is linear at the section where dp/dx = 0. At this section the aver- 
age velocity will be 17/2, and conseciuently Q= VBh^/2 where is 
the film thickness. Since, from Eq. (12.13a), Zmax = s/{\ + s), ho 
^ h 2 {s — sl,nvix + imax) = 2 h 2 S / {1 -f s) , Substitution of this value of ho in 
the expression for Q gives Q = lIBh 2 s/{l + s). From Eq. (12.21) the tem- 
perature rise is found to be 


The quantity h 2 is, of course, extremely difficult to measure and is 
generally unknown. Consequently, Eq. (12.22) is of little practical interest. 
However, h 2 can be eliminated by substituting its value from Eq. (12.15), 
and we obtain in place of Eq. (12.22) 


L pc s C tp 


(12.23) 


In specialized texts on lubrication,* graphs are given for values of the 
several nondimensional coefficients (7^, Of and others appearing in the 
equations for the principal operating characteristics. These nondimen- 


* See p. 76 of reference 8. 
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sional coefficients are each functions of the inclination s = }hlh\. The 
designer wirshes to make the load capacity as large as possible but without 
letting become too small for perfect lubrication and without excessive 
temperature rise. Fundamentally, the designer’s problem involves seven 
quantities of which six must be fixed to determine the seventh. 

The above analysis assumed that the viscosity was constant throughout 
the whole extent of the film. Since the rate of shear will vary with the film 
thickness, the work done in shearing the oil film will vary, and hence the 
temperature. As a result, the viscosity will vary. C/hristopherson [1] has 
investigated this problem and solved the resulting equations, which are 
somewhat more complicated than those given above. Comparison of the 
constant-viscosity thciory and of the more exact theory shows that the 
discrepancies are small, less than 5 per cent. It is therefore justifiable to 
use the constant-viscosity theory for ordinary (calculations. Constant 
viscosity will be assumed in the remainder of this chapter. 

12.19. Cylindrical or Journal Bearings. This common type of bearing 
is designed to take the radial load on a rotating shaft or journal. We 
define the following quantities (see P^'ig. 12.10): 

D = diameter of shaft or bearing 

L = axial length of bearing 

C — diam(‘tral clearance, or difference in diameters of bearing and 
shaft 

N = speed of journal in revolutions per unit time 

P = load per unit projected area = W/LD 

/JL = viscosity of the lubricant 

Q = volume rate of lubricant flow through the bearing if it has forced 
lubrication 

By dimensional reasoning any dimensionless ratio involving t he follow- 
ing dependent operating variables, 

ho = minimum film thickness 

e - eccentricity, or separation of the centers of shaft and bearing 
= (C/2) - ho 

<i> = aspect of the journal, or the angle between the line of centers and 
the line of the applied load 

F = friction force on journal or bearing 

can be expressed in terms of four 11 functions. 
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n, 


L 

D 

nQ 

&p 


Specifically, we define 


r) = == 1 — = o(*(^en tricity ratio 

F F , 

f ^ TTr TVTT^ = fHction cocfficieiit 
W FLl) 


These quantities, together with 0, completely specify the system for any 
given conditions of operation. 

12.20. Petroff Equation. If the shaft is unloaded and the spewed is high, 
it runs concentrically, as shown in Fig. 12.10. If the shaft and bearing are 
absolutely (concentric, the film thickness is everywhere th(c same and as in 
the case of the plane slidca* th(' bewaring supports no load. However, even 

in this case there is a finite fric- 
tion force that can be calculated 
if th(.c spa(‘e between shaft and 
Ixcaring is assumed to l)e (com- 
pletely filled with lubricant. 

Since C'/2, the average film 
thickn(\ss, is always very much 
less than I), the curvature in the 
path of flow of the lubricant 
can be neglected and, for lam- 
inar flow, the average shearing 
stress will be r - jjL{V/h) = F/A , 
where F is the total tangential 
force on the bearing of wetted 
area A . But F, the linear speed 
of the journal surface, is e(iual 
to irDNy /i = (7/2, and A == irDL. 
Therefore, the friction force ex- 
erted by the journal on the bearing will be F = tA = /x[7rDA^/((7/2)]7r/)/v. 
Hence the friction coefficient is giv(m by the relation 



/=- = 

J w 


PDL 


= 2ir^^ 


IjlND 


P C 


(12.24) 


This is generally known as Petroff’s equation. Experiments verify this 
relation with great precision. If the shaft is very lightly loaded and running 
at high speed, it will remain almost concentric in its bearing so that this 
equation still applies. 
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In the deduction of this equation, end effects (that is, dependence on 
L/D) have been ignored. However, the value of / depends on the dimen- 
sionless parameters jjlN/P and D/C, identical with Hi and II 2 of Art. 12.19. 
Petroff’s formula thus agrees, as far as it goes, with the more general results 
of dimensional reasoning. Petroff’s equation does not allow for the effect 
of forced lubrication as indicated by the term jiQ/C^P. 

Equation (12.24) is valuable, however, aside from its historical interest 
in embodying the concept of hydrodynamic lubrication, because it supplies 
a simple means of estimating journal friction. Furthermore, the running 
clearance C is very difficult to measure after a bearing is assembled, and it 
is often b(4Jer to determine the friction coefficient from a torque measure- 
ment and to compute the clearance by Petroff’s eciuation. 

12.21. Loaded Journal Bearings. If the journal and bearing are not 
concc^ntric, there is a (*on verging wedge through one-half of the oil space as 
shown in Fig. 12.11 and we have the necessary physical condition for build- 
ing up pressure in the oil film and ability to support a transverse load. The 
analysis of the problem will follow exactly that of the plane slider, but the 
steps will only be indicated, for they are mathematically involved. We 
begin by re(;alling Eq. (12.10tt). 

giving the dcaavative of the pn^ssure in 
the oil film at every point. We re(^all 
that this equation was derived without 
any assumption as to the shape of the 
slider. As in the case of the plane slider, 
in order to integrate this equation we 
must express the film thickness h in terms 
of its position x. We neglect the curva- 
ture in the direction of motion and hence 
develop the oil film so that the surface 
of the bearing is taken as plane and use 
its thickness as h in the above equations, 
and C are much smaller than /), we see from Fig. 12.11 that 


JcA 

h^) 



Fig. 12.11. — Definition sketch of 
an eccentric journal bearing. 

Bearing in mind that both h 


OiA = h + lD, = ^^D, + ecosd = + 


e cos 


whence h = (C/2) -f e cos d. Here d is measured counterclockwise from 
the point of maximum film thickness. Also x ~ whence = y^Ddd. 

Substituting in Eq. (12.1()a), noting that U = irDn, and integrating, 
we find that 


P 


= po + 127r 



7 y(2 + yj cos 6) sin 6 

(2 + 7}^){l + 71 cos d)^ 


(12.25) 
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Here po is the pressure at the point 0 = 0, and the constant fci has been 
determined by the condition that the pressure returns to its original value 
when 0 has increased by 27r. This pressure distribution is plotted in Fig. 
12.12, and it is seen that the pressure rise p — Po increases from zero at the 
point of maximum film thickness to a maximum on the converging side 
and then falls to zero at the point of closest approach, as in the case of the 



Fig. 12.12. — Theoretical pressure distribution for a two-dimensional journal bearing. 

plane slider. On the diverging side the reverse is true, and the differential 
pressure falls to negative values. If a liquid could support a tension under 
the c.onditions existent in a bearing, the pressures would follow the dotted 
curve, which is symmetrical with the portion on the converging side. 
Actually, however, the oil film breaks near zero absolute pressure as shown 
by the full line. Cavitation and foaming can occur under unfavorable 
conditions, with consequent failure to maintain continuity of liquid in the 
clearance space. 

This suggests a cautious approach to the question of the location of 
oilholes and oil grooving in a bearing. Since the maximum pressure in the 
oil film may be some thousands of pounds per square inch it is obviously 
unwise to put an oilholc for the purpose of introducing oil in the high- 
pressure region. The oil will probably be forced out rather than in, and 
the maximum pressure in the film decreased. Oilholes should preferably 
be located on the low-pressure, or suction, side of the bearing. Oil grooves 
are often used to lead fresh oil from the inlet to different parts of the bear- 
ing and are also expected to collect grit, which might otherwise lodge at the 
line of minimum running clearance and score the surfaces. The introduc- 
tion of any oil grooves whatever should in general be viewed with suspicion. 
The designer should avoid connecting by grooves regions of high pressure 
with ones of low pressure. The oil may be drained from the high-pressure 
area with a resultant drop in load capacity. 

To obtain the total load that can be carried by the bearing when it has 
an eccentricity ratio rj we must integrate the pressure over the whole oil 
film. We shall assume that po is maintained so high that the oil film is 
continuous and follows the dotted line in Fig. 12.12. Let us resolve the 
force W = PDL that is exerted by the load on the journal into components 
parallel and normal to the line of centers. These must equal the respective 
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components of the film pressure integrated all around the journal, 
equation for the parallel component is 


PDL cos 



27r 

Lp cos 6 


D 

2 


dd 


The 


where </> is the angle between the load direction and the line of centers, as 
shown in Fig. 12.11. On substituting for p from Eq. (12.25) and inte- 
grating one finds that the integral is zero. Hence cos = 0 or </> = 90 deg. 
This means that the resultant force due to the film pressure is always at 
right angles to the line of centers; in other words, the journal so positions 
itself in the bearing that the line of centers is always at right angles to the 
direction of the load. This holds true even when the (effect of side leakage 
is taken into account. On the other hand, it does not hold if the oil film 
is incomplete, if oil is fed into the bearing through an oilhole in such a 
manner that its pressure either partly supports or depresses the journal, 
or if there is any metal-to-metal contact. 

To determine on which side of the load line the center of the journal 
will lie one should bear in mind that it is the oil pressure in the converging 
wedge which supports the load and that it is the sc^nse of rotation of the 
shaft which determines the converging side, d'he position of the journal 
is then as shown in Fig. 12.11. It is to be noted that this position is op- 
posite to that whicdi would obtain if the bearing were dry and the journal 
were mechanically rolling on it. 

One obtains the expression for the load component normal to the line 
of centers (resultant load) by substituting for p in the equation 

J r» 27 r n 

Lp sin d dd 
0 ^ 


and integrating, remembering that ^ = 90 deg, 


PDL = 127r=Z)L (^,JmA^ 


or, rearranging, 


(2 + 772)(l-r?2)^^ 

1 1 


(2 + v^){l - r ] 2)^2 12Tr%D/Cy(pN/P) 12ir^S 


(12.26) 


The dimensionless quantity S is often called the ^^Sommerfeld variable 
after the eminent German mathematical physicist who first derived the 
above equation. This equation gives the journal position, or eccentricity, 
in terms of the operating conditions of the system and checks our di- 
mensional result. Both rj and its complement ho/{CI2) are plotted in 
Fig. 12.13. 

It is seen that when the shaft is practically concentric, that is, when 
ho/ {C/2) « 1 or ly « 0, S is very large and only a small load can be sup- 
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ported. When hQ/{C/2) decreases, or rj approaches unity, aS dc'creases, 
finally becoming zero theoretically when the shaft and bearing toiudi. 
Before this point is reached, however, a limit to practical operation is set 
by other factors, which are difficult to take account of mathematically. 
Even at eccentricity ratios appreciably less than unity, metal-to-metal 
contact may occur owing to roughness of the surfaces, vibration, shaft 
deflection under load, misalignment, dirt in the oil, etc. Metal- to-metal 

contact, if prolonged, will cause 
excessive heating and initiate a 
train of events leading ultimately 
to failure of the bearing. The ec- 
centricity ratio at which this be- 
gins to occur therefore s(Ts a safe 
limit to pracitical operation, which 
according to Fig. 12.13 sets a lower 
limit to S. (As we shall see below, 
the side leakage is also a factor in 
determining this value of S.) The 
maximum safe value of the eccen- 
tricity ratio varies greatly for dif- 
ferent bearing assemblies and is 
determined largely from experience. Under the worst (H)nditions it may 
be as low as 0.5; under good conditions it may be as high as 0.9. 

12.22. Friction Loss in a Loaded Journal Bearing. To obtain the 
friction loss in a journal bearing running e(*(*entrically we combine Eqs. 
(12.5) and (12.9) to obtain the shearing stress at any point in an oil film 
between two solid surfaces in relative motion. 



0.20 


Fi(}. 12.13. — Ecfscntricity ratio T} and 

minimum relative film thickne«.s 2}io/(J ver.sus 
Sommerfeld variable S for a two-dimensional 
journal bearing. 


T = 




dp 

dx 


Substitutingfor dp/d:r from Eq, (12.10a) and expressing and x in terms of 
0, we can integrate the shearing stress over the whole surface of the journal 
(y = 0) to obtain the friction force and hence the friction coefficient on 
the journal, or 

~W~ PDL Jo 2 


When this integration is carried out and S is eliminated from the result by 
using Eq. (12.26), we obtain 


/) 1 + 2772 

Srj 


(12.27) 


Performing the same operations at the surface of the bearing (y = h)j we 
obtain for the friction coefficient on the bearing 
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=i 

C-’" dv 


T 


(12.27a) 





2jUN. 

P 


Note that, as in the case of the plane slider,/ depends only on the position rj 
of the journal. Also note that the two coefficients are different. This is 
because the oil pressure in the converging wedge exerts a certain tangential 
component of force, which must be balanced. This force is responsible for 
the shaft's eccentric position, rj 
can be eliminated from these ex- 
pressions and Eq. (12.26) to 
give the friction coefficients as 
a function of S. The resulting 
equations are plotted in Fig. 

12.14. The dotted line is the 
Petroff equation [Eq. (12.24)], 
which is approached by both 
the friction coefficients for large 
values of S. 

12.23. Effect of Side Leak- 
age. In the above analysis wc 
neglected the effect of leakage 
of oil from the ends of the bear- 
ing, or rather we assumed the 
bearing to be so long compared 
to its diameter that this effect was not appreciable. In most bearings, 
however, it is appreciable, the pressure varying in the axial direction 

somewhat as shown in Fig. 12.15. 
Obviously, if this is taken into 
account, the load capacity is re- 
duced since the contribution of 
the oil pressure near the ends is 
reduced; hence the same eccen- 
tricity ratio is reached at a 
larger value of S. The deriva- 
tion in Art. 12.14 of Reynolds's 
equation for the pressure dis- 
tribution in the oil film as- 
sumed flow only in the x direc- 
tion. If in addition there is 
flow in the transverse, axial, or z direction, then Eq. (12.106) becomes 


Fig. 12.14. — Friction coefficient for a journal 
f, and for a hearing /{> versus Sonimerfeld variable S 
for a two-dimensional journal bearing. 



1/2 

Distance along the axis 


Fig. 12.15. — Diagrammatic sketch of axial 
pressure distribution in a three-dimensional 
journal bearing. 
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where W is the velocity of the moving surface in the z direction, which in 
this case is zero.* 

This problem is complicated mathematically but it has been attacked 
by Kingsbury [2] using an electrical analogy and by Muskat and Morgan [3] 
for a limited range of tj using a method of successive approximations. The 
results are conveniently expressed as factors by which the value of S for 
the two-dimensional bearing, denoted by must be multiplied to give 
the value of S for the bearing of finite length having the same eccentricity 
ratio. In the table below, this factor in the form of S^/S is given for 
rj = 0.6 for a number of length-diameter ratios. Obviously, S^/S = P 
or the relative load capacity. 


L 

^<x> 

D 

'S 

0.2 

0.025 

0.4 

0.075 

0.5 

0.115 

0.8 

0.24 

1.0 

0.31 

1.6 

0.50 

2.0 

0.59 

3.2 

0.73 

4.0 

0.78 


While these factors vary with r;, the dependence is not extreme and they 
can be used for the whole range of safe limiting values of rj generally em- 
ployed in bearings. 

12.24. Journal Bearings with Dynamic Loading. In Arts. 12.19 to 
12.23 we have investigated the steady-state solution of the journal bearing, 
assuming a constant load in a fixed direction. In a great many important 
practical cases, however, notably in all reciprocating engines, the load is 
constant neither in magnitude nor in direction. In such cases there is in 
addition to the pressure built up in the oil film due to the relative tangen- 
tial motion of the two surfaces an additional pressure in the film produced 
by the relative motion of the surfaces toward and away from each other. 
This is the type of pressure normally developed in hydraulic recoil mech- 
anisms and dashpots and responsible for the action of all hydraulic damp- 
ing forces. Reynolds’s equation [Eq. (12.106)] must therefore be rewritten 
to take account of fluid velocities in the y direction, 

where V is the velocity of any point x, h on the moving surface normal to 
the plane of the two surfaces. Now since the load will in general be varying 

* For the derivation of this equation see any standard text on fluid mechanics, 
such as H. Lamb, Hydrodynamics,” 6th ed.. Chap. XI, Cambridge University Press, 
London, 1932. 
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in both magnitude and direction, we can no longer assume the position of 
the journal center fixed with respect to that of the bearing. Hence U will 
no longer equal simply irDNy but both U and V will have components of 
motion due to the component velocities of the journal center, (C/2)(drj/dt) 
and (C/2)r](d<p/dt). These can be evaluated; and, repeating the identical 
steps as for the case of a constant load, we finally arrive at expressions for 
the two components of the load, parallel to and normal to the line of 
centers. These may be written, respectively. 


1 dr] 


(1 — 2TrN j di \2Tr'^S 


r, COS </) 


(2 + 


^ 1 2 ^ ^ 1 . ^ 

I _ (9 + a) = (p 

rj^)(l — ^T^Njdt 127r\S 


(12.29) 


Here all the quantities are as previously defined; t is the time, and a is the 
instantaneous angle between the load line and some refertmee direction 
fixed with respect to bearing (see Fig. 12.16). In general, both a and 8 will 
be functions of the time depending on how the load varies. Note that the 
line of centers is now no longer in 
general normal to the load line. 

It is interesting to note that 
even here the running position of 
the journal still depends on the op- 
erating variables of the system as 
combined in the Sommerfeld vari- 
able aS, with the exception of the 
rotational speed of the journal iV/, 
which appears in addition but al- 
ways in combination with the time 
and which would in theory at least 
disappear on performing the inte- 
gration with respect to time and 
substitution of the limits. Further- 
more, although we spoke of the va- 
rying load as the reason for this 
analysis, it was nowhere explicitly 
assumed and Eqs. (12.29) require 
only that S be a function of time. 

Hence cases where the speed or the viscosity varies with time can also be 
solved by use of these equations. To perform the last integration of 
Eqs. (12.29) the dependence of S and a on the time must be known. For 
most cases of practical interest it is not possible to carry out the integra- 
tion, and resort must be had to numerical methods. However, some quali- 



Fig. 12.16. — Definition sketch of a journal 
bearing with dynamic load. 
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tative discussion of certain of these cases is worth while. (This discussion 
follows in part that given by Swift [4].) 

In the case of a steady state under constant load, if we take the two time 
derivatives to be zero, the equations reduce to the Sommerfeld equation 
[Eq. (12.26)]. 

In the case of a constant load revolving at constant speed {N /) the 
equations reduce to the single one 


(2 + v^(l 


= 


1 


(12.30) 


This equation is similar in form to that of Sommerfeld. If 
the point of minimum film thi(^kriess will lie 90 deg ahead of the load line, 
as in the static ciase, but the bearing will have less load (capacity (that is, a 
larger value of rj for a given value of S) than in the static case. UN/ 
= the bearing will support no load, which explains the phenomenon 

of oil whirl. If N/ > l the point of minimum film thickness lies 90 deg 
behind the load lin(\ In particailar, ii N/ = Nj, the bearing has the same 
load capacity as in the static case. This is reasonable since the physical 
situation is thc^ same as if the shaft were fixed and the bearing were rotating 
in the opposite direction. If iV/ > Nf or is in the oi)posite direcition to Njy 
the load capacity can become arbitrarily large as the magnitude of N/ 
increases. 

The term drj/dt represents the load capacity arising from a radial motion 
of the journal in the bearing sometimes called a “sciueeze film.’’ There 
will also in general be a tangential motion of the journal center, described 
by the term in d4>/dt. If this is in the same direction as the rotation of the 
journal, as it generally is, it may decrease the load capacity arising from 
the rotation (^^ wedge film”) alone. It is thus not generally true that 
dynamic loads, producing motion of the journal center in the bearing, will 
necessarily increase the load capacity over the static case. In fact under 
certain types of loading there will be a net decrease in load capacity. 

For the general solution of the problem of a constant load, including 
the transient condition when the load is first applied, dt can be eliminated 
from the two original ecjuations to yield a single differential equation in 7 ] 
and </), which can be integrated to give 


sin ({) = 


UirhS ^ c(l - 
5j7(1 — V 


( 12 . 31 ) 


where the constant c depends on the initial conditions, f.e., the position of 
the journal when the load is first applied. This equation, together with the 
two original ones, shows that, even under a constant load, periodic motion 
of the journal center takes place. Its path is a closed orbit, surrounding the 
equilibrium position as given by the Sommerfeld equation. Thus during 
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part of its orbit the journal is nearer the bearing wall than if it were sta- 
tionary in the equilibrium position. The physical existence of these orbits 
has not been established. If they do not exist in practice, then they must 
be damped out by some force, such as solid fricdion, not taken account of 
in this analysis. 

A general analytical solution of these equations for any type of dynamic 
loading has not been possible to date, but numerical integration has been 
carried out for the case of a simple Reciprocating load 

P = Pi) sin 2TrK ft 

where N f is the freciuenc.y of the loading and Pq is its maximum value. 
Under this type of loading the journal ccenter moves in a path resembling 



Fia. 12.17. — Eccentricity ratio rj versus line-of-centers angle (j) for a journal bearing with a 

reciprocating load. 

an ellipse, in the same direction as the rotation of the journal as shown in 
Fig. 12.17. The maximum eccentricity in this path is taken to determine 
the load capacity. Here again, as in the case of the constantly rotating 
load, if Nf < j) the maximum eccentricity is greater and the load ca- 
pacity is correspondingly less than in the static case. In this instance the 
minor axis of the path is parallel to the line of action of the reciprocating 
load. If A/ = YiNjj there is evidence, although it has not been proved 
analytically, that the bearing will support no load at all. (This is of 
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interest since four-cycle internal-combustion engines all have a large half- 
period load component.) li Nf = Nj, which is the case of greatest practical 
importance, there is a definite increase in load capacity over the static case. 
In this case the major axis of the path is parallel to the line of action of 
the load, and the same maximum eccentricity is achieved with a 74 per 
cent greater load than under a static condition, for which bearings are con- 
ventionally designed. Ji Nf > Nj, there are even larger increases in load 
capacity. This 74 per cent increase in load, while quite appreciable, is 
smaller than that sometimes observed in bearings loaded in this manner. 
This may be due to the fact that the maximum eccentricity, corresponding 
to this load, is reached only twice every cycle. At other times the eccen- 
tricity is considerably less, so that a better measure of the load capacity 
might be obtained from the average eccentricity over the cy(4e, which would 
give a greater estimated load capacity. Still another explanation might 
be the fact that in actual unidirectionally loaded bearings the oil film is 
seldom complete on the unloaded side, while in the presemt case it may 
be more nearly so owing to the pumping action of the journal motion. 

Finally, in the limiting case of a reciprocating load with no journal 
rotation, the first of the two original ecpiations vanishes; and if 4> is taken 
as 0 deg, the second one integrates to 

where Sq = (D/CYi/jiNf/Po) and P = Po sin 27rN/t. Comparison of this 
with the Sommerfeld equation, 

V ^ 1 

(2 + 7 ; 2)(1 - 12x2 ^ 

shows almost a threefold increase in the load capacity UN/ replaces Nj. 

12.26. Oil Flow through a Journal Bearing. In many bearing assem- 
blies the oil is introduced into the bearing through a hole or groove under 
pressure and flows through the bearing, finally emerging from the ends. 
A large volume of oil may thus be circulated through the bearing. Oil in 
excess of the amount required to keep the clearance space filled performs 
the useful function of carrying away the heat generated in shearing the oil 
film and hence keeps the bearing cool. For this reason it is useful to know 
the rate of oil flow through the bearing, a problem in fluid mechanics for 
which we have already derived the basic equations. 

First consider the rate of flow circumferentially around the shaft. 
Equation (12.10) is the general expression for the rate of oil flow per unit 
width across any section of the film, which, since the fluid is incompres- 
sible, is the same across all sections. Hence for convenience we may 
consider the section where dp/dx or dp/dd is zero. From Eq. (12.25) it 



Sec. 12.25] OIL FLOW THROUGH A JOURNAL BEARING 


311 


can be found that at this section 0 = cos“*[— 3?7/(2 + rf')]. Then since 
h= (C'/2)(l + 17 cos 6), at this point h = (7[(1 - j7^)/(2 + t;®)] and the 
expression for the total circumferential flow through a bearing of width L 
becomes 

QL = ^ DIJJN (12.33) 


The dimensions of this flow are volume per unit time. Note that it is a 
maximum when the shaft and bearing arc concentric and decreases with 
increasing eccentricity. 

For flow in the axial direction we must refer to Eq. (12.9), the expression 
for the velocity at any point in a cross section of a viscous film. In the case 
of flow in the axial, or 2 , direction, dj)/dx must be replaced by d'pjbz^ 
and u by w. Since the relative velocity of the two surfaces in this direc- 
tion is zero, II = 0. Equation (12.9) thus becomes 




and the average velocity across the section is 


1 





dp 
12p dz 


(12.34) 


Consider a circumferential groove around the center of a journal bearing 
of which the length L is large compared with the breadth of the groove and 
which is supplied with oil at a pressure above atmospheric. Equation 
(12.34) applies to this flow, which is to be thought of as superposed on the 
axial component of flow already described in Art. 12.23. Such super- 
position is legitimate because the e(|uations of motion are linear. The 
symbols w and p in Eq. (12.34) thus do not represent resultant quantities 
but components superposed on those alnuidy present by the addition of 
the circumferential soure.e. Since the flow from this source is uniformly 
distributed around the periphery, the p component in Eq. (12.34) is a 
function of z only. Also, by virtue of continuity, w is independent of z. 
Equation (12.34) thus shows that dpjdz is constant. The value of this 
constant must be 2pJL. Since = (C/2)(l + ry cos 0), the total flow due 
to the source out of both ends of the bearing is given by 



wh ^ dd 


1 

48/4 L 



+ 7] cos dy dd 


TT DC% 
24 fxL 


( 


1 + 


I’-) 


( 12 . 35 ) 
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The dimensions of this flow arc also volume per unit time. (This should 
be compared with the exprcission for 114 in Art. 12.19.) Note that in this 
case the flow increases with increasing eccentricity and varies inversely 
with the L/D ratio. In Art. 12.23 it was shown that a reduction in L/D 
decreases the load capacity. But here we see that a reduction in L/D 
also increases the oil flow and hen(;e the rate of cooling. The viscosity will 
thus become larger, and the reduction in load capacity with L/D will not 
be so great as in a bearing witliout forced circAilation. 

12.26. Criteria for Journal-bearing Operation. We are now in a posi- 
tion to consider the criteria for determining the safe hydrodynamic 
operating conditions for a journal bearing. As we have already seen, one 
condition is that the minimum film thickness /?o should never be less than a 
certain value, which in turn determines a safe minimum value of S, 
denoted from Eq. (12.26). 

The second condition is that the operating temperature T should never 
exceed a certain maximum value 7\„ax; otherwise, deterioration of the oil 
will be produced, (corrosion of the bearing surfaces b.y the oil will be ac- 
celerated, and in some cases softening of the beai-ing materials will result. 

Expressing tlie necessary relations analytically, we have 


whence 



(12.36) 


(This S includes the factor to allow for side leakage.) 

We also eliminate rj from Eqs. (12.26) and (12.27), and obtain the 
friction coeflTicient as a function of S. 


(12.37) 

Now the operating temperature of the bearing is that temperature at 
which the sum of the rates of heat dissipation and net enthalpy efflux is 
equal to the power input to the bearing. Heat is carried away from a 
bearing by conduction through the supporting members, while the net 
rate of enthalpy efflux depends on the rate of oil flow and the temperature 
rise of the oil in the bearing. The sum of these quantities is thus 

BA{T - TuY + pQc(T2 - TO 

where A is the area of the oil film ttDLj Tr is the ambient or room tempera- 
ture, B and a are empirical constants, Q is the rate of oil flow, p and c are the 
density and specific heat of the oil, respectively, and Ti and T 2 are the en- 
trance and exit temperatures of the oil. T 2 is directly dependent on the 
temperature of the bearing T and in many cases may be taken equal to T. 
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Ti may also depend on T if the oil cooler is limited in capacity. If the oil- 
circulating system maintains a constant pressure, Q will depend on the 
viscosity and the clearance space in the bearing, according to Eq. (12.35). 
Both a and B have been determined empirically in some classical experi- 
ments by Lasche [5] and more recently investigated by Muskat and Mor- 
gan [6]. The value of a generally lies between I and 2. 

Now the power input to the bearing is given by 

Fir = JPDLttDN 
so that for equilibrium [compare J^]q. (12.20)] 

JPDLttDN = BirDLiT ~ TrY + pQc{T2 - Ti) (12.38) 
In particular, if the Pc^troff etjuation is assumed, 

FU = 27r“ j, fj.N-Dy. 

Finally, of course, the viscosity of the oil is markedly dependent on the 
temperature so that 

M = Moi8(T) (12.39) 

where jUo is the viscosity at some standard temperature and hence represents 
the grade of the oil. ^(T) is a function of the temperature that for 
petroleum oils is fairly independent of the grade. As pointed out in 
Art. 12.4, I5{T) is approximately exponential and may be expressed as 
should be remembered that jjl may also depend on the pressure 
if the latter is high. 

We now have four equations [Eqs. (12.3()) to (12.39)] in the quanti- 
ties /JL, /, Sj and T. When these 
quantities are either eliminated 
or assigned limiting values, there 
results an expression involving 
the speed, the load, and the grade 
of oil for a given bearing. For 
instance, we can assume a safe 
minimum value for S such as Smm 
and then eliminate /z, /, and T 
from the four equations and ob- 
tain a relation among P, iV, and 
jjlq. Alternatively, we can as- 
sume a safe maximum tempera- 
ture Tmax, eliminate /x, F, and S, 
and obtain a second relation among P, iV, and jjlq. Representative curves 
giving the relation between P and N for a given grade of oil are shown in 

Fig. 12.18. 



N in thousands of RPM 


Fig. 12.18. — Plot of the two stability criteria 
for a journal bearing. 
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The region lying below the curve of constant Snnn corresponds to values 
of S which satisfy the condition that aS never be less than The region 

lying below the curve of constant 7 max satisfies the second condition that 
the operating temperature of the bearing never exceed Tmax. Hence, in 
the region lying below both curves, both conditions are satisfied, and any 
combination of load and speed that lies in this region represents conditions 
of possible operation. All the rest of the region represents impossible 
operating conditions. Hence the full curve in Fig. 12.18 gives the load 
capacity at any speed of the bearing using a given grade of oil, under the 
limitations originally imposed. 

A similar analysis can be made to select the proper grade of oil for a 
bearing whose operating speed and load are known. A lighter oil will in 
general result in a cooler-running bearing because the rate of doing work is 
not so high. Indeed, it turns out in a great many practical cases that the 
viscosity of the light oil at its operating temperature is about the same as 
that of the heavy oil at its operating temperature. Hence, for a given load 
and speed, the value of {D/CY{fxN /P) is not lowered by using a lighter oil, 
yet the bearing will be mucdi cooler. As a result, it is generally advan- 
tageous, under hydrodynamic operating conditions, to use the lightest pos- 
sible oil. 
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CHAPTER XIII 

BOUNDARY LUBRICATION 


The theoretical friction coefficient for a journal bearing behaves, ac- 
cording to Sommerfeld, somewhat as curve A in Fig. 13.1 However, experi- 
mental friction curves resemble B or C. They follow the theory closely in 
the region of perfect lubrication and high values of S but turn up sharply 
near some minimum value of B that depends on the particular bearing. 
This is the minimum permissible value Sunny discussed in the pre(;eding 
chapter. The region near this minimum for any particular bearing is called 
the region of imperfect or ^M)oundary lubrication.” The region to the 
left of the minimum, where the friction coefficient increases as S is di- 
minished, represents unstable operation, and here bearings generally fail 
by seizure. 

For well-designed bearings, boundary lubrication occurs in the vicinity 
of aS = 0.003 and the conditions of operation here are quite different from 
those in the hydrodynamic range. For this condition the load is too great 



Fig. 13.1. — Schematic curves of friction coefficient / versus Sommerfeld variable iS for a 

journal bearing. 

or the speed too low to maintain fluid separation of journal and bearing by 
building up adequate pressure in the converging oil wedge. The load on the 
shaft is apparently taken on the bearing by direct contact. The viscosity 
of the oil is no longer of primary interest, but rather the nature of the 
rubbing surfaces and whatever oil film may remain to keep them slippery. 
A journal operates under boundary lubrication when starting or when 
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the oil supply fails, but many machine elements such as gears and cams 
normally operate under such conditions. 

Boundary lubrication is notoriously marginal, and slight variations 
from previously successful practice are likely to cause failure. The ability 
of a bearing to operate under conditions of boundary lubrication has been 
found to depend upon a combination of physical properties, viz.^ 

1. Nature of the lubricant. 

2. Finish of the rubbing surfaces. 

3. Material of the rubbing surfaces. 

4. Lubricant supply. 

5. Temperature. 

13.1. Oiliness. Experience has indicated a marked superiority at mod- 
erate temperature in the ability of certain animal and vegetable oils to 
keep smooth surfaces slippery, as compared with mineral oils of the same 
viscosity. This ability has been (tailed ^W)iliness.” L^espite its somewhat 
vague character, the term is useful in denoting that quality of a lubricant 
which makes it effective under conditions of boundary lubrication where 
viscosity is not important. 

That marked differences exist in the lubricating value of various oils 
was recognized as early as 1902 by Kingsbury [1] in experiments on an 
oil-testing machine where lard oil and mineral oils were compared at loads 
beyond the range of effective hydrodynamic lubrication. It was found 
that under these conditions the lard oil ran with much less friction, qualita- 
tively resembling curve B in Fig. 14.1, as compared with the mineral oil, 
which followed a curve similar to (7. 

Oiliness may be defined as the ability of an oil to give a lower coefficient 
of friction in the boundary region than another at a given value of S. 
Machines have been devised to test empirically for this so-called prop- 
erty,^' but no physical property of a fluid has been found to correlate with 
the results of oiliness tests. It is therefore necessary to seek an explanation 
in the chemical nature of the oils in question. What follows may be some- 
what speculative but appears to be consistent with observed facts. 

13.2. Molecular Structure. The majority of lubricants are oils that 
are compounds of carbon and hydrogen with sometimes a small amount of 
other elements. There are two main categories, mineral oils, which are 
derived from petroleum, and fixed oils, which are derived from animals 
and vegetables. The mineral oils are composed solely of carbon and 
hydrogen. The molecules are generally in the shape of long chains of 
carbon atoms with hydrogens attached or of rings with long side chains 
such as are shown in Fig. 13.2. 

The structure of the molecule is responsible for the properties that we 
generally consider typical of oil. The relatively high viscosity that oils 
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possess can be pictured physically as due to the entangling and inter- 
meshing of their very long chains. Another result of their shape is a tend- 
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Fig. 13.2. 


-Structural formulas for (a) a straight-chain hydrocarbon, and (b) a ring hydro- 
carbon with side chain. 
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Fig. 13.3. — Structural formulas for (a) a tri-glyceride, (b) a fatty acid, and (c) an ester. 


ency under certain conditions to align themselves parallel to one another 
and to pack closely together to form, in two dimensions, a relatively dense 
and rigid layer on a solid surface. This tendency is greatly accentuated 
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by the addition of small amounts of other types of oil to the pure hydro- 
carbon. 

The fixed oils are a mixture of a wide variety of substances. The 
major portion consists of triglycerides with three long carbon chains hooked 
through a carboxyl linkage to a nucleus of three carbons, as in Fig. 13.3a, 
with lesser amounts of straight-chain hydro(;arbons having a hydroxyl, 
— OH, or a carboxyl, — CX)OH, radical on one end, as shown in Fig. 13.36. 
The latter are called “fatty alcohols or acids. Other constituents are rep- 
resented by the ester shown in Fig. 13.3c. All these compounds occur nat- 
urally in animal and vegetable oils and can be removed or concentrated by 
refining. There are other compounds that behave in a similar manner 
chemically and can be used in the same way, but- they do not occur in na- 
ture and must be synthesized. They may contain a halogen, — Cl or — Br, 
or an amine, — NH 2 , radical, as shown in Fig. 13.4a; or the short hydro- 
carbon chain in Fig. 13.3c may be replaced by a metal atom as shown in 
Fig. 13.46 to produce a metallic soap. 
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Fig. 13.4. — Structural formulas for (a) a chlorine substitution product, (h) a sodium soap, 
and (c) an unsaturatod hydrocarbon. 


Often some of the carbon atoms in the chain are not bonded to as many 
hydrogen atoms as possible so that double bonds between two carbons are 
formed, as in Fig. 13.4c. Such molecules are said to be unsaturated. Un- 
saturation often occurs in the fixed oils, while the mineral oils are more 
generally saturated. The region of the double bond is chemically active 
and will pick up other molecules, notably oxygen from the air if the oil is 
heated, as in an automobile engine. This activity has two results. (1) It 
generally produces acidity of the oil and leads to severe chemical attack 
of the bearing surfaces. (2) Oxidation produces gum and varnish deposits, 
which are generally harmful in engines. 
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13.3. Surface Chemistry. The above discussion of the molecular struc- 
ture of the possible constituents of practical lubricants is necessary in order 
to elucidate their mechanism and to understand why they are made with 
their present-day compositions. A glance at the structures shown in Figs. 
13.2 to 13.4 shows that all have the feature in common of a long chain. 
This point is important. As will be shown below, all these molecules tend, 
when in the vicinity of a solid surface, to orient themselves so that they 
are standing more or less normal to the surface, with one end attached to it. 
This being the case, it is obviously desirable to have a long chain so as to 
provide the maximum physical separation of the two bearing surfaces. 
This view has been partly substantiated in tests which show that for a 
homologous scries of compounds, be they straight hydrocarbons, alcohols, 
or fatty acids, the fri(;tion within a given series decreases with increasing 
chain length up to a certain point. 

Another property of these long-chain molecules in contact with a solid 
surface is their tendency to adhere in clusters. If a sufficient number is 
present, they will completely coat the surface with a monomolecular film 
of great lateral strength. This film is to all intents and purposes a solid in 
two dimensions. The rigidity is due to the chemical affinity between the 
CH 2 groups in the adjacent hydrocarbon c.hains. This rigid structure has 
been confirmed by electron-diffraction evidence. 

The third stnudiiral characteristic of the molecule that is conducive to 
the formation of a strong adherent film is its possession of an active radical. 
So far we have discussed properties common to the mineral oils and the 
fixed oils alike, but now we reach a point of significant difference. As 
opposed to the pure mineral oils the molecules of a fixed oil and of a syn- 
thetic additive have an active radical on one end. This asymmetry in the 
otherwise symmetrical structure of the molecule, as shown in Fig. 13.36, 
disarranges the normal symmetrical distribution of electric charge so that 
one end becomes predominantly positive and the other end negative. Such 
a molecule is said to be ^^polar.’^ 

The radical end of a polar molecule has a strong affinity for a metal 
surface. This end, therefore, attaches itself to such a surface, while the 
rest of the molecule tends to stand out more or less normal to the surface. 
The affinity of the active end varies both with the type of radical and with 
the length of hydrocarbon chain. It can be designated quantitatively as 
the free energy of adhesion and can be measured in a variety of ways [2]. 
It is a function of both the oil and the surface but is believed to depend 
principally on the nature of the oil. It is the work necessary to pull a unit 
area of oil away from a solid surface and, consequently, has the dimensions 
of energy per unit area. The polar and nonpolar liquids differ greatly in 
their energy of adhesion to metals, but a given oil has about the same 
energy of adhesion for all the usual bearing metals. An everyday illustra- 



320 


BOUNDARY LUBRICATION 


[Chap. XIII 


tion of a difference in energies of adhesion is the fact that water will stand 
up in droplets on a greasy surface, whereas it will spread in a thin uniform 
film on a clean one. The force of adhesion tends to draw the water 
over the surface and increase the mutual area of contact, while the surface 
tension of the droplet holds it back. The attraction between the water and 
the greasy surface is less than the surface tension and the water is held 
back, whereas the attraction of the clean surface is great enough to over- 
come the surface tension. Furthermore, the waterdrop on the greasy sur- 
face, on being rolled around, leaves a dry area behind it, so little is its 
attraction for the grease. On the (dean surface, however, the water never 
recedes from an area that it has onc.e wethnl. This property of spreading, 
which is the result of a high adhesion energy, is obviously desirable for a 
boundary lubricant. 

13.4. Film Formation. Long-chain molecules with lateral attraction 
for other chains and an active radical grouj) at one end tend to form an 
adherent film on a bearing surface. Oils that have mok^cules of this type 
are superior to other fluids of the same vis(H)sity under imperfect, or 
boundary, lubrication conditions. The function of the film is to separate 
two metal surfaces so that on rubbing they do not gall or seize. Further- 
more, the film permits the surfaces to slide over each other with much 
less friction since the tops of the films are composed of CTL radicals, which 
are chemically saturated and have very little attraction. The situation 
has been likened to a stand of wheat firmly rooted to the ground. If a 
half-inch steel ball were magnified to the size of the earth, the thickness of 
the monolayer of oil on its surface would e(|ual the height of the wheat. 
(This analogy to a wheat field is not quite exact since it ignores the mutual 
cohesive forces among the closely packed carbon chains.) 

This strong monomolecular film exists only below a certain temperature, 
characteristic of the particular lubricant molecule and the particular metal 
surface. As the temperature increases, thermal agitation of the oil mcfie- 
cules decreases the attractive tenden(?y between them. Above a certain 
temperature, called the ‘‘transition temperature,” attraction and orienta- 
tion cease entirely, and the molecules that were in the surface layer disperse 
themselves through the bulk lubricant much as a liquid vaporizes to a gas. 
This phenomenon is reversible on cooling. 

Transition temperatures vary for the different classes of compounds. 
They are lowest for the pure hydrocarbons, which experiments by Bowden 
[3] and his coworkers have shown are effective as boundary lubricants only 
when they are solid, that is, at temperatures below their bulk melting points. 
As is well known, the melting point, and hence the transition temperature, 
increase with increasing chain length. For molecules of the same chain 
length the transition temperature is higher for the polar molecules since it 
takes more thermal agitation to tear the active radical loose from the bear- 
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ing surface. Some typical transition temperatures are given in Table I, 
taken from Bowden’s work. 

Table I. — Transition Temperatures of Organic Compounds 


Compound Temperature, Deg C 

Docosane, C 22 n 4 «, 43 

Octadecane, CisHss 28 

Lauryl alcohol, Ci2n260TI 23 

Octadecanol, CisHsrOH 59 

Laurie a(‘id, CnlLsCOOH 44 

Stearic acid, C17H35COOH 69 

Copper laurate, ( 'u (Ci2ll2.’{02)2 110 

Sodium stearate, Na(.\Kll3&02 290 


For even the most active polar compound, such as a fatty acid, there is a 
definite temperature above which it will not adhere to the bearing surface 
in a rigid monolayer. As may be seen from Table I, this temperature for 
the fatty acids is not so high as that often reached by high-performance 
automobile and aircraft engines. It was found experimentally, however, 
that lauric acid on copper behaved as a good boundary lubricant up to a 
temperature of about 100 C, while on platinum it ceased to be effective 
above about 43 C. Similar results have been obtained with other fatty 
acid-metal combinations. The explanation lies in the fact that the lauric 
acid reacts slightly with the copper surface to form a thin, adherent film of 
copper laurate, whose transition temperature is much higher than that of 
the pure acid. On platinum, however, the lauric acid is completely un- 
reactive. 

Such chemical reactions should be generally desirable, so long as the 
attack is not severe enough to change the surface contour. 

13.6. Additives. We have seen that the best structure for a boundary 
lubricant consists of a long straight hydrocarbon chain with an active 
radical at one end. Compounds having such a structure occur naturally 
in the animal and vegetable oils, or they may be synthesized, but they do 
not occur in the mineral oils. 

These compounds often have certain impractical aspects that make 
them undesirable for commercial use. For instance, the naturally occurring 
fixed oils, being unsaturated chemically, tend to oxidize at engine temper- 
atures to produce acidity and chemical attack of the bearing surfaces. 
Further oxidation produces gummy deposits that cause stuck piston rings 
and clogged drains. 

Fortunately, there is an easy way out of this difficulty. It has been 
found that a small percentage of an active polar compound when added to 
a straight mineral oil renders the product as efficacious a boundary lubricant 
as the pure additive and yet does not appreciably affect the bulk properties 
of the mineral oil. This is explained by the fact that the additive, having 
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a great affinity for the surface, migrates to it, forming its characteristic 
strong monolayer or chemical coating, to the exclusion of the mineral-oil 
molecules. Only a small fraction of 1 per cent of additive is required to 
coat the surface. The residue remains in solution in the mineral oil, where 
it is almost instantly available to repair areas of the film worn away l)y 
rubbing. In this connection Table II is of interest, which gives some 
measurements by Burwell [4] of the friction coefficient under boundary 
conditions between two ground and hardened steel surfaces for various 
concentrations of oleic acid in mineral oil. 

Tablp: II 


Lubricant Friction Coefficient 

Pure mineral oil 0.300 

2% olei(^ acid in mineral oil 0.249 

10% oleic a(‘i(l in mineral oil 0.198 

50% oleic acid in mineral oil 0.198 

Pure oleic acid 0.195 


This table shows that although a fractional percentage of oleic acid 
should be sufficient to cover the surfaces complebily, the friction coefficient 
continues to decrease up to 10 per cent concentration of the acid. Pre- 
sumably, molecules of the acid are forced more rapidly to a break in the 
surface film if the concentration of additive is increased, but this effect is 
less marked at high concentration than at low. 

The concentration of additive beyond which no improvement in per- 
formance is noted depends on a number of factors, notably the speed and 
severity of rubbing, the affinity of the additive for the bearing surface, its 
relative solubility in the bulk lubricant, and the difference between the 
temperature of operation and the transition temperature. 

We conclude that a lubricant for general service where boundary condi- 
tions may be expected should consist of a mineral oil of appropriate vis- 
cosity, to which has been added a small percentage of a polar substance, 
preferably either a fatty acid or a metal soap. The requirements for such 
a “film-strength^^ additive are 

1. The molecule should contain an active radical to give high adhesion 
to the bearing surfaces. 

2. The molecule should be of the long straight-chain type, the active 
radical being at one end. 

3. The additive should be present in a concentration of at least a few 
per cent, but not in sufficient quantity to contribute its disadvantageous 
bulk properties to the lubricant. 

4. Either its own transition temperature or that of its reaction product 
with the bearing surface should be above the anticipated operating 
temperature. 
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Good commercial practice is in line with the above. Generally the 
active substance is added in the form of an easily procurable commercial 
oil, such as lard, sperm, or castor oil. A few petroleum crudes naturally 
contain a small fraction of such substances, and, from this standpoint, it 
is possible to overretine a mineral oil. In the extreme-pressure (E.P.) 
lubricants used for gears, where the loading of the film is extremely high 
owing to the small areas of contact, the metallic soaps are generally used. 

In the case of commercial oils for automobile engines where the service 
requirements are complicated by the necessity for exposure to extreme 
transient te^rnperatures and the products of combustion, other addition 
agents are also used for various other purposes. Next in importance to 
the film-strength additives are the oxidation inhibitors. These prevent 
the iinsaturated molecules that are inevitably present in all commercial 
oils from becoming oxidized. The inhibitors act principally by taking up 
chemically all the oxygcni present and thus forming harmless materials. 
Other additives are employed as detergents, which enable the oil to keep in 
suspension finely divided solids, such as sludge and metal particles, and 
prevent their adhesion to the metal surfaces. Other agents are sometimes 
used for more specialized requirements such as raising the viscosity index 
and depressing the pour point. 

13.6. Chemical Polishing Agents. These are used to prevent galling 
and seizure in the running in of new^ bearings. As a class, the chemical 
polishing agents are hydrocarbon compounds containing a metalloid atom 
such as sulfur, phosphorus, or arsenic. Tricresyl phosphate is an example 
of one that is used (commercially. Beeck [5] has explained the action of 
these compounds as follow^s: 

They are stable at room temperature but at elevated temperatures 
decompose and release the free metalloid atom. Thus they do not attack 
the bearing surfaces at the temperature of normal operation; but where 
metal-to-metal contact occurs, the local temperature rises and the resultant 
decomposition of the agent releases some of the metalloid, w^hich then at- 
tacks the metal over the rubbing area to form a thin, easily sheared coating 
of the compound of the metal and metalloid, e.gr., the metal sulfide or phos- 
phide. This coating alloys with the metal to lower its melting point, so 
that the high spot is worn away and the local temperature is reduced. 

A chemical polishing agent ceases to function after running in is com- 
plete and the true bearing area has reached its maximum value. Hence it 
may be removed, and plain oil used thereafter. The film-strength additive, 
on the other hand, must of course be retained in the oil throughout the life 
of the bearing. 

13.7. Other Lubricants. All the discussion so far has centered in the 
hydrocarbon family of compounds. However, their somewhat considerable 
drawbacks and the urgent requirements of the Second World War prompted 
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a search for other families of compounds suitable for lubricants and hy- 
draulic fluids. To date the most interesting that have been evolved are 
the silicones. These are synthetic substances characterized by long chains 
composed of alternate silicon and oxygen linkages, as shown in Fig. 13.5. 

(TIa c\h CHa CH» 

I I I i 

c^lla— Si— ()— Si— O— Si— O— Si— • • • 

(''H, C1I3 ill, in. 

Fig. l.S.5. — Structural formula for a silicone. 

A silicone molecule may also contain active radicals. Silicones are 
superior to the hydrocarbons in having a higher viscosity index and in 
being noninflammable, so that they have found important use as hydraulic 
fluids, particularly in airplanes and naval vessels. They have not yet been 
developed as good boundary lubricants, but there is promise in this direc- 
tion. 

For specialized purposes other fluids may be used. Water is used to 
lubricate the rubber bearings that support the propeller shafts of vessels. 
Air is used for high-speed centrifuges and grinders where the clearance space 
is small, the speed is high, and the load is light. 

Important lubricants for certain applications are the greases. They 
are mixtures of mineral oil and soaps either with or without a solid filler. 
The mixture forms a gel that is semisolid at room temperature. The base 
may be a sodium, a calcium, or a lead soap. Greases are never so good 
from a lubrication point of view as oils, but they are used under the follow- 
ing conditions: 

1. Where the clearances are excessive, owing either to poor design or to 
extreme wear. 

2. In dusty or dirty surroundings in order to trap dirt and grit and keep 
them out of the bearings. 

3. In places such as weaving and food machinery where dripping oil 
would damage the product. 

4. In inaccessible locations or where the servicing of the moving parts 
is likely to be infrequent. 

5. At high temperatures, where the grease may be liquid at the operat- 
ing temperature and behave like an ordinary oil. 

For very high loads and low speeds or frequent reversals of motion a 
solid lubricant is effective, either alone or added to oil. The solid friction 
between the two metal surfaces is replaced by the friction of shearing the 
solid lubricant, so that galling is prevented. Graphite is advantageous 
since it shears easily and yet is hard enough in the direction normal to the 
plane of shear to support an appreciable load. There is also indication that 
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it is wetted by oil. It can withstand high temperatures and so can be used 
where ordinary oils cannot, e,g,, in bake-oven, glassmaking, die-casting, and 
other hot machinery. It is used as a colloid in either oil or water. Other 
solid lubricants are talc, soapstone, and mica. 

13.8. Oil Supply. Wherever possible, there should be a copious supply 
of lubricant. Inadequate supply of oil, improperly delivered to the bearing 
surfaces, is probably the most common cause of bearing failure. It is al- 
ways desirable to operate hydrodynamically, but this is impossible unless 
there is sufficient oil. Furthermore, if the oil is circulated through the 
bearing, a high rate of oil flow performs the very important function of 
cooling the bearing, as discussed in Art. 12.25. Lack of an adequate supply 
may in a few cases be intentional as in the case of piston rings, where it is 
desirable to leave as little oil on the combustion walls as possible, or in the 
case of textile machinery, where spoilage of the product is to be avoided. 

The lubricant can be supplied to bearings and other rubbing surfaces 
by a number of methods. These include drop- and wick-feed oilers, hydro- 
static lubricators, ring, chain, and collar oilers, mechanical force-feed 
oilers, and centralized appliances and circulating systems employing oil 
pumps and coolers. These will not be discussed further here, but reference 
may be made to any standard text on practical lubrication [14, 15]. 

13.9. Surface Finish. From the preceding discussion it follows that 
boundary lubrication depends largely on a joint property of the liquid and 
the metal surfaces, involving the maintenance of an adsorbed film over the 
sliding areas of contact. 

Figure 13.6 indicates in a general way the nature of the contact between 
two supposedly flat surfaces pressed together with an oil film between 
them. They touch only at A and jB, and the true area of contact is very 



Fig. 13.6. — Schematic cross section through the contact area in boundary lubrication. 

much less than the wetted area used in the theory of perfect lubrication. 
Boundary lubrication is characterized by the dominance of the true area 
of contact. As the surfaces slide over each other, they are separated at A 
and B by an oil film of molecular dimensions. Whether or not this oil film 
breaks down and metallic seizure takes place will depend on the intensity 
of the pressure (which in turn is governed by the areas of A and B), on the 
temperature rise at the local contact spots, and on whether or not the oil 
film is renewed from the reservoirs of oil in the hollows between contacts. 
Obviously the contours of the metal surfaces must determine the ability of 
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a given film to support the load, and hence a knowledge of surface rough- 
ness is essential. 

By surface roughness is meant the small-scale geometrical profile that 
is imparted to bearing surfaces by the usual commercial finishing operations. 
It may be defined as recurrent or random irregularities in a surface that 
have the form of small waves or bumps. The American Standards Associa- 
tion (ASA) has arbitrarily set the upper limit of their spacing at about 0.01 
in. This limitation excludes waviness due to looseness or (shatter in the 
finishing machine and also dimensional deviations from shape. In these 
cases the wave length is relatively long and (^an ordinarily be measured 
with a dial gauge. The lower limit of height of the roughness that can be 
conveniently detected at present is a fraction of a wave length of light or a 
few millionths of an inch. This is still several hundred molecular diameters 
and unfortunately leaves a region of surfaces contour about which we know 
little. 

There are a great many ways to measure surface roughness. One way 
is to take a cut perpendicular to the bearing surface, polish the sec^tion, and 
examine the profile under a microscope. One can also use the optical 
properties of the surface as a measure of its roughness or smoothness. The 
higher the ratio of the specularly reflected light to the diffusely reflected 
light from a given source, the smoother the surface. In practice, however, 
a mechanical-tracer type of instrument has been most commonly employed. 
It is similar in construction to a phonograph pickup. The vertical displace- 
ment of a stylus as it passes over tlie surface is amplified either by mirrors 
or electrically, and a magnified image of the surface profile is drawn on a 
moving tape. Alternatively, the electrical impulse may be fed into an 
a-c meter, which automatically reads the rms average of the deviations of 
the surface from some median plane. Surface roughness is usually specified 
as this rms value in microinches or millionths of an inch. A turned 

surface may measure 100 juin. or more and a ground surface about 20 ^tin. 
Honing or superfinishing with abrading stones or lapping with loose abra- 
sive may give 2 to 8 juin., while metallographic polishing can give a surface 
profile of less than 1 /iin. 

It is obviously a great oversimplification to attempt completely to 
describe such a complex geometrical surface by a single number. This 
inadequacy becomes apparent if one compares the lubrication performance 
of two bearing surfaces having the same rms roughness but finished by 
different methods. It is often found that their performance differs 
markedly. To describe this situation better it has been suggested that a 
second quantity such as the rms of the first derivative of the surface, t.e., 
its slope, be defined also. 

The directional quality of surface profile is another characteristic that 
distinguishes surface finishes. Turned and ground surfaces possess this 
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quality, while honed, superfmished, and grit-blaKSted surfaces do not. This 
property is important since bearing performance depends on the relation 
of scratch direction to the direction of motion. 

Finally, the finishing operation itself may produce metallurgical changes 
in the surface material. This is discussed in the following section. 

That lubrication performance does in fact depend on surface roughness 
is illustrated by the results of two experiments, the first of which was per- 
formed under conditions of boundary lubrication. In Table III are shown 
values of friction coefficient for surfaces of different roughness. The 
rubbing surfa(^es were crossed cylinders in the form of standard automobile 
piston pins. The roughness readings are rms values and were read with a 
tracer- type profilometer. The interesting fact appears that the friction 
increases with roughness up to about 20 ^tin., after which it remains essen- 
tially (constant. Values for grit-blasted surfaces are appreciably less than 
those for ground surfaces of the same roughness. This may be the fault 
of the roughness measurement and may substantiate the need for a second 
quantity besides the rms roughness to compare surfaces prepared in differ- 
ent ways. It may b(‘ further noted that, the smoother the surface, the less 
the improvement effected by the addition agent. Possibly the incentive 
for producing improved addition agents in the oil industry would have 
been less if our rubbing surfaces had always had good surface finish. 

Table III 


SurfiK^e roughness, /xin., rms 


Lubricant 

Super- 

finished 

Ground 

Ground 

Ground 

Grit- 

blasted 


2 

7 

20 

50 

55 

Mineral oil 

0.128 

0.189 

0.360 

0.372 

0.212 

Mineral oil 2% oleic acid 

0.116 

0.170 

0.249 

0.261 

0.164 

Oleic acid 

Mineral oil +2% sulfonated 

0.099 

0.163 

0.195 

0.222 

0.195 

sperm oil 

0.095 

0.137 

0.175 

0.251 

0.165 

SAE 30 oil 

0.119 


0.252 

0.253 

0.192 


The second category of experiments [6,7] employed full journal bearings 
with flooded lubrication in which journals finished in different ways to 
various roughnesses were run against a number of bearing metals. Under 
heavy loading it was found that in the region of boundary lubrication the 
seizure tendency was substantially reduced as the roughness of the journal 
was reduced from 10 down to 1 /xin. The load just prior to seizure was 
400 per cent greater for the smoothest journal than for the roughest. 

13.10. Materials of the Bearing Surfaces. We now consider the solid 
materials of which the rubbing, or bearing, surfaces are composed. Good 
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performance depends on certain physical and chemical properties of the 
surfaces as well as on a number of bulk properties of the bearing materials. 
Furthermore, the properties of the two surfaces must be properly matched 
to one other. A material that is satisfactory in rubbing against one sur- 
face may be unsuitable for use against a surface of a different material. In 
the case of rotating parts the shaft usually must be designed for mechanical 
strength, so that steel should be used for the shaft, regardless of its rubbing 
properties. Hence, bearings must be chosen that will operate satisfactorily 
against steel. Furthermore, one of the two surfaces generally wears more 
and must be replaced sooner. In most machinery the easier part to replace 
is the bearing, which further justifies the practice of making the shaft out 
of a hard material like steel. In other situations, such as the piston-ring- 
cylinder problem, there is some flexibility in the choice of materials for 
both surfaces. 

There are several empirical rules followed in selecting materials for the 
two bearing surfaces. The first is that the two should not be made of 
similar material. If metal-to-metal contact occurs locally, two like metals 
tend to weld together owing to the frictional heat and pressure. When 
they break away, portions of one surface are left adhering to the other 
surface. This will in turn cause more metal pickup until the galling has 
become severe enough to produce failure. 

In general, both surfaces should not be hard if the speed is to be high. 
If both are hard, the abrasion produces unnecessary friction and heat. If 
the speed is very low or intermittent, as in the jewel bearings of watches, 
two hard bearing surfaces are advantageous, as the wear is slight and little 
looseness develops in the parts. For the speeds that commonly occur in 
machinery, however, one surface should be soft enough to yield and con- 
form to the other, to relieve the high local pressures due to misalignment. 
On the other hand, it must not be so soft as to yield under the normal 
operating load or deform under shock. Such deformation may change 
the shape of the converging oil wedge and impair its load-carrying capac- 
ity. A further advantage of softness is an ability to embed adventitious 
grit so completely that it will not scratch or grind the hard surface. 

These somewhat conflicting requirements as regards hardness and 
strength cannot easily be achieved in a homogeneous material. As a result, 
practical experience has led to bearing-material compositions of a duplex 
nature, containing one hard constituent that mechanically supports the 
load and a soft constituent that conforms to the shaft and shears at a low 
temperature. (This mechanism is discussed further in Art. 13.11 below.) 
These constituents may be disposed in a number of ways. There may be 
hard particles embedded in a soft matrix as in the case of the babbitts; 
there may be soft areas in a hard matrix as in the copper-lead alloys and 
the lead bronzes; or the soft constituent may be a continuous thin layer 
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over the hard one as in the case of lead-coated and lead-indium-coated 
silver. This duplex structure is not universal, however, bronze and cast 
iron being commonly used for bearings where light loads are encountered. 

An important property for bearing metals to be used in internal-com- 
bustion engines is corrosion resistance. In the airplane engine, tempera- 
tures today are high and are still increasing. In gas turbines, they may 
be excessive. As a result, the oil, in spite of addition agents to increase 
stability, often becomes partly oxidized and acidic. Lead is particularly 
susceptible to acid attack. While a certain amount of chemical activity on 
the part of bearing materials improves performance under boundary condi- 
tions, there must be a compromise between this requirement and destruc- 
tive corrosion. 

Whenever alternating or shock loads are present, the fatigue resistance 
of the materials becomes important. Alternating loads are obviously 
present in all reciprocating engines. For high-speed operation where the 
evolution of heat becomes a problem the thermal conductivity of the 
bearing material is important. Metals have a great advantage over non- 
metallic materials and coatings in this respect. Hardness is an essential 
prerequisite to good wear resistance. 

Pure lead, tin, cadmium, and indium are the softest bearing materials 
and are in many cases the most satisfactory. They are given the necessary 
mechanical strength by coating them on steel or other strong backing ma- 
terials, the layers being quite thin, often less than 0.010 in. Lead has the 
drawback of great susceptibility to corrosion. To increase their mechanical 
strength these metals may be alloyed in a number of ways. Such alloys 
are the babbitts, the first to be developed commercially. They originally 
consisted of about 90 per cent tin and the remainder copper and antimony, 
the latter elements forming hard crystalline intermetallic compounds with 
the tin, and being embedded in the soft matrix of the tin-rich eutectic. For 
economic and strategic reasons lead has recently been used to replace the 
tin, either partly or entirely. Mechanically it is just as satisfactory, but its 
corrosion resistance is poor. The babbitts as a class have poor fatigue 
resistance. The cadmium alloys are similar in structure to the babbitts 
and are coming into general use. 

If somewhat greater mechanical strength is desired, the copper-lead al- 
loys and lead bronzes are used. The copper-lead alloys and the lead bronzes 
are a dispersion of lead droplets in the copper or bronze, the lead being 
completely insoluble in them, even in the liquid state. On running, the 
lead smears over the hard matrix, which otherwise has poor resistance to 
galling. The depressions left by the lead serve as oil reservoirs. The 
copper-lead alloys still require steel backing for strength; but the bronzes, 
whether containing lead or not, and particularly the phosphor bronzes, 
are strong enough to be used as complete bushings. These are generally 
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used where the loads are not severe, the alignment is good, and long life 
without replacement is desired. Copper and its alloys may be attacked by 
traces of sulfurous acid left in the oil from the refining process. 

A somewhat ingenious use of bronze is to form by a powder-metallurgy 
process a bushing containing voids. When soaked in oil, such a bushing 
will take up about 30 per cent of its volume and can then be used with 
little or no external oiling since it furnishes its own lubric^ant. 

For more severe service, silver is coming into widespread use. It is 
fatigue resistant and has a low elastic modulus (10,000,000 lb per sq in.), 
vhile its low hardness (25 Brinell) affords some opportunity for grit to 
become embedded under its surface. Also, its thermal conductivity is high 
and results in a cool bearing. It has some tendency to gall and seize, 
possibly owing to its chemical inertness to additives, but this can be 
counteracted by plating a film of lead over the silver surface. The corrosion 
of the lead is prevented by coating it with a still thinner film of indium and 
diffusing it into the surface by heat treatment. 

A hard metallic bearing material is cast iron. It has been in use for a 
long time, but only where light loads, high speeds, and good alignment are 
encountered. A good example is the supporting bearings for grinding- 
machine spindles. Superficially it would appear to violate all our rules as a 
good material to run against steel. It is as hard or harder than the steel 
shaft and chemically of the same composition. It has now been shown, 
however, by electron-diffraction examination that a cast-iron bearing sur- 
face after running is coated with graphite flakes, which are dragged out 
of the cast-iron matrix and smeared over the surface. This may account 
for its good operation. 

Another very hard material having unique bearing properties is 
chromium plating. Its great chemical dissimilarity to copper and its alloys 
is evidenced by the chromium-copper phase diagram, which shows prac- 
tically no solid solubility even at 1000 C. This lowers the tendency to gall. 
The smoothness of electroplated chrome surfaces is probably helpful also, 
although there is some indication that interrupting this smooth surface 
with small pits, or depressions, will improve the performance still further, 
particularly for engine-cylinder walls. Several processes for preparing such 
surfaces have been developed. 

Some bearing surfaces today are chemically treated to improve their 
performance. This may be an oxidizing, a sulfidizing, or a phosphate 
treatment. It is maintained that the coating of these compounds acts as 
an antiwelding agent between the metal surfaces. 

It is probable that bearing surfaces composed of the same material may 
differ in their lubrication performance owing to metallurgical differences, 
often produced by the forming or finishing operation. For instance, 
Wulff [8] has shown that grinding, honing, and lapping induce the trans- 
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formation from austenite to ferrite in 18-8 stainless steel. Since these 
differ in crystal structure, they may be expected to differ in properties that 
influence rubbing performance. It is well known that any such mechanical 
operations will distort the metal grains in the surface and reduce their size. 
When this is carried to an extreme degree as in a very highly polished metal 
surface, it has been found that such a surface is chemically more active 
than an undisturbed surface. Also, thermal and mechanical stresses in- 
duced in surfaces by grinding have been found greatly to increase the rate 
of corrosion. These surface layers may be only 0.0001 in. deep, but that is 
(piite sufficient to change the surface properties. Shaping operations such 
as hot- or cold-rolling and -drawing will produce a preferred orientation of 
the grains, especially near the surface. It can be expected that the different 
crystal faces which are thus exposed may have somewhat different chemical 
properties with respect to the lubricant, particularly in metals the crystal 
structures of which arci relatively anisotropic, such as zinc, antimony, or 
white tin. Burnishing, peening, and cold-rolling may produce high com- 
pressive surface stresses, which are advantageous for fatigue strength since 
they counteract the stress-raising effect of local cracks, flaws, and notches. 
Carburized parts also have compression in the carburized surface layer; 
but if this layer is removed by grinding, the new surface may be in tension 
and be liable to crack or check (e.g., wrist pins, ball-bearing rac(\s, gear 
teeth). 

Mention should also be made of some nonmetallic bearing materials 
that have value for certain special applications. The very hard wood 
lignum vitae has been traditionally used to line the outboard bearings that 
support the propeller shafts of ships. It is sufficiently hard, it will not gall 
the shaft, it is not injured by sea water, and there is a certain amount of 
natural oil in the wood. Rubber also is a very good bearing material where 
water is the lubricant and is gaining increasing use in ships. Certain plastic- 
impregnated materials such as textolite and micarta are proving satis- 
factory as supports for the roll necks in steel-rolling mills. Here also the 
antigalling property is valuable. 

13.11. Dry Friction. Logically we should, proceeding still farther to the 
left on the curves of Fig. 13.1, next take up the phenomena of seizure and 
wear that occur when boundary lubrication fails. For this, it is essential 
that we have some knowledge of the elements of dry friction. 

Results of experiments on the friction between rubbing surfaces were 
published by Amontons in 1699 and by Coulomb in 1779. These showed 
that the friction force F was proportional to the load W applied normal to 
the surfaces, or 

F^kW (13.1) 

Over a large range the coefficient k was found to be independent of W, of 
the relative velocity of the two surfaces, and of the apparent area of contact. 
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It appeared at first to be a physical constant typical of the materials if the 
surfaces were carefully cleaned. 

It was further observed that its static value, measured when the two 
surfaces were at rest, was almost always greater than the kinetic value 
when the surfaces were in relative motion. This law of proportionality at 
first suggested the explanation of dry friction as due to the mechanical in- 
terlocking of the asperities on the two surfaces. It can be seen from simple 
geometry that, if this were the case, k would equal tan 0, where 6 is an 
average angle of slope of the asperities. The friction coefficient should, 
accordingly, decrease with increasing smoothness, as was found to be the 
case in the range of moderate roughness; but with fairly smooth surfaces 
the coefficient approached a constant finite value and never reached zero. 
This simple theory, therefore, is inadequate. 

The work of subsequent investigators, climaxed by that of Bowden 
and his collaborators [9], of Ernst and Merchant [10], and of others, has 
succeeded in formulating a picture of the mechanism of dry friction which, 
although still tentative and with some significant gaps, does qualitatively 
explain most of the facts observed to date. According to this picture the 
total friction force consists of three terms. The first is due to the inter- 
locking of the surface roughnesses as explained above; but since the average 
slope of well-ground surfaces is only a few degrees and that of honed and 
polished surfaces is even less, tan 6 is very small and for most cases this 
term is negligible. 

The second term in the friction force arises when the two surfaces are 
of unequal hardness and is due to the plowing out of the softer material 
by the protuberances on the harder surface. This term is equal to the flow 
pressure of the softer material multiplied by a constant that is dependent 
on the geometric shape of the plowing protuberance. For simple geometric 
shapes it can be easily calculated. This may or may not be an appreciable 
part of the whole friction force. 

The third term is based on the hypothesis that when two surfaces are 
in apparent contact the load is in fact carried by the few points on the 
surfaces which actually come into contact, as indicated in Fig. 13.6. That 
this area is only a small fraction of the apparent area of contact has been 
confirmed by measurements of the electrical conductance between two 
metal bodies in contact. Owing to the very small contact area, the local 
pressures are extremely high, so that prominences flow plastically until the 
local pressure no longer exceeds the flow pressure of the softer material. 
(In this operation the apparent area of contact has not changed.) It is 
further hypothesized that another result of these high local pressures is to 
cause adhesion and welding of the two surface materials over these true con- 
tact areas. Hence a portion of the friction force is due to the shearing of 
these junctions, which are alternately made and broken as sliding proceeds. 



Sec. 13.11] 


DRY FRICTION 


333 


To the effect of pressure in forming these local welds is added that of 
temperature. If the sliding velocity is appreciable, the work done by this 
shearing component of the friction force is expended over a very small area 
and there is a local temperature rise. That these temperatures become 
appreciable has been shown in a classic experiment by Bowden and Ridler 
[11] in which the two rubbing surfaces were made of dissimilar metals and 
acted as the elements of a thermocouple. It was found that the tempera- 
ture often rose to the melting point of the lower melting metal. 

The third term in the friction force is equal to the shear strength of the 
welded junction times the true area of contact. This shear strength is 
difficult to calculate from the other physical properties of the materials. 
If the two materials are the same or similar, so that they have a high mutual 
solid solubility, the junction formed will generally have shear strength as 
great as or greater than that of the softer material and the shear will take 
place in the latter, thus leaving particles of the softer material adhering to 
the harder surface. This has been established experimentally both by 
electrochemical development of the foreign material on gelatine-coated 
paper [12] and also by making the softer surface radioactive and measuring 
the activity picked up by the harder material after rubbing [13]. In such 
cases we can use the shear strength of the softer material, which is well 
known, although it may be raised somewhat by work hardening. If, on the 
other hand, the two materials are quite dissimilar and do not tend to weld 
easily, the shear strength of the junction may be small. 

Summarizing the above quantitatively we can say that the friction force 
is given by 

F == IF tan 0 + cp 4- sA (13.2) 

where IF is the normal force between the two surfaces, 6 is the average slope 
of the surfaces, p is the flow pressure of the softer metal, c is a constant 
dependent upon the geometrical shape of the slider, s is the shear strength 
of the welded junction, and A is total trm area of contact, i.c., the sum of 
the areas of all metallic junctions. 

For bearing surfaces, 6 is small, and the first term can be neglected. 
The relative importance of the other two terms will depend on the shapes 
of the protuberances and the relative hardness of the two surfaces. If, 
for instance, the protuberances on the harder surface are imagined as spade 
shaped, with very little area projected on the nominal plane of contact but 
capable of plowing out or pushing ahead a large cross section of the softer 
material, then the second, or plowing, term will strongly predominate. In 
this case the friction may rise during the sliding owing to the softer metal 
piling up ahead of the spade-shaped protuberance and because p may in- 
crease owing to work-hardening. This second effect should increase with 
velocity, as has been found experimentally to be the case [9]. 

If, on the other hand, the protuberances on the harder surface are well 
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rounded and the materials of the two surfaces tend to form junctions of 
high strength, then the last term, the shearing term, will predominate. 
In general, the load will then determine the true area of contact by causing 
plastic flow of the softer metal until the true area of contact has increased 
to a point where the local pressure no longer exceeds the flow pressure of 
the metal. Hence A = W/p. Substitution for^ in Eq. (13.2) gives for the 
coefficient of friction of a smooth pair of surfaces 

E _ , _ 6* _ shear strength of junction . . 

IV p flow pressure of softer metal 

It should be noted that this makes k a function of the bulk properties 
of two metals, and hence k itself is a property of the metal pair. It has 
not been possible to find metal combinations having extremely small 
coefficients of dry friction (below A: = 0.1) since for most metals s and p 
are somewhat proportional. Graphite, however, is an example of a ma- 
terial having a fairly high indentation hardness and yet a very low shear 
strength within itself. 

Equation (13.3) provides an explanation of the observed fact that in 
certain instances the friction force is proportional to the applied load. 

Table IV. — Friction Coefficient of a Spherical Steel Rider 
ON Various Materials 


Material k 

Steel 1.0 

Copper 0.9 

Copper film on steel 0.3 

Lead 1.2 

Lead film on steel 0.3 

Lead film on copper 0.18 

Copper-lead alloy 0. 1 7 

Indium 2.0 

Indium film on steel 0.08 

Silver 0..55 

Indium film on silver 0.1 


That this is due to the influence of the load on the true area of contact, and 
not to the load per se, has been confirmed by Bowden [9] in some ingenious 
experiments in which the friction coefficient of a hard slider rubbing over a 
soft metal in bulk was compared with that of the same slider rubbing over 
the same metal in the form of a thin film deposited on a very hard base. 
Here s, characteristic of the soft metal, remained the same, but p was much 
greater and hence A much less in the latter case, owing to the support of 
the hard base. In particular, it was found that thin films of lead and indium 
on copper and steel gave remarkably low coefficients of dry friction as 
shown in Table IV, taken from Bowden’s paper. 
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It was concluded therefore that the friction force is actually propor- 
tional to the true area of contact and depends on the applied load only 
through the latter’s influence on the true contact area. 

This table suggests the reason for the efficacy of copper-lead bearings 
and lead-indium-coated silver as well as partly substantiating the old 
picture of the mechanism of the babbitt materials. The lead or indium 
provides a low shear strength, and the silver or copper has a high hardness 
or flow pressure. 

The concept of local welding also serves to explain why static friction 
is usually larger than kinetic. When the surfaces are at rest, all the junc- 
tions that can form have an opportunity to do so. When the surfaces are 
in motion, a certain fraction (statistically speaking) of the junctions are 
being made and broken. If a finite time is required to form a junction, 
then these do not make th(dr full contribution to the friction force. Al- 
though this explanation seems probable, it has not been positively estab- 
lished. 

We have already seen that, by using the artifice of a thin film of a soft 
metal on a hard base, the value of k may be lowered. A similar effect may 
occur if there are foreign films present. Such a film may be adventitious 
as the oxide film formed on most metals in the presence of air or water 
vapor; or it may be due to the chemical action of a constituent of the lubri- 
cant such as sulfur, phosphorus, or arsenic; or the film may be purposely 
prepared for antiseizing purposes; or it may be the oiliness or boundary 
additive in a commercial lubricant. These films serve to reduce the shear 
strength at the junctions since these nonmetallic materials do not weld 
strongly to the metal. 

At the other extreme, the static-friction coefficient of extremely clean 
metal surfaces that have been outgassed and measured in a vacuum may 
reach values as high as 6. 

When the friction is due primarily to the breaking of the welded junc- 
tions and the shearing term predominates, it is generally observed that 
the motion proceeds intermittently. This is familiar as ^‘chattering,” or 
“squealing.” Careful investigation has demonstrated that one surface 
does indeed move over the other by a series of sticks and slips. Mathe- 
matical analysis of the mechanics show that this will occur if the static 
coeflBcient of friction is higher than the kinetic, which it generally is, and 
if there is any elasticity in the supporting members, which is always the 
case. In the case of similar metals or when actual galling occurs, the mo- 
tion proceeds smoothly, presumably owing to the continuous plastic 
deformation of the bulk material. 

In the machining of metals all the conditions obtain for the welding of 
one surface to the other. The surface of the chip is perfectly clean and not 
even exposed to air at the tip of the cutting tool; the cutting edge has been 
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wiped free of all films by the chip rubbing over it; and there is no lubricant 
present at the cutting edge, the fluid being used solely for cooling. Owing 
to frequent starting and stopping, static friction produces incipient stick- 
slip action, which often results in chattering. This problem has been 
studied by Ernst and Merchant [10]. 

It need not be assumed that both materials are metallic, since friction 
occurs universally. However, most of the careful experimental work has 
been done with metals, the mechanism of local welding being most easily 
understood in this instance. 

13.12. Seizure and Wear. The above picture of the mechanism of dry 
friction permits some deductions to be made about the observed phenomena 
of seizure and wear, since both are either extremely exaggerated instances 
or the integrated effect over a long period of time of the minute phenomena 
that contribute to dry friction under moderate conditions. 

Seizure is initiated by the welding of a local junction as described above. 
If the two metals are similar and not too hard, they form a local weld of 
relatively great strength over a large area. As a result, the metal breaks, 
not at the weld but generally on one side or the other, so that a spot that 
was originally slightly high is now made higher because of metal from the 
other surface adhering to it. This rubs even more severely, producing 
higher temperatures and pressures and welding momentarily over larger 
areas. This process builds up until the driving force is no longer able to 
break the weld that has formed. Seizure is prevented by making the rub- 
bing surfaces of dissimilar materials so that low-shear-strength junctions 
are formed, by keeping the true area of contact small through using hard 
materials or hard backing, by coating the surfaces with antiwelding films, 
and by use of a copious supply of a good boundary lubricant. 

Wear, on the other hand, represents the long-time summation of the in- 
dividual small effects of dry friction, both abrasion and welding. Another 
contribution to wear may be from chemical corrosion and the subsequent 
rubbing off of the loose compound formed, which may in itself be abrasive, 
as in the case of chemical polishing agent, extreme-pressure lubricants, or 
water vapor. Automobile-cylinder wear is thought to be due in large part 
to corrosion aided by moisture of condensation from the combustion 
products. 

The same general factors that prevent seizure will also minimize wear, 
but with some modifications. For wear prevention the emphasis should be 
on hardness of both surfaces. Hence both surfaces are often made of 
hardened steel even though by so doing one sacrifices the desirable feature 
of dissimilarity of material. This difficulty can be remedied somewhat and 
the surfaces made even harder by carburizing, nitriding, or chrome-plating 
one or both surfaces. Examples are gears, cams and rollers, and piston 
rings and cylinders. Smooth surface finish is also important in decreasing 
wear by reducing the local pressures. 
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Antiwelding films over the hard surfaces will reduce wear so long as the 
films remain intact and are not in themselves abrasive. A tin or cadmium 
flash on new pistons is often used as a temporary anti wear agent while a 
permanent coating is being built up during running in. 

Evaluation of wear resistance is best obtained through a simulated 
service test of the actual assembly or a scale model. Wear-testing ma- 
chines may test the relative merits of lubricants but are generally mis- 
leading for machine design because of exaggeration of service conditions. 
It is better to use more precise methods of measurement than to accelerate 
the rate of wear. 

The process of running in is generally classed as a beneficial wear 
phenomenon. It was originally thought that the running of newly as- 
sembled parts at rediu^ed loads and speeds produced greater conformance 
of the surfaces through gradual wear of the offending high spots so that 
ultimately the system would be able to carry a greater load than would 
otherwise be the case. That a better performance will result from this 
practice is well established, but its explanation is not clear. Dayton [6] 
and others [7] have measured the metal worn off during running in, through 
microchemical analysis of the oil, but the amounts are either very small or 
quite inappreciable and disappear even while the running in is still in- 
creasing the load capacity. The changes in surface profile are too small to 
be measured by an instrument although the surfaces often look smooth 
and bright to the eye after running in. These changes can be accentuated 
by the use of the chemical polishing agents described in Art. 13.6. It is 
true, however, that a very slight smoothing of sharp roughnesses may 
represent a large increase in the effective load-supporting area. The im- 
provement is generally greatest with the harder bearing materials and 
least with babbitt. Running in of the harder bearing materials generally 
produces a glazed appearance, particularly in the case of piston rings and 
cylinders, and there is some evidence that this appearance indicates the 
presence of a very thin surface layer, having altered chemical and metal- 
lurgical properties. The nature of these changes has not yet been deter- 
mined. 

It therefore seems probable that the beneficial effects of running in are 
due in part to a change in surface profile and in part to the formation of a 
wear-resistant layer, at least on the harder materials. 

13.13. Rolling Friction. The so-called “antifriction’’ bearings, ball and 
roller bearings, substitute rolling friction for sliding friction. Rolling fric- 
tion is very much less than sliding friction under any conditions of boundary 
lubrication, particularly in starting from rest; but where perfect fluid 
lubrication can be assured, the coefficient of friction of a plain journal 
bearing can be made lower than that of ball or roller bearings. 

Rolling friction arises entirely from the elastic deformation of the two 
surfaces. It is distinguished by the fact that the maximum stress in the 
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metal is at a small but finite depth below the surface and failure is due, not 
to surface adhesions or galling or wear, but to fatigue cracks starting in the 
region of maximum stress and causing small pieces of the surface to flake, 
or spall, out. A metal of high fatigue resistance is important here. Where 
sliding is added to the rolling, as in the case of gear teeth, the region of 
maximum stress is raised nearer the surface. The total stress may be in- 
creased, but the wear is more of the surface type, a less harmful kind. 
Extreme-pressure lubricants cut down the sliding or surface wear but can 
do nothing for the subsurface or fatigue type of failure. 

The use of any large quantity of fluid lubricant in antifriction bearings 
is to be avoided. A fluid can have no effect on the fatigue of a metal, and 
the churning of the oil by the balls or rollers will in(‘rease the friction and 
operating temperature. Hence there is no real lubrication problem for 
these bearings except between the balls or rollers and their cages. How- 
ever, grease should be used to keep out dust and grit, which are extremely 
harmful, and also to prevent rusting of the siirfac.es. 

13.14. Lubrication of Piston Rings and Cylinders. The lubrication of 
the pistons and piston rings of high-duty internal-combustion engines pre- 
sents today the most critical problem of boundary lubri(;ation. A com- 
bination of conditions unfavorable to lubrication conspires to defeat the 
designer's efforts to develop more power per unit of piston displacement. 

The piston rings are subjected to high temperature, a doubtful supply 
of lubricant, high gas pressure behind the rings, and intermittent motion. 
The lubricant trapped in the rings is liable to break down chemically under 
high piston temperature and to deposit carbon, gum, and hard varnish. 
The usual oiliness agents are ineffective at such high temperatures, but 
chemical addition agents arc frequently used as oxidization inhibitors and 
as detergents. 

The case of the piston is peculiar in that the side thrust of the con- 
necting rod is taken on a line contact with the cylinder wall, with motion 
in the direction of the line. Gear teeth also make line contact, but the 
rubbing is transverse to the line, and there is some chance to form an oil 
wedge. The lubrication of gears is also favored by the generally continuous 
nature of the motion. 

Piston rings are usually made of cast iron and are carefully run in 
against a smooth cylinder liner of hard steel, sometimes nitrided. Where 
dust and grit are present, as in desert operation, wear is rapid. Chromium- 
plated steel rings, grooved rings, and other expedients to minimize wear 
are active subjects of research. Cast-iron pistons have a distinct advantage 
for boundary lubrication from the graphite content but are too massive 
for very high-speed engines because of high dynamic forces. 

High-speed diesel engines often use thin-walled steel pistons designed 
to block the flow of heat from the crown to the rings. Airplane engines 
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generally use thick-walled aluminum-alloy pistons, which, although light, 
are especially unfavorable to lubrication since they conduct heat too well 
from the crown to the rings. The lubricant, therefore, must be copiously 
supplied to the inside of the pistons, to cool them, thus necessitating oil 
radiators and an elaborate circulating system. Extreme precautions are 
taken in running in new pistons to avoid seizure before good boundary- 
lubrication conditions are established. 

13.16. Summary. We may summarize this chapter by the statement 
that the performance of sliding surfaces operating under conditions of im- 
perfect, or boundary, lubrication depends on a large number of factors, 
many of which are difficult to evaluate. Some of them are 

Th(^ molecular structure of the lubricant and its addition agents. 

The chemical properties of the lubricant and its addition agents. 

The supply of lubricant. 

The surface properties of the bearing materials. 

The bulk properties of the bearing materials. 

The physical structure of the bearing materials, i.c., whether homo- 
geneous, duplex, or thin film. 

The roughness of the surfaces. 

The problem of selecting the best materials for boundary operation is 
one that can be treated only cpialitatively at the present time and usually 
requires some compromise among the factors listed above. Further in- 
vestigation of the mechanism of dry friction and of the physics and 
chemistry of the metal-lubricant interface is needed to give a better under- 
standing of the subject. 
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CHAPTER XIV 

HYDRAULIC TURBINES 


The purpose of a hydraulic turbine is to convert gravity potential 
energy of water into shaft work. Experience teaches that all such energy 
could be so converted by an ideal turbine in which friction was absent. 
An actual turbine is arranged by artifices of design to alter the momentum 
of a stream of water as it passes through some sort of wheel having buckets 
or vanes. The forces resulting from this sustained momentum change 
cause the wheel to turn against an external load and thus perform work. 
The inevitable friction causes such a machine to fall somewhat short of 
the ideal, but the modern hydraulic turbine is one of the most efficient 
prime movers in existence. 

The difference between the initial and final water levels, known as the 
“head,” differs greatly from one installation to another. In mountainous 
country a head amounting to many hundred feet may be available, while 
elsewhere the head may be as low as 10 ft or even less. The amount of 
water available also depends on location and in general is small for high 
heads and large for low heads. These natural differences in the conditions 
of operation have given rise to three principal types of turbine, the impulse 
turbine, the radial- and mixed-flow reaction turbine, and the axial-flow, 
or propeller, reaction turbine. The first type is suited to high head and 
small discharge, the second covers the intermediate range, while the third 
handles a large volume under low head. 

In an impulse turbine one or more nozzles direct jets of water at atmos- 
pheric pressure against buckets on the rim of a wheel. Most of this kinetic 
energy is utilized by the wheel, the discharge having just enough velocity 
left to move clear of the buckets before falling into the low-level reservoir, 
or “tail water.” The water thus loses kinetic energy as it passes through 
an impulse wheel but enters and leaves at the same pressure. 

In a reaction turbine, on the other hand, the flow through the wheel, 
or runner, is completely enclosed, and both the pressure and velocity at 
exit are different from those at entrance. The terms “radial flow” and 
“axial flow” refer to the direction of water movement through the runner. 

14.1. Impulse Turbine. The impulse turbine is represented by the 
Pelton wheel, shown in Fig. 14.1, developed in California about 1880 to 
utilize the high heads available in the mountains. As already stated, the 
head of the supply water is converted into one or more high-velocity free 
jets which are directed against buckets mounted on the rim of a wheel. 
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These buckets are spoon shaped, with a central ridge dividing the impinging 
jet into halves, which are deflected backward relative to the bucket through 
an angle of about 165 deg. The spouting velocity of the water is very 
high for high heads, but with a large-diameter wheel only moderate speeds 



of rotation are required. Present practi(;c, for heads greater than 1,000 ft, 
is to use the Pelton turbine exclusively. It is also fre(iuently employed 
for lower heads where insufficient water is available to operate any other 
type of turbine at good efficiency. Since the maximum practicable jet 
diameter is limited, the volume of water that can be handled under a low 
head is much less than that for a reaction turbine. Hence the Pelton wheel 
is essentially a high-he^ad low-discharge machine. The highest head so 
far used is 5,800 ft in Switzerland, where a wheel with a single jet develops 
30,000 hp. There are numerous installations in California, one of which 
has two double units, each of 56,000 hp. The highest efficiency obtained 
to date with a Pelton turbine is approximately 91 per cent, but for most 
installations the efficiency is between 85 and 90 per cent. 

The runaway speed of an impulse turbine may be nearly double the 
normal operating speed. The runner and any machine connected to the 
turbine should be built to withstand the centrifugal stresses caused by 
removal of the load. 

The resultant external torque on the system comprising the wheel and 
shaft and the water between sections 2 and 3 of Fig. 14.2 can be computed 
by means of the angular-momentum law. For this purpose we refer to 
the velocity diagrams of Fig. 14.26, which gives an end view of a single 
bucket, such as would be presented to an observer in the plane of the 
wheel and looking toward the axis of rotation. We assume (1) that the 
absolute velocities V 2 and Vs are uniform over sections 2 and 3 and are 
independent of time, (2) that the absolute flow on the buckets is cyclic, 
and (3) that the tangential velocity components V 2 and V have the same 
moment arm r. Equation (6.17) thus yields 

Resultant clockwise torque = pQr{V2 ~ F^) 
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This resultant exceeds the useful shaft torque T by the amount of the 
torques due to bearing friction and windage. It is therefore convenient 




Fig. 14.2. — (a) Schematics side elevation of impulse turbine, ih) Section through bucket; 
sectioning plane normal to radius at radius r. 


to define a meclianical effieicaioy r],„ by the formula 

(aT 

CO (resultant tonjiK') 

so that 

T = y].nPQr{V2 - V,) 

Equation (14.2) can be put into a more useful form with the aid of the 
energy equation. Since we have assumed the absolute flow to be cyclic, 
we could use Eq. (5.10), which refers to fixed axes. It is much simpler, 
however, and the same result is obtained if the relative flow is assumed 
steady during the time each bucket is operative and Eq. (6.22), for rotating 
axes, is employed. Neglecting fluid friction on the buckets and any change 
in level between 2 and 3, we thus find that W 2 = TEs. This relation, to- 
gether with the velocity diagrams of Fig. 14.26, permits the torque to be 
expressed as 

T = rimpQr(V 2 - cor){l - cos jS) (14.3) 

The output power P is equal to u)T; hence, by Eq. (14.3), 

C'p = ^^ 7 ^^ = J7m2x(l-a:)(l -cos/8) (14.4) 


(14.1) 

(14.2) 
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where x = 0 )rlV^ and Cp is a dimensionless power coefficient. If, as a first 
approximation, r]m is assumed to be a constant, Eq. (14.4) shows that, for 
any given value of jS, Cp is a maximum for x = and that 

Cp,„ax = y\m 2 


In an actual turbine, the optimum value of x is about 0.45, instead of 3^^, 
owing, in large measure, to the variation of y\m with x and, to a lesser extent, 
to friction in the flow over the buckets. 

The efficiency of any hydraulic turbine is defined as the ratio of the 
actual shaft work to that which could be done in a frictionless machine. 
The frictional effects in the inlet duct are omitted in this definition, the 
inlet duct not being considered part of the turbine. Furthermore, in the 
case of the Pelton turbine, the slight difference in level between the nozzle 
exit 2 and the tail-water level 4 is disregarded. The energy equation 
[Eq. (5.10)] gives 'Ws = ^// — (/i 4 — — </o. 4 ), vvhere, since the fluid is 

incompressible, — Uq— qo ,4 is the energy dissipated by friction. Using 
the notation introduced in Chap. VIII, namely, = Ui — uq — go, 4 , we 
have = g{H — J — gHi^ ^, The efficiency is thus 


VP, + 


(14.6) 


where 11 — 7/^^, „ the total head minus the loss in the inlet pipe, is called 
the '^effective head.” 

We obtain an expression for efficiency that is more useful in the present 
case, by writing Eq. (5.10) between sections 1 and 4 (neglecting the slight 
difference in height between these two sections). 


Ws 




( 14 . 7 ) 


Noting that V?, = P/pQ, we find from Eqs. (14.6) and (14.7) 


W, Cp 

^ [(Pi - p4)/p] + (FJ/2) [2{p^-p^/pV^^ + {Vl/Vl) 

This equation is true in general and is not restricted by the assumption of 
frictionless flow over the buckets or through the nozzle. It is interesting 
to note that, in case the nozzle is assumed frictionless, the denominator of 
Eq. (14.8) reduces to 1 and rj = Cp. If, further, friction of the water on the 
buckets is neglected, Eq. (14.4) may be used, and 

7) = 7im2x(l - x)(l- cos 13) (14.9) 

Under these idealized conditions, the maximum value of rj is equal to 
cos i8)/2], r^max being less than rim solely because /8 must be less than 
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IT to enable the flow to clear the buckets. For /3 = 165 deg and ij™ = 0.97, 
r?inax = 0.953. As already mentioned, the maximum efficiency attained in 
practice is approximately 0.91. 

The relationship between the efficiency and the output power measures 
the performance of a turbine over a range of operating conditions. Ac- 
cording to the idealized equation 
(14.9), the efficiency of an impulse 
turbine of given blade angle /3 de- 
pends only on the ratio x = o^rlV^, 
regardless of the power output. 

Actually, there is some variation 
of 77 as P is changed with x con- 
stant. The discharge rate and 
hence P are usually controlled 
by means of a needle valve, which 
changes the effective cross-sec- 
tional area of the nozzle without much change in the velocity. Figure 14.3 
gives an example of such an r] versus P curve. 

14.2. Radial- and Mixed-flow Turbines. A turbine of this type is shown 
in Fig. 14.4. The flow, which is totally enclosed, enters the guide vanes 
directly from the inlet duct. These guides impart a tangential velocity 
and hence angular momentum to the water before it enters the revolving 
runner, in which its angular momentum is reduced. This change in angular 
momentum of the water as it passes through the runner gives rise to the 
driving torque of the turbine. From Fig. 14.4 it is clear that this type of 
turbine, known as the Francis turbine after J. B. Francis, who developed it 
in 1849, can handle a greater volume of flow than can an impulse turbine. 
Individual designs of runner include not only the purely radial-flow type, 
which is suited to relatively small volumes and high heads, but also the 
mixed-flow types shown in Fig. 14.5, which work efficiently with larger 
volumes and lower heads. On account of these wide design variations it 
has been possible to build Francis turbines to run at heads as low as 15 ft 
and as high as 750 ft. Installations up to 150,000 hp have been made, 
with efficiencies in the neighborhood of 94 per cent. 

The resultant external torque on the system comprising the runner and 
shaft and the water inside the runner between sections 2 and 2' of Fig. 14.4 
can be computed from the angular-momentum law [Eq. (6.17)]. 

Resultant clockwise torque = pQ{t 2 V 

This resultant exceeds the useful shaft torque T by the amount of the 
torques due to bearing friction and the water drag on the shroud of the 
runner. Defining the mechanical efficiency as in Eq. (14.1), we get 

T = rjmpQiriVt^ - rrVt^) (14.10) 



20 40 60 80 100 

Fraction of full load, percent 


Fio. 14.3. — Efficiency versus output power 
for an impulse turbine. 
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In the case of the radial-flow turbine of Fig. 14.4, r 2 ' and are both uni- 
form over 2', so that E(|. (14. 10) has a definite meaning. On the other hand, 
for mixed-flow runners as in Fig. 14.5, both r 2 ' and F/y vary over 2', and 
the meaning of Eq. (14.10) is not clear. There is no difficulty, however, 
if we consider only operating conditions near the design point, where the 



I I 
I I 



Fig. 14.4. — Radial-flow 
turbine. 




Fig. 14.5. — Mixed-flow runners. 


maximum efficiency obtains. Under these conditions it is shown below in 
Art. 14.4 that the blades must be designed to make Ft,/ = 0 everywhere, 
so that Eq. (14.10) reduces to T = rimpQr 2 Vt^. For operation away from 
the design point it is desirable that = constant everywhere, but this 
condition is practically impossible to fulfill with a mixed-flow runner. 
Further discussion is deferred to Art. 14.4. 

We define the efficiency as in Eq. (14.6), including as part of the turbine 
everything between sections 1 and 5 of Fig. 14.6. Noting that Ws = To)/ pQ, 
we combine Eqs. (14.6) and (14.10), to get 


. (^2U,-r2>Fv) 


(14.11) 


which is sometimes referred to as Euler's turbine equation; it is of basic 
importance in turbine design. 

Referring to Fig. 14.6, we break up the losses into several kinds. 
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a. Friction losses between 0 and 1 in the inlet pipe. 
h. Friction losses between 1 and 2 in the guides. 

c. Entrance losses and friction losses between 2 and 3 in the runner. 



Fuj. — Schematic side elevation of a mixed-flow turVflne. 


fJntrance losses o(;cur if the speed, discharge rate, and guide-vane setting 
are improperly related, causing the relative velocity at 2 not to be tangent 
to the leading edge of the runner blade. 

The condition shown in Fig. 14.7a is corrected in Fig. 14.76 by a de- 





a 


b 


c 


d 


Fig. 14.7. 


crease in co, in Fig. 14.7c by an increase in Q {- 27rr2b2Vni, where 62 is the 
thickness of the runner at its periphery), and in Fig. 14. 7d by a change in 
the setting of the guides, which control the direction of F2. 

d. Friction and separation losses between 3 and 4 in the draft tube. 



348 


HYDRAULIC TURBINES 


[Chap. XIV 


e. Shock losses between 4 and 5 produced by the sudden enlargement 
of the cross-sectional area of the flow at the draft- tube exit. Since the 
area changes from a finite value at 4 to a practically infinite one, it is clear 
that all the kinetic energy of the flow at 4 will be dissipated by viscosity in 
the tail water. This conclusion can be checked by reference to Eq. (8.62). 

14.3. Draft Tube. The purpose of the divergent draft tube is to make 
the sum of the losses between sections 3 and 5 of Fig. 14.6 smaller than 
would otherwise be possible. Both the exit loss and the loss in the draft 
tube depend on the area ratio A^j A^. Since the exit loss is merely the 
kinetic energy of the flow at 4, we may define an exit-loss coefficient as 
C 4.6 = 2gHiJVl = F|/F|. By continuity, 

U* /1 2 

C 4 ,. = = jl (14.12) 

The combined friction and separation loss in a conical diffuser has been 
studied experimentally by several investiga.tors. Their results [3] are 


Fig. 
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14.8. — Diffuser efficiency € versus diffuser angle 2$ for various exit-tc^ntrance-area 
ratios. {After Patterson, reference 3. Courtesy of Aircraft Engineering.) 


conveniently expressed in terms of a diffuser efficiency €, defined as 
e = [P4 - P3 + pg{zi - Z 3 )]/(p/ 2 )F |[1 - (^3/444)’"]. Experimental values of 
€ as a function of the diffuser angle 2d and the area ratio A^jAz are 
plotted in Fig. 14.8. It is seen that, to a first approximation, the maximum 
value of c is 0.9 for all values of . 44/413 tested and that it occurs at a value 
of 2d approximately equal to 6 deg. The shape of these curves is easily 
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accounted for in terms of familiar concepts. For any given area ratio the 
length of the diffuser becomes so great at small values of 6 that the flow 
is essentially like that in a straight tube and the wall friction is excessive. 
As the angle of flare increases beyond the optimum value, however, the 
adverse pressure gradient associated with the deceleration of the fluid be- 
comes big enough to cause a rapid thickening of the boundary layer and 



Fig. 14.9. — Loss coefficient C versus ratio of exit to entrance area A^f for a diffuser. 


separation of the flow from the wall. From the definition of e, the equa- 
tion of continuity, and Eq. (5.10), we find that 




Defining the loss coefficient for a diffuser (draft tube) as C3,4 
we get 


Cz, 




Vi 


( 1 ^inax) 


b-m 


= 2gHiJVl 
(14.13) 


Values of Ci,^ and Ca.Amin, computed from Eqs. (14.12) and (14.13), re- 
spectively, are plotted against AJAz in Fig. 14.9. It is seen that the sum 
of the draft-tube and exit-loss coefficients decreases rapidly as A 4/ A 3 is 
increased from 1 to 3 but that little is gained by use of a larger area ratio. 
If an area ratio A4/A8 = 3 is used, the corresponding diameter ratio is 
d^/dz = 1.7; and the length-diameter ratio is {zz — z^)/dz = 6, since the total 
flare angle 20 = 6 deg. 

14.4. Conditions for Efficient Operation. There are two conditions 
of operation that must be met if the efficiency of a turbine is to be a maxi- 
mum. (1) The speed, discharge, and guide setting must be adjusted to 
ensure shockless entry of the water into the runner. (2) The outflow from 
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the draft tube must have no tangential velocity component. Such a com- 
ponent is undesirable sinc^e it plays no role in getting the water out of the 
draft tube but merely increases the kinetic energy of the outflow and thus 
the exit shock loss. To translate this condition into one that applies at 
section 2' of Fig. 14.6, we neglect friction and use the angular-momentum 
equation between sections 2' and 4. Since the efflux of angular momentum 
at 4 is zero by assumption and no torque acts on the fluid, the angular 
momentum crossing 2' must also be zero, that is, Vt must be zero everywhere 
over section 2'. This requirement can be fulfilled at the design conditions 
of operation b}^ use of properly shaped runner blades. 

For operating conditions away from the design point there will be non- 
zero valuers of Vt at section 2' and, consequently, everywhere in the draft 
tube, angular momentum being conserved. In order that this tangential 
velocity may not, through c.entrifugal effects, cause intermingling of the 
stream tubes and thus give rise to eddy losses, it should be distributed in a 
definite way along the radius. To determine this distribution, we consider 
first section 3 and assume that there the axial velocity component is uni- 
formly distributeid and the radial component is zero. We also neglect 
fric^tion and assume the blades to be so shaped that any element of the 
discharge dQ flows through a vase-shaped stream tube, as in Fig. 14.10, 



not mingling with other elements. In the figure, dQ is the volume that at 3 
passes through the annulus of radius r and width dr. Neglecting for sim- 
plicity any change in level between 2 and 3, we may write the energy equa- 
tion for rotating axes [Eq. (6,22)] in the form 

P + I ^ Ml - I 

where the symbols without subscript refer to any point of section 3. Condi- 
tions are assumed uniform at 2, so that the right-hand side of the equation 
is the same for all stream tubes and 
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p + ^ ^ coV^ = constant 


(14.14) 


The further condition, that the radial pressure change balance the cen- 
trifugal force at 3, is obtained from Eq. (4.4) by the substitution of 
— dp/ dr, V t, and r in place of dp/ dn, V, and R, respectively. 



(14.15) 


Differentiate Eq. (14.14) with respect to r, substitute for dp/ dr from 
Eq. (14.15), and use the fact that = fF? + = (cor — Vt/^ + En- 

P y + I ^ [(<^r - VtY + VI] - pwV = 0 


Since Vn is independent of r by assumption, we finally get 

+ = o (14.16) 


For blades designed to give = 0 at the design point the second factor 
of P]q. (14.16) is in general not equal to zero. It is therefore necessary that 
the first factor be zero. The differential equation thus obtained is 


1 dV 
Vt dr 


t n , dr .. 

- dr = 0 

r 


which integrates to rVt- constant. It thus appears that, if Vt is not every- 
Avhere zero, it should be distributed like the velocity in a potential vortex, 
so that the resultant flow at 3 is the sum of an axial motion and a vortex 
motion with its axis at the center of rotation (see Arts. 4.11 and 11.14). 
In the absence of friction the angular momentum of the fluid is conserved, 
and the circulation, or strength, of this vor- 
tex, r = 2TrrV tj will be constant throughout 
the draft tube. 

It may be remarked that the stability con- 
dition rVt = constant is not in general ful- 
filled in a mixed-flow turbine, except for a 
limited range of operating conditions. In a 
purely radial-flow turbine, however, this con- 
dition is satisfied if the entrance to the draft 
tube is properly designed. For in this case 
the flow is assumed uniform at the runner 
exit at radius r^^ (Fig. 14.11). In the absence of friction, no torque is ex- 
erted on the fluid in any stream tube between sections 2' and 3, so that the 
angular-momentum law [Eq. (6.17)] gives dT == 0 = p dQ{rV t ~ r 2 'FtJ or 
rVt = ^a'Fv = constant. 



Fig. 14.11. 
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14.5. Axial-flow Turbine. An axial-flow (or propeller) turbine, such 
as is shown in Fig. 14.12, is able to handle a larger volume on a given di- 
ameter than other types, since the discharge is relatively unrestricted by the 

wheel. The modem low-head 

turbine of the propeller type is 
^ usually fitted with blades that 

X can be adjusted to suit operat- 

/ i ^ conditions, a feature due 

/ / to Dr. Viktor Kaplan of Czech- 

' \ ^ \ oslovakia. It is of more com- 

\j^ // \ f \ construction than the 

X \j V^ \ Francis type, runs faster, and 

Nsl I I ^ \ ^ I has a higher partial-load effi- 

\ \ I ciency, owing to the adjustable 

\ A / pitch of the blades. The Fran- 

\ j / wheel may have some 16 

N. 7 y/ / blades and an outer shroud 

y/ ring. The Kaplan turbine us- 

ually has but 4 to 6 blades and 

Guide vanes no shroud ring, so that the sur- 

) n (2) (1) subjected to high water 

^ — speeds is comparatively small, 

and so are the frictional losses. 
\ \ m W B efficiency above 92 per cent 

is practical with units up to 
^ y 60,000 hp capacity. 

Runner'^ I As shown in Fig. 14.12, the 

I guide vanes for a Kaplan tur- 

r.~*. bine are arranged in the same 

way as for a Francis turbine 
and serve the same purpose, 
^ viz.y to impart angular momen- 

Fio. 14.12. — Diagrammatic sketch of tum to the floW. Before eU- 

an axiaLflow turbine. j. • xi. v 

tenng the mnner, however, 
the stream turns through a right angle and is assumed to have no radial 
velocity component as it passes through the runner. It is further assumed 
that the axial component of velocity is uniformly distributed over the 
cross-sectional area of the stream at sections 3 and 4. Both these as- 
sumptions can be realized by suitable design of the passages and runner 
blades. 




Fig. 14.12. — Diagrammatic sketch of 
an axiabflow turbine. 


The resultant external torque on the system comprising the runner, the 
shaft, and the fluid between sections 2' and 3 is readily obtained by familiar 
methods. The argument of the last paragraph of Art. 14.4 can be applied 
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between sections 2 and 2' of Fig. 14.12 to show that, at 2', rF< = constant 
= TiV i,. Furtiiermore, the analysis leading to Eq. (14.16) is valid between 
sections 2' and 3 of Fig. 14.12 and indicates that the blades should be 
designed to give, at 3, rFj = constant (preferably zero). From the angular- 
momentum law we thus get 

Resultant torque = pQin'Vtt' — J’aFJ 

and if the mechanical efficiency is defined as in Eq. (14.1), the useful shaft 
torque is 

T = rimpQir^Vt,, - rsVt,) (14.17) 

The discussion of efficiency, losses, and draft tube given in connection 
with the Francis turbine is equally valid for a Kaplan turbine. 

A rational method of blade design, based on wind-tunnel data on air- 
foils, is possible for an axial-flow machine. Since the flow is assumed to 
follow annular stream tubes, as in Fig. 14.12, the blade elements of length 
dr in one stream tube can be designed without reference to adjoining ele- 
ments. The essentially two-dimensional flow over a blade element at 
radius r is conveniently represented 
by unrolling of the annular stream 
tube onto a plane, as in Fig. 14.13. 

The local velocity diagrams are deter- 
mined by over-all requirements of 
head, discharge, efficiency, speed, and 
hub and casing diameters, together 
with the condition that the product 
rVt he independent of radius. If, in 
addition, the lift and drag coefficients 
for two-dimensional flow over the pro- 
file are known, it is not difficult to 
determine with a useful degree of ac- 
curacy the chord length and angle of 
the element. A detailed discussion of 
the theory is deferred to Chap. XV; for the present it is sufficient to re- 
mark that the blade angle must decrease toward the blade tip. 

14.6. Dimensional Analysis of a Turbine. Two important uses of 
dimensional theory in connection with a turbine are (1) to determine what 
type of turbine will operate most efficiently under given conditions of head, 
speed, and power; and (2) to predict the performance of a prototype from 
tests on a model. 

We begin the analysis by listing, on the basis of experience, the inde- 
pendent variables p, p, Hy Q, Z), and co, for a turbine of given design. 
The runner diameter D is here chosen as a convenient measure of size. 



Fig. 14.13. — Velocity diagram at radius r 
of an axial-flow turbine. 
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This list can be simplified if we notice that the incompressible flow in a 
reaction turbine is totally enclosed, except at tlu» surfaces of the initial 
and tail-water reservoirs. The gravity field, tlierefore, affects the flow 
only in connection with the over-all poU^ntial -energy change gH, the flow 
pattern being otherwise independent of g. Thv same is true also of an 
impulse turbine, because the velocity of the fn^e jet is so high that g has 
no influence on it (see Art. 4.7a). We may accordingly express the output 
power and efficiency as functions of six independent variables. 

(14.18) 

V = (14.19) 


At this stage it is advisable to test whether the variables in parentheses 
are really independent, as assumed. Consider, for example, a change in 
gH, By suitably readjusting a valve, or gate, in the system and changing 
the load, we can keep co and Q constant. The other variables will be un- 
affected, exc^ept possibly b.y slight temperature changes, whicdi are dis- 
regarded. Similarly, it can be shown that eac4i variable can b(i altered 
independently of the other five. That no important variable has been 
omitted can only be decided by experiment or detailed analysis. 

Applying the 11 theorem to Eqs. (14.18) and (14.19) and including 
p, Z), and CO in each of the four independent IT products, we get 




pcoDA 
M / 

pco/)‘-\ 
M / 


(14.20) 

(14.21) 


Experiments show that, in the usual range of speed and size, the flow is 
highly turbulent and the viscosity has only a secondary influence on the 
behavior of a turbine. Variations in speed or size large enough to cause a 
change from turbulent to laminar conditions must of course be ruled out 
if p is to be neglected. Subject to this restriction, we may write 

P Q gH 

pco^D^ •'''Vcoi)3'co2/)2 


(14.22) 


Equations (14.22) and (14.23) are useful in the application of test data 
from a model to a prototype. Model data plotted in terms of these dimen- 
sionless quantities are immediately applicable to a prototype, provided 
that the influence of viscosity is negligible, as we have assumed. These 
equations also show that, if i/, co, p, and D are all constant (Le., if the head 
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and speed of a given hydraulic turbine are held fixed), P and rj are functions 
of Q only, so that Q may be eliminated and rj plotted against P. Such a 
curve for a Pelton turbine is given above in Fig. 14.3, while curves for 
several reaction turbines are shown in Fig. 14.14. The efficiencies of the 
fixed-blade machines, especially the Francis turbine, are seen to be excellent 
at the design point, but they drop off rapidly if the load changes, because 
the blade shape is then incorrect, the flow is much disturbed, and eddy 



Fraction of maximum power, percent 

Fig. 14.14. — Curves of efficiency versus pf>wer for mixed- and axial-flow turbines. {Courtesy 

of G. E. Russell.) 

losses occur. The efficiency of the Kaplan turbine, however, is maintained 
nearly constant over a wide range of load by means of a hydraulic servo- 
motor that automatically adjusts both the guides and blades to the 
optimum setting. 

The behavior of geometrically similar turbines operating at maximum 
efficiency is of interest, especially in connection with the choice of a turbine 
to run under given conditions of head, speed, and power. It is found that 
the efficiency is a maximum for only one pair of values of the two inde- 
pendent variables of Eq. (14.23). Thus, if rj = T^max, 

= constant = Ci (14.24) 

= constant = C 2 (14.25) 


where the values of Ci and C 2 depend on the design of the turbine. Equa- 
tion (14.22) then yields 


P 


— constant = 




(14.26) 
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These three equations indicate the effect of changes in p, co, or D on Q, 77, 
and P of a given type of turbine running at maximum efficiency. Further- 
more, Eqs. (14.25) and (14.26) are the basis of the widely used “specific 
speed/ ^ which is discussed below. 

Eliminate D from Eqs. (14.25) and (14.26), and get 


H% 






or 


60 1 

ffH cf." » 2 f55oH 


where N is the speed in rpm, IP is the output horsepower, and // is the head 
in feet. The right-hand side of this equation has a definite constant value 
for a turbine of given design operating on water. This constant is called 
the specific speed so that 




MP^ 


(14.27) 


The name specific speed comes from the fact that, if a “specific turbine^’ 
be imagined that at maximum efficiency develops 1 hp under a 1-ft head, 
Ng is numerically equal to the speed, in rpm, of this turbine. The specific 
speed is used in the selection of the type of turbine best suited to operate 
at a given speed under a given head and produce a given horsepower. 
These three factors are determined by the characteristics of the site chosen 
for the installation and by the use to which the turbine is to be put. Ex- 
perience shows that the range of allowable values for each of the principal 
types of turbine is as follows: 

Kind of Turbine Specific Speed N, 

Pelton (single jet) Not over 6 

Pelton (multiple jet) Not over 10 

Francis 10-110 

Kaplan 100-215 

Computation of the specific speed is thus the first step of the designer. 
He is then able to decide on the general type of turbine required for an 
efficient installation and can proceed with the details of the design. 

14.7. Cavitation. The pressure everywhere in a turbine must be above 
a certain critical value if the continuity of the liquid is to be preserved. 
Otherwise, cavities of air and vapor will form, and the flow conditions will 
change, to the detriment of the efficiency. It has been found by tests on 
model turbines [6] that the formation of bubbles of air brought out of solu- 
tion through lowering of the pressure has but a slight effect on the efficiency. 
The efficiency begins to be seriously affected only after bubbles of vapor 
start to form, i.e., only after the vapor pressure has been reached some- 
where in the flow. In the following discussion, the critical pressure will, 
accordingly, be identified with the vapor pressure: 
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The formation of vapor bubbles in a liquid through lowering of the pres- 
sure is called cavitation.^' It is inherently an unstable phenomenon. In a 
flowing liquid, vapor bubbles form, grow and simultaneously move down- 
stream, and ultimately collapse upon reaching a zone of higher pressure. 
The collapse causes a pressure wave, which spreads outward with the 
speed of sound relative to the liquid. If the zone of collapse is close enough 
to the place where the cavities form, the wave raises the pressure there 
above the critical value and cavitation ceases momentarily. The wave dies 
away very quickly, however, so that the phenomenon is repeated with a 
fn'quency that may be as higli as several thousand cycles per second, de- 
pending on the apparatus involved. There may be no regular frequency 
associated with the cavitation if the collapse point is far downstream from 
the point of formation. 

Cavitation is undesirable for two reasons. (1) The efficiency t] de- 
creases if a sufficient volume of cavitation is present. (2) Even though 
there may not be enough cavitation to affect ry, the collapse of localized 
cavitation produces repeated impacts so intense that the blades may be 
seriously damaged. With this mechanical damaging action may be com- 
bined electrochemical effects, which accelerate the destruction. 

According to the first paragraph of this article, the occurrence of cavita- 
tion depends on the value of the expression pm — Pv, where p^ is the mini- 
mum pressure in the turbine and p,, is the vapor pressure of the water at 
the operating temperature. If pm — Pv > 0, cavitation will not take place; 
but if Pm — Pv = 0, cavitation will, in general, occur. The efficiency thus 
depends on pm — Pv in addition to the other independent variables listed 
in Eq. (14.19). 

V = fiiP,D,03,Q,gH,iJ,,p„ - p„) (14.28) 

Measurement of pm is ordinarily not feasible, since it usually occurs on 
the runner blades. It is therefore necessary to express pm in terms of 
measurable quantities. This is done by means of the energy equation, as 
follows: Referring to Fig. 14.6 and using Eq. (5.10), for fixed axes, we find 

jP 2 — Po + ^ (Fg — Fq) + pg{z2 — zo) -f - 0 

and from Eq. (6.21), for rotating axes, 

Pm - P2 + I {Wl - Wj) + p^f(zm - Zi) + pgHi, „ + I ) = 0 

Combining these equations, noting that Fo = 0 and po = Pa, we get 

Vn.-Va^^[Wl-Wl+V\ + w^iri - rl)] - pg{H - h) + = 0 

where h ^ Zm — Zby the height of the minimum-pressure point above the 
tail-water level. Since the velocities and frictional effects upstream from 
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the point m, where cavitation starts, depend only on p, D, o), Q, and p, 
the last equation can be written 

Pm = Pa - p(ih+f(p,D,ui,Q,gH,p) (14.29) 

Equation (14.28) thus becomes 

V = f2{p,D,o>,Q,(jn,p,pa - Pv- pgh) 

Neglecting p, as in Art. 14.6, and ajjplying the 11 theorem, we find as one 
possible rearrangement of this eciuation 

« = r. (-^ P " ~ P” ~ 

^ oi-iyp pwU)^ ) 

or, alternatively, 


-n - f 

^ 0)^7/“’ p(/// / 


(14.30) 


The form of the cavitation number, (pa — Pv — pgh)/pgll^ given in Eq. 
(14.30) is due to L). Thoma of Munich and is in gencH’al use as a cavitation 
criterion for hydraulic machinery [5]. It is denoted by the symbol 


Pa - Pn - p gh 

pgii 


(14.31) 


We should expect a to have no effect on r;, so long as o' > cTc, a critical 
value corresponding to the starting condition for cavitation. This expecta- 



► O' 

Fig. 14.15. — Schematic curve of turbine 
efficiency rj versus cavitation number <T. 


tion is borne out by experiments, 
as shown schematically in Fig. 
14.15. Since the value of Or deter- 
mined from tests on a model turbine 
is equal to that for a prototype, the 
turbine builder can tell whether or 
not a certain design will be free 
from cavitation under all operating 
conditions. 

The obvious means to eliminate 
cavitation is to reduce the height h 
of the turbine above tail water, since, 
as shown by Ecp (14.29), reduction 
of h increases p^. Lowering of the 
turbine is, however, frequently im- 


possible for reasons of accessibility or structural soundness. In such a case 


improved blade design may serve to increase pm above the danger point. For 


example, in Kaplan turbines, which employ blades of airfoil section, it is 


common practice to use a profile that has a practically uniform pressure 
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distribution along the chord. A small region of excessively low pressure is 
thus avoided. A profile of this type developed by the NACA for other 
applications is shown in Fig. 10.6a. 

Even with the most advanced design it may be impossible to avoid 
cavitation under all operating conditions, such as, for example, an exces- 
sively low tail-water level at certain seasons of the year. In such a case, 
damage to the blades can be reduced if the endangered areas are coated 
with a welded-on layer of resistant material like stainless steel. 
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CHAPTER XV 

PUMPS, FANS, AND COMPRESSORS 


The purpose of a pump, fan, or compressor is to convert mechanical 
work into energy of a fluid; it is thus the inverse of a turbine. In this 
chapter we shall discuss only hydrodynamic machines, leaving positive- 
displacement apparatus out of consideration. Hydrodynamic machines 
are divided into radial-flow, or centrifugal, and axial-flow types, according 
to the motion of the fluid as it passes through the impeller. In a pump the 
working fluid is a liquid, while in a fan or compressor it is a gas. Fans are 
distinguished from compressors by the fact that, in the former, the working 
fluid suffers no appreciable density change, while in the latter the density 
is considerably increased. 

16.1. Centrifugal Pump and Fan. A centrifugal pump consists essen- 
tially of a bladed wheel, the impeller, which rotates inside a casing, as 
shown in Fig. 15.1. Liquid enters the impeller near the axis and flows 

normal to the axis out along 
j the blades into the casing and 
thence to the discharge pipe. 
^ — j^) Centrifugal force acting on the 

/ V* revolving liquid in the impeller 

/ \ \\ produces the flow, 

iff \ Tangential velocity is ’nec- 

111/ / 1 ^ssarily imparted to the liquid 

\ X \ ''■'*7 j by the impeller, since the ap- 

\ / plied torque gives rise to a flux 

of angular momentum. The 
tangential velocity plays no 
Fig. 15.1. — Centrifugal pump. transporting the liquid 

into the discharge pipe and is dissipated in shock losses unless guide vanes or 
a vortex chamber be fitted to reduce the whirl gradually. A pump with 
guide vanes, known as a turbine pump, has a high efficiency over only a 
limited range of speed and discharge and is more expensive than one with- 
out guides. A vortex chamber, which reduces the tangential velocity 
simply by allowing the fluid to move farther from the center of rotation 
before entering the outflow pipe, adds to the over-all diameter of a pump. 
For these reasons the type most widely used is the simple volute pump, 
illustrated in Fig. 15.1. 

The maximum head against which a single impeller works is ordinarily 

360 
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about 300 ft of water, although several single-stage pumps have been built 
to pump against heads as high as 2,000 ft. If a high head is needed, it is 


(4) 




15.2. — CVntrifugfil fan. 


usual to build a pump with several impellers conneeted in series. Six such 
stages is the normal maximum number. T)is(diarge rate and power vary 
between wide limits. The maximum efficiency of a centrifugal pump has 
been made as high as 92 per cent but is usually about 85 to 88 per cent. 

A centrifugal fan (Fig. 15.2) is 
essentially the same as a centrifugal 
pump as long as the pressure rise is 
limited to 10 or 15 in. of water. Other- 
wise the density change in the air be- 
ing handled becomes appreciable and 
the machine must be treated as a cen- 
trifugal (H)mpressor or supercharger, 
under (juite different design procedures. 

The resultant torque on the impel- 
ha* and on the fluid between sections 
2 and 3 of Fig. 15.1 or 15.2 is ob- 
tained from the angular-momentum 
equation [P]q. (6.19)]. 

Resultant torque = pQ{nV — r 2 V 



Fig. 16.3. — Velocity dia) 2 ;ranitt for a 
centrifugal pumj) or fan. 


where Q is the volume rate of flow and 
the velocities and radii are as shown 
in Fig. 15.3. This resultant includes 
the applied torque T of the driving motor, as well as the torques due to 
bearing friction and the drag of the fluid on the shroud. We define the 
mechanical efficiency as 


rjm = 


CO (resultant torque) 
o)T 


(15.1) 
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and get 

rjm 


The flow at 2 has no tangential component if the inlet piping has bends in 
only one plane or if a suitable straightener is installed near the entrance. 
For this reason, the expression for T is simplified to 


rp pQrsP 


(15.2) 


The efficiency rj is defined as the ratio of the input power that would 
be neede^d for a frictionless machine to that actually re(]uire(i. Since the 
flow is in(H)mpressible, the steady-flow energy equation [Eq. (5.10)J can 
be written between the entranc^e and exit sections in the form 


-■V. + + 

where — Ws is the work done by the driving motor per unit mass of fluid 
and /fii , is the sum of all the losses between sections 1 and 4 of Fig. 15.1 
or 15.2. The efficiency is thus 

pQ(- - gH,„) \{p, - p,)/p] + [(T1 - F?)/2] + q{z, - 

ri = pQ(- ^v.) ■ = “ 

Noting that —'^s = o)T/pQ and combining Eqs. (15.2) and (15.3), we 
get Euler’s equation for a pump or fan. 

„ „ [(P4 - p.)/p] + [(P1 - FD/2] + (7(2, - ^0 

The head developed is defined as the shaft work that would be needed 
in the frictionless case per unit weight of fluid. Thus the head is 


11 


P* - Pi ^ 

pg 


v\ - v\ 

2g 


+ Zt- Zl 


(15.5) 


Equation (15.4) is frequently written in terms of H. 

gii 


( 15 . 6 ) 


This eejuation is analogous to Eq. (14.11) for a turbine. 

The losses in a pump or fan are similar to those in a turbine but are 
necessarily larger, for the flow takes place against an increasing pressure. 
The adverse pressure gradient leads to thicker boundary layers and pos- 
sibly to separation. 
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It should be mentioned that Eq. (15.3) is a slight overestimate of the 
efficiency, for in practice some recirculation of fluid occurs through the 
clearance spaces between shroud and casing. This effect, which results 
from the adverse pressure gradient, will 1)0 disregarded here. 

To determine whether a pump or fan will suit a particular application 
it is useful to have an experimental characteristic curve, Le., a curve of H 
versus Q. Several common shapes of characteristic curve are shown in 
Fig. 15.4. The vshape depends on 
whether the blades are radial or 
curved, as will be shown below. 

The characteristic curve also de- 
pends on the speed co, so that sev- 
eral curves are needed to show the 
performance over a range of speed. 

The head required to force a 
given (juantity Q through the pipe, 
or duct, system to which the ma- 
chine is attached is, in general, 
roughly proportional to Q\ since the 
Reynolds number is usually high. 

It is cl(‘ai‘ that the pump or fan 
should be choscui so that its charac- 
teristic; curve; will intersect the head-required curve at the desired value 
of Q. A typical head-required curve is shown dotted in Fig. 15.4. 

In the* range of discharge values for which the efficiency is approxi- 
mately constant, the slope of the characteristic curve depends on the value 
of jS, the blade angle at the exit from the impeller (Fig. 15.3). Using the 
velocity diagrams of Fig. 15.3, we get H from Eq. (15.6) in the form 



Fiu. 15.4. — Characteristic curves for 
centrifugal machines. ^ is the blade angle at 
exit from the impeller (see Fig. 15.3). 


Vm g \ corstaiijS/ 


(15.7) 


Since Vn, is proportional to Q, it follows that, at constant speed, H would 
vary linearly with Q, provided that rj/rjm were constant. Since the latter 
varies somewhat, the actual curves are like those of Fig. 15.4. The general 
trend over the operating range is seen to depend on jS, but all three curves 
drop off at both ends of the diagram, owing to the decrease in 

Backward-curved blades are preferred in many applications, for the 
following reasons: (1) The absolute exit velocity is less than for other blade 
shapes, so that the shock loss at impeller exit can be kept small without the 
use of a large-diameter casing or guide vanes. (2) The negative slope of 
the characteristic curve over a large range of discharge rate makes possible 
the stable operation of two machines in parallel over this range. 

It is also useful to have curves of efficiency and input power versus 
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discharge rate, so that the power requirements can be easily determined. 
A typical set of curves for a pump with backward-curved blades is shown in 
Fig. 15.5. 



Q, gpm. 

Fig. 1.5.5. — Head 77, efficiency rj, and input horse-power IP versus discharge rate Q, for 
a centrifugal pump with backward-curved blades. 


16.2. Axial-flow Pump and Fan. Axial-flow pumps are built in a wide 
variety of sizes for use where a large discharge rate is re(iuin*d under a 
relatively low head. The unrestricted passage through siujh a pump adapts 
it to handling solids in suspension. Typical applications are to sewage 
disposal, irrigation, and drainage. 

Axial-flow fans, like pumps, are best adapted to delivering a large 
volume under a low head. These fans are used for many ventilating 
applications, such as in mines, buildings, and vessels. 

The fan shown in Fig. 15.6 is mounted at the entrance to a duct, but it 
is obvious that such a unit (;an be mounted anywhere in a duct system. 
The guide vanes shown in the figure serve their usual purpose, viz., to re- 
move from the fluid the angular momentum imparted by the impeller, thus 
eliminating the superfluous tangential velocity and increasing the pressure 
rise through the fan. 

The blades and guides are designed so that no radial flow occurs between 
sections 1 and 3 of Fig. 15.6. The bell mouth and the hub fairing are shaped 
to give a uniformly distributed, purely axial velocity at 1. Since the casing 
and hub diameters are uniform between 1 and 3 and no radial flow occurs, 
continuity requires a uniform distribution of axial velocity at 3. There is 
no tangential velocity at 3. The tapering of the hub increases the cross- 
sectional area of the flow, thus reducing the velocity and increasing the 
pressure. Section 4, at which the diffusing action is complete and condi- 
tions are uniform across the duct, is taken as the downstream end of the fan. 
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The resultant torc[ue on the blade elements and fluid within the an- 
nular stream tube between 1 and 2 at radius r is found from the angular- 
momentum law [Eq. (6.19)] to be 

Resultant torque = pr{V — V t) dQ 

where dQ is the volume flow through the stream tube, and V and are 
the tangential velocity components at radius r at 2 and 1, respectively. If 


(0) (1) (2) (3) (4) 



we neglect friction, we can show by the method of Art. 14.4 that the product 
rV i is constant over section 2; and, by assumption, Vt^ = 0, Summing 
over the entire cross section, we get, therefore 

Resultant torque = pQrVt^ 

Introduction of the mechanical efficiency from Eq. (15.1) leads to 

T = (15.8) 

Vm 

where T is the torque applied to the shaft by the driving motor. This 
equation is identical with Eq. (15.2) for a centrifugal machine. 

The efficiency and head are defined just as for a centrifugal fan and can 
be expressed by Eqs. (15.3) to (15.6). It is customary, however, in the case 
of a fan mounted at the entrance to a duct, to include the bell mouth as 
part of the fan. If this is done, the expression for the head becomes 

H = + U + (15.9) 

Pff 2(7 

section 0 being taken in front of the fan where the velocity is zero. Since 
the losses between 0 and 1 are small, there is practically no difference be- 
tween Eqs. (15.5) and (15.9). 

The characteristic curve of H versus Q is useful for an axial-flow 
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machine, just as for a centrifugal one. A typical curve, together with curves 
of power input and efficiency, is shown in Fig. 15.7. The dip in the charac- 
teristic curve is caused by “stalling,” i.e., by separation of the flow from 
the blades. This separation begins near the hub, where the operating 



Fig. 15.7. — Total pressure, efficiency, and input power versus discharge rate for an axial-flow 
fan. {After Keller^ reference 7.) 

conditions are less favorable than near the blade tips, owing to the lower 
speed at the hub. 

16.3. Dimensional Analysis of a Pump or Fan. Dimensional analysis 
is used in the same way for these machines as for a hydraulic turbine 
(see Art. 14.6). 

Three important quantities in connection with the design or selection 
of a pump or fan are the head produced //, the power input required P, 
and the efficiency rj. For a machine of given design, each of these is a 
function of the following independent variables: p, co, Z), Q, and p. Here D 
represents the impeller diameter, chosen as a convenient length charac- 
teristic of the machine. The head H depends also on gr, since H represents 
shaft work per unit weight of fluid. The product pH, however, or the shaft 
work per unit mass of fluid, is independent of p, because the flow through 
the machine is totally enclosed and the fluid incompressible. Accordingly, 
we write, for a given design, 

gH = fi{p,(j3,D,Q,ix) 

P = f2(p,o},D,Q,fi) 

V = f3iP,o>,D,Q,(i) 
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Applying the IT tlu^oif^in and letting p, co, and 1) be common to the three 
independent II piodiuds of each of these ecpiations, we get 

^ f { 9__ 

pcoW p ) 



M / 


Experiment shows, as for turbines (Art. 14.6), that the viscosity has 
only a se(H)ndary effect on the performance of a pump or fan. lienee, for a 
given design. 


qlL 


= /4 



(15.10) 



(15.11) 

(15.12) 


Ecpiation (15.10) indicates that the characteristic curves at various speeds 
for a series of geometrically similar machines will all coalesce into a single 
curve when plotted nondimensionally, with as ordinate and 

Q/(j)IP as abscissa. Similar conclusions can be drawn from Eqs. (15.11) 
and (15.12) regarding the power and efficiency. These statements are of 
course valid only over the range of size and spccnl for which changes in 
Reynolds number pcoDV^ have a negligible effect on the flow. 

Equations (15.10) to (15.12) are useful also in indicating the effect of 
changes in size or speed on the performance at maximum efficiency r^max. 
If ^ = '»7max, Eq. (15.12) shows that Q/o)D^ has a definite constant value. 
Therefore, 



(15.13) 


gH 


(15.14) 


P 

pco®Z>^ 


= (73 


(15.15) 


In words, Q is proportional to coD*, H is proportional to co^D^, and P is 
proportional to pco®i)^ 

The concept of specific speed is applied in the selection of a pump to 
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satisfy known operating conditions, just as in the case of a hydraulic 
turbine (Art. 14.G). The discharge Q, the head //, and the speed co are 
usually required to have certain values in any proposed installation. A 
dimensionless product of these quantities that has a definite value for a 
machine of given design operating at maximum efficiency is obtained from 
Eqs. (15.13) and (15.14). 


^ CY^ 
(gHf* CY 


constant 


For pumps, the speed N is usually expressed in rpm and the discharge in 
gallons per minute (gpm). Tlu^ head II is expressed in feet. From the 
above relation we can define 


jSf == 

hU 


(15.16) 


where the specific speed, has a definite value for a pump of given design 
operating at maximum efficiency. For single-stage centrifugal pumps the 
values of Ns range between 500 and 5,000, whik^ for single-stage axial-flow 
pumps Ns lies between 5,000 and 10,000. 

A similar definition of Ns can be used in connection with fans. The 
discharge, however, is measured in cubic feet pcu- second instead of gpm. 

16.4. Design of an Axial-flow Machine. The blades and guide vanes 
of an axial-flow machine can be rationally designed if it be assumed that 
wind-tunnel data on lift and drag coefficients Cl and Co are applicable to 
each element of a blade or guide vane. In the analysis leading to the design 
equations we consider only that part of the machine between sections 1 and 
3 of Fig. 15.6. In case two or more stages are recjuired, we consider only 
the part between the entrance to the first and the exit from the last stage 
and assume the pressure rise through each stage to be A/)/ A, where Ap is 
the total pressure rise and N is the number of stages. 

The given quantities on which a design is to be developed are (1) the 
discharge Q, (2) the pressure rise Ap, (3) the speed co, (4) the radius of the 
casing ro, (5) mechanical e^fficiency Pm, and (6) one or more blade forms 
having known values of e (= Cb/Cl) and Cl- We wish to determine the 
required number of stages N, a hub radius ri that will give a high value of 
efficiency, and the width and angle of the blades and guides at any radius. 
We begin by discussing, for a single stage, the blade and guide-vane ele- 
ments of length dr at an arbitrary radius r, as follows: 

Differentiation of Eq. (15.8) with respect to r gives (since rVi^ is 
independent of r) 


rjm dT = prVt, dQ 
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where rjm dT is the external torque transmitted from the shaft through the 
blades to the blade elements, or, since these elements move at constant 
speed, the torque exerted on the fluid by them. Since the velocity Vi at 
section 1 is assumed axial and uniform, dQ = Fi27rr dr, and 

VmdT = Z dFtr = prVt,Vi2Trr dr (15.17) 

where Z is the number of blades and dFt is the tangential component of the 
force acting between one blade element and the fluid, as in Fig. 15.8. 
Application of the momentum principle [Kq. (6.6)] to the control volume 



Fig. 15 . 8 . — Velocity and force diaRrams for a blade element at radius r. 


formed by the annular stream tube and sections 1 and 2 of Fig. 15.6 yields 

Z dFn = (P 2 - Pi)27rr dr (15.18) 

where dFn is the axial component of the force acting between the fluid and 
blade element. 

In the idealized frictionless case, the resultant force on the blade ele- 
ment is the lift dL, which makes an angle /8 with the axial direction (Fig. 
15.8). To determine we use Eqs. (15.17) and (15.18). 

tan^ = ^‘ = ^ 
dFn - Pi 

The energy equation for rotating axes [Eq. (6.22)] yields 

P2 - Pi = ^ - TU) 


since n = r 2 = r and changes in level are ignored. The velocity diagrams 
of Fig. 15.8 give 
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wi--wi = wi + wi 

and, therefore, 


- (o>r - Vt,y = 2F,,^cor - 


tan 13 = 


(15.19) 


where 0 = Vi/c*)r and X == VtJ2ot)r. 

The diagram for the mean relative velocity W based on this value of ^ 
^ is shown in Fig. (15.8). It will be as- 

Slimed that wind-tunnel data on single 
\/\ airfoils can be applied to the fan-blade 

dFn \X element if the lift and drag coefficients 

^ referred to this relative velocity W, 

Thus, 


dL = Cl ” dr 
(ID =^Cd^ IW^ dr 


(15.20) 


tan"^ dL where t is the chord of the element. The 

Fig. 15.9. — Forces exerted by the data should, of COUrse, be corrected to 
fluid on a blade element at radiu.s r. ^ 

conditions ol two-dimensional flow, since 
no trailing vortices are shed from the element (see Art 11.21). In the ac- 
tual case of flow with friction the forces are thus as shown in Fig. 15.9, 
and the ratio of tangential to normal force is 


dFt ^ /o . ^ -1 ^ pViVt, 

= tan (p -f tan ^ e) = 

dFn V2- Pi 


(15.21) 


A similar analysis for the corresponding element of the guide vane 
(Fig. 15.10) yields 


tan = 


2Fi (t> 


= tan {^g + tan ^ e^) = 


pViVt, 

Pz~Jh 


(15.22) 

(15.23) 


The efficiency rj' of the blade and guide-vane elements combined is 
obtained by application of the energy equation between sections 1 and 3. 


' _ J_ shaft work (frictionless) _ 
^ rjm shaft work (actual) 

But since - = co dT/p dQ = mV 


Pz - Pi ^ Ap 
Vmp(- ^s) Np(- VPs)r}r, 


Ap ^ Ps - Pi ^ Pz-P2 ^ P2- Pi 
NpmVt^ pmVt^ pmVt^ ^ pmVt^ 


(15.24) 
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V = 


h 

cor 


1 


+ 


tan O + tan“' e) tan (/3, 


1 ■ 

+ tan~* Cj). 


and from Eqs. (15.19) and (15.22) 

1 — c<j> 


V' = <t> 


+ 


1 
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(15.26) 


</) + 6(1 — X) </> “f" CtfXj 
For simplicity we assume that the drag-lift ratio is the same for both blade 



Fia. 15.10. — Velocity and force diagrams for a guide-vane element at radius r. 


and guide-vane elements, that is, = e. The efficiency is thus a function 
of three independent variables 0, X, and 6. 

Substitution of 6^, = e and reduction of Eq. (15.26) yield 


, ^ </>[</)(1-6^) + 26(X-X^-(/>^)] 
<f>^ + 4>i + (Hl - X)X 


(15.27) 


differentiation of which with re.spect to X and setting of dr)'/d\ = 0 show 
that the optimum value of X is It will be shown below that, if wind- 
tunnel data on single airfoils are to be applicable, X should not exceed 
about 34* The conclusion is, therefore, that X should be kept as near this 
upper limit as possible. 

Since e is small (usually about 0.025) and since (j) is on the order of 
unity {(t> = Fi/cor), Eq. (15.27) can be written with good approximation as 


<t> + e 


(15.28) 


where terms in have been omitted. In Fig. 15.11, which is computed 
from Eq. (15.28), rj' is plotted against </> for several values of X and e. It 
will be observed that the rj' curves are practically flat in the range 
0.5 < </> < 0.7 and that, within this range of 0 and for 0.10 < X < 0.25, 
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7 ;' can be maintained constant by means of small variations in e. This is a 
fortunate circumstance, since Eq. (15.24) shows that rj' must be the same 
at all radii, both ps — pi and rVt^ being assumed independent of r. Values 
of € will therefore be chosen to give a uniform distribution of rj' along the 
radius. 

As the first step in the design it is convenient to select a value of </> 



0 0.2 0.4 0.6 0.8 1.0 


Fig. 15.11. — Efficiency of blade and giiide-vane element combined 7 }' versus flow coeffi- 
cient </) for various values of the rotation and friction parameters X and e. 

in the neighborhood of 0.5 to apply at the outer radius u. Let this value 
be <^o. The hub radius is next found from the relation 

- F, - (15.29) 

A tentative value of rj' is then chosen, based on inspection of Fig. 15.11. 

Before further progress can be made, a maximum allowable value for 
X must be selected. A criterion for this choice is developed as follows: 

It is found from experience that the solidity Zi/2icr should not ex- 
ceed about 1.1, if wind-tunnel data on single airfoils are to apply to the 
blade elements. We obtain a relation between the solidity and 0, c, and X 
by using Eqs. (15.17) and (15.20) and Figs. 15.8 and 15.9. 

dFt = pViVti = dL (sin /3 + € cos /S) 

dL = Ci g Mr = Ci § < -r^ dr 
2 2 sm^ p 
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whence, after considerable reduction, 


C'l ^ ^ (sin /3-I- € cos j8) 


4X 

V<^2+(1-X)2[l -H e(l - 


(15.30) 


By substitution of simultaneous values of and e from Fig. 15.11 it is 
easily shown that CL(Zt/27rr) ^ 1 for rj' « 0.94 and X = The solidity 
Ztl2Trr will be approximately unity also, since Cl ~ 1. The maximum 
allowable value for X is therefore about The maximum value of X 
will occur at the hub, since X = rV iJ2m^ = constant/r^. The value of X 
at the hub is denoted by Xt. 

Having chosen a tentative value for Xj, we can determine the number 
of stages N by using the definition of [Eq. (15.24)]. 


whence 


, _ Ap _ Ap 
^ iVpcorFt, 2lFpcoVJXi 




Ap 

2pa?V?Xtp' 


(15,31) 


The value of X, is to be adjusted to make the right-hand side of Eq. (15.31) 
equal to an integer. 

The use of airfoil data begins at this point. The values of p', </>,-, and X* 
being known, €* can be found from Fig. 15.11 or Eq. (15.28). The data 
plotted in Fig. 15.12 give € versus Cl for the NACA 4412 airfoil, at various 
values of Reynolds number R — Wilv, Figure 15.12 is to be used in con- 
junction with Eq. (15.30) to determine reasonable values for U and Z, 
Two conditions are to be fulfilled: (1) Zii/2'KTi should be less than 1.1; and 
(2) €t, Cl,, and WUlv should correspond to a single point in Fig. 15.12. 

To illustrate this procedure let the following numerical values be given, 
on the basis of which it is required to design a suitable fan wheel. 

Q = 200 ft®/sec 
Ap = 20 Ib/ft^ 

CO = 180 radians/sec 
To = 1.00 ft 

P-2.3X 10-Mb-secVft^ 

= 1.6X 10~^ ftVsec 

Assuming = 0.50, we find from Eq. (15.29) that u = 0.540 ft. Since 
this appears to be a reasonable hub radius, we proceed, assuming tenta- 
tively, on inspection of Fig. 15.11, that rj' = 0.95. From Eq. (15.31) it is 
then found that, if iV be chosen as 2, Xt = 0.243. Referring to Fig. 15.11 
we find that €t » 0.020, whence, from Eq. (15.30), CuZiil2'Kri = 0.805. 

Assuming now that Cl, = 0.80, we see that ZUl2'Kri = 1.01, which is 
less than the allowable maximum of 1,1. To determine U we note from 
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Fig. 15.12 that the Reynolds number at the hub WiUlv ^ 3X 10^ from 
which it follcrw^s that U — 0.36 ft. It is now readily found that U ^ 0.38 ft 
if Z = 9. Both these values appear to be satisfactory. 

At the outer radius Vo = 1.00 ft, the value of e., is found from Eq. (15.28) 



0 0.2 0.4 0.6 0.8 1.0 

Fio. 16.12. — Drag-lift ratio € versus lift coeffieicnt Ci, for the NACA 4412 airfoil. The 
Reynolds number is defined as 72 = Wt/v. 

to be 0.019, since rj' = 0.95 and \o == XiiTt/roY == 0.071. Equation (15.30) 
yields CLoto - 0.179. A tentative value of to may now be assumed and the 
corresponding value of Reynolds number computed. If the values of Clo 
found from Eq. (15.30) and Fig. 15.12 do not agree, the process is repeated 
until a check is obtained. 

A preferable method of determining t and Cl is to consider the behavior 
of the fan in the neighborhood of the design point [5]. We have seen that for 
stability it is necessary that the product rV ^ be independent of radius, not 
only at the design point, but for all operating conditions. In order to fulfill 
this requirement, at least for a small range of speed near the design value, 
the chord i must be a definite function of r. To find this relation between 
i and r we assume that the velocity at entrance Vi is held constant and 
uniform while co is allowed to vary. In this approximate analysis we neglect 
friction and rearrange Eq. (15.30) to get 

= (15.30a) 

47r sm p 

The restriction which we wish to impose is that the rate of change of rVt^ 
with respect to a> be the same at all radii. This will ensure that rVtt is 
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constant over the fan disk at values of co near the design point, 
that 


d{rV^) 

d{rV^) 

d0 

d(tan P) 

dco 

90 

d(tan P) 

do) 


tZVi 1 

(dCL 

cos p „ ' 


47r sin 

0\d0 

sin 0 ^ 




Noting 


3(tan (3) _ d(Vi/o)r) _ Vi 
dcx) doj 


The expression dCt/d^ can be rewritten as dCi/d^ = {dC ijda){da/ 
which, siiH^e the blade angle a H- jS remains fixed, can be expressed as 
dCh/d^ = — dCiJda = — €[. This substitution is advantageous, be- 
cause C[ is practically constant over the useful range of angle of attack. 

We thus get 


47rcoV tan jS d{rVt^ 


ZV\ 


doo 


\ sm p / 


The approximation used above, namely, tan /? « Vi/oir^ is equivalent to 
the assumption that r tan /3 is independent of r. The right-hand side of 
the last equation can thus be considered independent of r, so that 


t cos 



cos 
sin p 


) 


L cos 



sin Pi 



The unknown Cl can be eliminated by means of the relation ^Cz,/sin P 
= UCLj^in Pt, which follows from p]q. (15.30a). The final result is 


L - 1 ^ cos P / cos^ Pi _ \ 

ti cos P Cl sin Pi Vcos^ P / 


(15.32) 


Values of t and Cl at several stations along the blade are to be deter- 
mined from Eqs. (15.30) and (15.32). The angle of attack a can then be 
found from airfoil data, such as Fig. 11.32, and the total blade angle 
determined as the sum a + p. 

We are now able, by means of Eq. (15.32), to determine the width of the 
blade tip for the exam ple discus sed above. Recalling th at tan P ~ Fi/cor, 
we get cos Pi « corj/ VFf + coV f = 0.737, sin Pi « V\/y/V\ + coV? = 0.682, 
and cos P<, Wo/VF^ + ojVo = 0.895. From Fig. 11.32 an approximate 
value of C[ is seen to be C/ « 0.095 per deg = 5.45 per radian. Substitu- 
tion in Eq. (15.32) yields to/U = 0.763; whence U = 0.290 ft. From the 
previous result that Cl^U = 0.179 it follows that Cl„ = 0.617. 

A check on the value of €o is obtained by computation of Wjtolv^ which 
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is found to be 3.65 X 10®. Reference to Fig. 15.12 shows that these values 
of Clo and WoU/v correspond to to « 0.019, the value previously found. 
Failure to check approximately here would indicate either a different air- 
foil at the tip or a new start on the entire computation. 

Values of at root and tip are obtained from Eq. (15.19), and the values 
of a corresponding to the known values of Cl are found from Fig. 11.32. 

The following table gives the results already discussed, together with 
values at an intermediate radius: 


Given: Q = 200 ftVseo v — 1,6 X 10“^ ftVsee 

Ap = 20 Ib/fU p = 2.3 X 10-3 ib-sooVfU 

oj = 180 radians/sec 4412 airfoil 

Results : N umber of stages N ~ 2 
Number of blades Z = 9 


r, 

ft 

Cl 

ft 

deg 

(k^g 

a + ^, 

deg 

0.54 (root) . . 

0.80 

0.36 

50.7 

4.5 

55.2 

0.80 

0.70 

0.31 

35.1 

3.3 

38.4 

1.00 (tip) . . . 

0.62 

0.29 

28.1 

2.5 

30.6 


The design of the guide vanes can be carried out by a similar method. 

For fans in which the solidity Zt/27rr is somewhat in excess of unity 
the same method can be used, but data on airfoil grids must be substituted 
for those on single airfoils. The chief effect of the increased solidity is 
found to be a reduction in Cl below the value measured for a single air- 
foil [6]. This reduction is largely attributable to the decrease in relative 
velocity of the fluid as it passes through the grid. 

16.6. Centrifugal Compressor. These machines are widely used to 
compress air and other gases; they are simple in construction and can be 
built to operate under a wide variety of conditions. The ratio of outlet to 
inlet pressure does not ordinarily exceed a value of about 3, for a single 
stage. Efficiencies on the order of 75 per cent are commonly reached. 

Referring to Fig. 15.1 or 15.2, we express the driving torque as in 
Eq. (15.2). 


T = 

rjm 


(15.33) 


where pQ is replaced by the constant mass flow through the machine. 

The efficiency is defined as the ratio of the power input for a frictionless 
compression to the actual power input. If leakage is neglected, the 
efficiency can be written as the ratio of the shaft works. If gravity is 
ignored, the energy equation for the frictionless case [Eq. (5.13)] reduces to 

t/i p ^ 


(15.34) 
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while, in the actual case, the energy equation gives 


PSa Pi ^ 

where the subscript a is used to denote actual values. The pressure ps is 
considered tlu^ same in both cases, since the macdiine is supposed to develop 
an assigned output pressure. If the flow is assumed to be adiabatic, Eq. (9.5) 
is applicable to the frictionless case and Eq. (15.34) becomes 


, A_ 

k-\ Pi L\pi/ 


VI -VI 


The actual work under adiabatic conditions is 


~ fha ~ "b 


VI - F? 


(15.35) 


(15.36) 


where the enthalpy h is defined as {p/p) + u. For adiabatic flow, the 
efficiency is thus 


_ - w, _ [k/(k - l)](p i/p. )[(p.-./?)i )^-< ^/^-) - 1 ] + KVI - Tl)/2] 

h3.-hi+[(Vl-Vl)/2] ^ ^ 


If the fluid is assumed a perfect gas, Ei^s. (9.12) to (9.15) apply and 
p]q. (15.37) reduces to 


gTi [(p./pi)^-<V^) - 1 ] + [(Vl- FD/2] 

'cA^\-T^) + [{Vl- FD/2] 


(15.38) 


An alternative expression for the efficiency is obtained by use of 
Eq. (15.33), together with the fact that — = (oiT/m). 


77 = 77 , 


- 1] + {(VI - Vl)/2] 


(15.39) 


This is the analogue of Eq. (15.4) for a pump or fan. 

If we assume for the moment that both 77 and r]m are unity, Eq. (15.39) 
can be used as a guide in the development of a convenient form for the 
plotting of experimental results. We assume further that the compressor 
has blades which are radial at the exit section 3, so that = ( 073 , We 
thus have 


0)^1 = CpTi 


P3\1-(1A) 


VI -VI 


Furthermore, F| == V% + VI, = wVg + Vl, and continuity gives ^apsFn, 
= AipiFi, from which 
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Therefore, 


2 


CpTi 


'pjNl-dA) 

.Vi) 



which, by use of the equations (P = (k — l)CpT and Cl/(^ = (pi/ps)* 
can be reduced to 


^ /FiV (o)r,/C,y - [2/{k - 1)][1 - 

^ \cj * - {p^/psy~Am 


(15.40) 


Here C is the local sound velocity. The pressure ratio is thus expressed 
in terms of Mi, cors/Cs, and Ai/A^. It can be shown by means of Eqs. 
(9.1), (9.5), and (9.8) to (9.10) that the value of Mi determines the ratio 
mjynA^ where m* is the mass flow when the sound velocity is reached at 1. 
The ratio m/m* cannot exceed unity. 


— * = Ml ; 

wr L' 


k+ 1 


ll/U—l) 


2 + (A; ~ 1)M? 


(15.41) 


It thus appears that ps/pi is a function of m/m*, con/Cs, and A 1 /A 3 , in 



Fig. 15.13, — Pressure ratio pz/pi versus relative mass flow m/m* for a centrifugal 

compressor. 


this idealized case. It is possible to plot experimental results in terms of 
these independent variables, as shown in Fig. 15.13 for a supercharger. 

16.6. Dimensional Analysis of a Compressor. A form of plot similar 
to Fig. 15.13 can be developed by means of dimensional analysis. We 
assume that, for a compressor of given design, any of the three dependent 
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variables pzy Vj or input power P depends only on co; on the impeller 
diameter D] on the properties of the fluid at entrance pi, Ci, and pi; and 
on the mass flow m. 

The dependent quantities will, in general, be functions also of k and of 
the heat transfer through the casing, but these are ignored under the as- 
sumption that k is the same for all the operating fluids (diatomic gases) 
and that the flow is adiabatic. 

It is convenient to change the independent variables pi and Ci to pi 
and CpTiy respectively, because pi and Ti are directly measured in compres- 
sor tests. These changes are legitimate, since {kpi/ pi) = CJ = Cp{k — \)Ti, 
Thus 

Applying the 11 theorem and grouping CpTi, D, and pi in each of the three 11 
products, we get 


mVcpTi piD \ 

pj)^ ^piV^J 


(15.42) 


Similarly, rj and P/pi\/cpTiD^ are functions of the same three variables. 
Experiment shows that the third independent variable of Eq. (15.42), 



Fig. 15.14. — Dimensionless performance curves for a centrifugal pump. {After Del Mar^ ref- 
erence 1. Courtesy of the American Society of Mechanical Engineers.) 


viz.y that containing pi, is of negligible importance, viscosity playing only 
a minor role in determining the flow through the compressor [1]. Figure 
15.14 shows schematically how test results appear when plotted in these 
coordinates. 

The surge stability limit marked in Figs. 15.13 and 15.14 is the locus 
of points at which the operation becomes unsta ble. Suppose that the com- 
pressor is running at a constant value of wD/ y/'cpTi and that m is decreas- 
ing. So long as the operating point lies to the right of the limiting line, 
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the pressure ps developed by the machine drops less rapidly with decrease 
in m than does the pressuie characteristic of the attached system. Opera- 
tion is therefore stable. To the left of the limiting line, however, the 
pressure pz drops more rapidly with decrease in m than does that of the 
system, and instability, or ^'surging,’' is the result. 
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CHAPTER XVI 

PROPELLERS AND JETS 


A propeller adds momentum to the fluid passing through it and so 
develops an axial force, or thrust. The fluid in the wake of the propeller is 
called the ‘^race^’ or ^^slip stream/^ and the relative increase of velocity 
there is called ^^slip,” from analogy with a screw. If a portion of pro- 
peller blade, the face of which was a helical surface of pitch p, worked in a 
firm nut, without slip, it would advance a distanc.e p for one complete 
revolution. The helix angle at radius r would l)e tan“^ (p/27rr). Actually 
a propeller proceeding ahead at speed V advances in the time 1 /n taken 
for one revolution of the propeller a distan(i(^ V/n which is less than p. 
The slip, therefore, is p — (V/n). This definition of slip is arbitrary, based 
on the geometry of the propeller. Its physical significance is not very 
clear, but for a higher-pitch propeller we should naturally expect more slip 
and more thrust. For no slip (when p = V/n) we should expect no thrust, 
since no fluid is accelerated. Modern propellers may have blades for 
which the pitch is not uniform over the face. The common practice is to 
have the pitch increases somewhat toward the blade tips. The pitch at 
three-cpiarters radius is usually taken as the approximate specification 
of the “mean geometrical pitch'’ of a propeller. 

The common propeller-type ventilator, or fan, set in a wall or window, 
without an entrance pipe, operates like a propeller. Here the thrust of the 
fan is not the essential feature, but the velocity of flow that can be main- 
tained. Obviously, fluid is given axial momentum by the fan. Such fans 
are cheap, quiet, and efficient where a large diameter can be allowed. 

16.1. Momentum Theory of a Propeller. For purposes of analysis the 

( 0 ) 



actual propeller is replaced by a hypothetical “actuator disk," which 
accelerates the flow axially without imparting any whirl to the slip stream. 
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The fluid is assumed to be frictionless. A surface of discontinuity in velocity 
is assumed to separate from the surrounding fluid the fluid that passes 
through the actuator, as shown in Fig. 16.1. The pressure is atmospheric 
everywhere on the surface, as well as at sections 0 and 2, which are sta- 
tionary with respect to the disk and at which the streamlines are parallel 
and straight. The velocities indicated in this figure are taken relative to 
the disk. The undisturbed fluid is assumed to be at rest with respect to 
the earth, so that the actuator has an absolute velocity of magnitude F, 
from right to left. 

If the actuator is considered as attached to an airplane or other load, 
the latter will exert a force F on the disk, as shown. This thrust is the 
only external x force on the system comprising the actuator and the fluid 
in the slip stream between sections 0 and 2. The momentum equation [Eq. 
(6.6)] thus gives 

F = miVi - V) (16.1) 

where m is the mass rate of flow through the actuator. 

If the assumption of incompressibility is introduced here, the velocity 
immediately in front of the disk is seen to be the same as that just behind it, 
since the area of the stream is the same at both sections. The product of 
this velocity and the thrust, FFi, gives the work per second done by the 
actuator on the fluid. This is identical with the power input to the ac- 
tuator, since the latter is assumed 100 per cent effective. The shaft work 
done on the actuator is found by application of the energy equation 
[Eq. (5.10)] to the system comprising the disk and the fluid of the slip 
stream between sections 0 and 2, 

(. 6 . 2 , 

whence 

FVi = - W.TO = m ~ (16.3) 


Combination of Eqs. (16.1) and (16.3) gives 




V+V, 

2 


(16.4) 


The velocity Vi at the disk is thus the arithmetic mean of V and Vi, half of 
the velocity change taking place upstream and half downstream from the 
disk. 

The efficiency of the actuator is defined as the ratio of the useful work 
done by it to that done on it. The useful work per second (power output) 
is the product of the thrust and the forward speed of the disk with respect 
to the earth, FV, while, from Eq. (16.2), the power input to the actuator 
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is m{Vl — F‘'*)/2. The efficiency for this idealized case, called the “ideal” 
or “Froude” efficiency, is thus ijj = 2FF/m(F| — F“), which, with the 
aid of Eq. (16.1), is reduced to 

2F 


V+V, 


(16.5) 


1 + (AF/2F) (16.5o) 

where AV = V 2 — V, 

It is to be noted that Eq. (16.5) or (16.5a) is based only on the definition 
of useful power and on Eqs. (16.1) and (16.2). All three of these are valid 
regardless of the compressibility of the fluid or the form of the actuator. 
Equation (16.5) or (16.5a), therefore, applies quite generally to any pro- 
pulsive jet, whether produced by a propeller or other jet-propulsion de- 
vice utilizing the atmosphere as the material of the jet. 

The effect of each of the several variables on rji is seen if a thrust 
coefficient is introduced, defined as Cf = 2F/p V^A , The efficiency is 
readily expressed in terms of Cf’. Vi = 2/(1 + Vl + Cf). This relation, 
which is plotted in Fig. 16.2, shows that Vi in- 
creases with increase in V, p, or A but de- 
creases with an increase in thrust. It is there- 0*® V 

fore desirable to make Cf small for an actual 0.6 -^5—- 

propeller, in order that the ideal upper limit to ‘ Q4 

the efficiency may be high. Since the thrust, ^2 ^ ' 

speed, and density are usually fixed by other 

considerations, it follows that the propeller ^0 5 10 15 20 25 30 

diameter should be made as large as possible. Cp 

The ideal efficiency cannot be reached piQ, I6.2. — ideal propeller 

by an actual propeller, for the following efficiency rji versus thrust coeffi- 
cient Cf- 

reasons: 

1. Some energy of whirl is left in the slip stream. 

2. Tip and hub losses (eddies) always exist. 

3. There are friction losses on the blades. 

4. Owing to the finite number of blades the flow is not steady but 
pulsates. 

5. The entire disk area is not utilized, there being no flow near the hub. 

6. The propeller race is not an ideal jet bounded by a cylindrical surface 
of discontinuity but breaks up into eddies. 


The actual efficiency can, however, approach the ideal quite closely, ordi- 
narily being about 85 per cent of t;*. For airplanes, however, the actual 
efficiency itself may be as high as 85 per cent. For ships, owing to re- 
strictions on diameter, efficiencies on the order of 60 per cent are more 
common. 
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16.2 Blade-element Theory of a Propeller. The momentum theory of 
the previous article applies to an idealized actuator disk the mechanism 
of which is unspecified. A more detailed theory is therefore needed to 
investigate the performance of an actual propeller. The blade-element 
theory, which is commonly used for this purpose, is similar to that already 
described for an axial-flow fan in Art. 15.4. There are, however, certain 
differences between the fan and propeller, as regards both construction and 
purpose, which lead to modifications of the fan theory. The principal 
differences are pointed out below. 

In the fan the product r (or ZF /2t, where T is the circulation about 
one of the Z blades) is (U)nstant along the blade, since, by virtue of the 
housing and hub, no tiailing vortic^es are shed. The flow immediately 
downstream from the fan is thus made up of a potential-vortex motion 
superposed on an axial translation and is irrotational (except for the fric- 
tional wakes from the blades), since the hub replaces the vortex core. The 
guide vanes take out the tangential velocity before the hub tapers away to 
zero diameter, so that no rotation appears in the flow downstream from the 
fan. 

The flow through a propeller, on the other hand, is complicated by the 
absence of a housing. As already noted in the momentum theory, there is 
a contraction of the slipstream, which caiLses the relative axial velocity at 
the propeller to be higher than the velocity of advance. There is also a 
radial component of velocity near the tips, but this is so small under normal 
operating conditions that it is neglected in propeller theory. The principal 
effect of the exposed blade tips is the three-dimensional flow produced, 
with its accompaniment of trailing vortices, which are shed downstream 
in helical paths. Similar conditions exist at the blade roots. The slip 
stream of a propeller thus contains much rotation (even though friction 
on the blades be neglected). This vorticJty is distributed throughout the 
stream but shows considerable concentration in two thin cylindrical shells, 
one springing from the tips and the other from the roots of the blades. 
The situation is similar to that on a finite wing, described in Arts. 11.21 
to 11.23. 

The theory of the finite wing shows that the circulation around the 
wing decreases toward the tip, as the trailing vortices are shed. The 
gradual dropping off of the circulation around the propeller blades to zero 
at the tips means that the thrust and torque per unit length do likewise. 
To see that this is so we refer to Figs. 15.8 and 15.9 and Eqs. (15.17) to 
(15.21), which are applicable to an element of a propeller blade. 

From Eq. (15.17) we get, by substituting rVt. = Zr/27r, 

dT pViZT 
dr Vm 


(16.6) 
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Z dFn = Z dFt cot (/3 + tan“^ - Vm — cot (jS + tan“^ e) 

= pViZT cot (/3 + tan“' e) dr 

Hence, the thrust per unit length of all the blades at radius r may be written 
^ “ pViZr cot (|8 + tan-> e) (16.7) 

Starting from Eqs. (16.6) and (16.7), one can develop expressions for 
dT/dr and dF /dr from which can be computed the torque and thrust dis- 
tributions for a propeller of given design and 
size operating at a given speed of advance V 
and rotational speed co [2]. The details of this 
development will not be given here, since they 
are similar to those of Art. 15.4. Typical 
computed curves are shown schematically in 
Fig. 16.3. 

From Eq. (16.6) one sees, if T is independ- 
ent of r, as for a fan in a housing, that dT/dr 
varies linearly with r. For comparison with 
a propeller such a curve is shown dotted in 
Fig. 16.3. 

Since the purpose of a propeller is to do 
work at rate FF, the blade-element efficiency 
is defined as ry' = VdF/rjynO) dT, which with 
the aid of Eqs. (16.6) and (16.7) becomes 

V 1 

77 ' = — (16.8) 

cor tan (jS + tan“^ e) 

In contrast to that of a ducted fan, the blade-element efficiency of a pro- 
peller varies along the radius, the value at three-quarters of the outer ra- 
dius (0.75ro) being approximately equal to the over-all efficiency. 

16.3. Dimensional Analysis of a Propeller. On account of the com- 
plexity of the flow over the blades, theory alone cannot at present indicate 
the most efficient design for a propeller intended to perform under specified 
conditions. For this reason, model experiments, correlated and interpreted 
by dimensional analysis, are widely used in propeller research and develop- 
ment. 

The input power P and the efficiency r; of a propeller of given design 
are usually desired as functions of the independent variables p, co, D, F, p, 
and (7. Here D is the propeller diameter, F is the velocity of advance, 
and C is the sound velocity in the undisturbed air. (This last variable is 


dT 



Fig. 16.3. — Schematic rep- 
resentation of torque and thrust 
fp-ading along a propeller blade. 
The dotted line indicates the 
torque grading for a propeller 
in a duct. 
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important only in case of very high velocity of the air relative to the pro- 
peller blades. The tips are the first part of the blades to be affected by 
compressibility because their velocity is highest.) It is thus assumed that 


Application of the 11 theorem to the first of these equations, with p, co, 
and D included in each of the four 11 products, yields 


P 



pcoD^ F\ 

“m ’ c ) 


(16.9) 


where 6V i« called the “power coefficient.’' Similarly, it can be shown that 
ry is a function of the same three variables. 

Since F/coD (or F/nD, where n = co/2Tr) 
determines how fast a given propeller is being 
turned relative to the speed of advance, or 
how actively it is being worked, it is a fair 
assumption to regard V/nd as the primary 
parameter and to expect that the effects of 
viscosity (in the Reynolds number pcoD^/p) 
and compressibility (in the Mach number 
V/C) are secondary and in the nature of cor- 
rections. This assumption is borne out by 
wind-tunnel tests. A typical set of curves for 
a family of geometrically similar propellers is 
given in Fig. 16.4. 

The Reynolds number is found to have an appreciable effect on the 
efficiency curve, the maximum value of rj being larger and occurring at a 
higher value of V I nD for a full-scale propeller than for a model. 

The Mach number has little or no effect on full-scale propeller per- 
formance until values of V/C on the order of 0.7 are reached. For still 
higher Mach numbers the efficiency drops off rapidly, and Cp increases. 
The thinner the blades of the propeller, the less marked are these effects. 
Special thin airfoil sections have been developed for use on high-speed 
propellers. One of these is shown in Fig. 10.6a; they are also referred to 
near the end of Art. 10.13. 

It is common practice to test a series of propellers that are identical, 
except for the ratio of pitch to diameter (pitch ratio), the pitch being 
measured at three-quarters radius. The effect of this change in design is 
indicated in Fig. 16.5, which shows that the maximum value of rj increases 
with increase in pitch ratio. At larger values of pitch ratio than those 
shown the maximum efficiency is found to decrease again. 


V Cp 
0.8 0.04 

0.6 0.03 

0.4 0.02 



0.2 0.4 0.6 0.8 1.0 

JL 

pD 

Fig. 16.4. — Power coeffi- 
cient Cp and efficiency 7} versus 
slip coefficient V/nD. {After 
Weick, reference 2.) 
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For a propeller to perform satisfactorily on a given airplane or vessel, 
it must fulfill definite requirements as to input power, speed, velocity of 
advance, and fluid density. The problem is usually to select from a series 
of propellers of different pitch the one 
that will have the highest efficiency 
at the given conditions of operation. The 
diameter D and efficiency rj are to be 
determined as functions of p, F, n, P, 
and p, it being assumed that the effects 
of JJL and C are negligible. The IT theo- 
rem thus leads to 

It has been found convenient to plot V /nD and rj against (pF^/Pn^)^^'^, 
which is called the speed-power^^ coefficient C*. Typical curves for air- 
plane propellers are shown in 
Fig. 16.6. 

16.4. Momentum Theory of a 
Windmill. Just as a propeller adds 
momentum to a stream of fluid 
passing through it, a windmill takes 
momentum out of the wind blow- 
ing through it. From continuity 
considerations, the fluid passing 
through a propeller must form a 
jet of reduced diameter in the rear 
of the propeller. The windmill, on 
the contrary, has a wake, or slip 
stream, of reduced velocity and 
larger diameter. 

Assuming steady flow of an 
ideal, incompressible fluid through 
a windmill, we select a control vol- 
ume, with pressures and velocities 
as shown in Fig. 16.7. By reason- 
ing like that for the propeller (Art. 
16.1) we reach a conclusion identical with Eq. (16.4), viz,y 
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Fio. 16.6. — Design curves for a typical 
family of airplane propellers. {After Weick, 
reference 2.) 



Fig. 10.5. — Efficiency rj versus slip 
coefficient V/nD, for various values of 
pitch ratio p/D. {After Weick, refer-- 
ence ^.) 
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The energy equation [Eq. (5.10)] shows that in this ideal machine the 
power output is 

The efficiency of the ideal windmill rji is defined as the ratio of the output 
power to the kinetic energy, which, in the absence of the windmill, would 



pass per second through an area A . Thus, 

pAV^(V^ - E|)/2 

pAVy2 

With the aid of Eq. (16.12) the ideal efficiency can be expressed as 

Differentiate Eq. (16.13) with respect to F 2 /F, and set the derivative 
equal to zero to find the condition for a maximum of rji : drji/diV-z/Vi) 
= K — (V 2 /V) ~ H{Vl/V^), The optimum value of V 2 /V is found to be 

hence 

Vi.... = « 0.59 (16.14) 

Dutch windmills of very large diameter are said to approach 20 per 
cent in efficiency. Modern propeller-type windmills are more efficient. 

The thrust on the windmill is, of course, of interest to the builder, and 
it will be zero theoretically when F = F 2 , a condition that implies some 
sort of magic feathering of the blades in an ideal fluid, such that the wind 
is not impeded at all. On the other hand, when F 2 is very small compared 
with F, we have the case of a many-bladed windmill that nearly stops the 
wind. The thrust will then be high, and the ideal efficiency about 50 per 
cent. Practically, such a windmill is likely to be blown over in a storm, 
and means must be provided to feather the blades and govern the rotative 
speed. 
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16.6. Jet Propulsion. There are many ways to produce propulsive 
jets for aircraft, missiles, and rockets by means of the thrust reaction to 
the force required to increase the rearward momentum of a stream of gas. 
The conventional engine-propeller combination is a jet-propulsion device 
to increase the momentum of the air passing through the propeller-swept 
area, as shown by Eq. (16.1). Some additional thrust can be obtained by 
leading the engine exhaust through nozzles directed toward the rear. The 
additional thrust due to exhaust jets may amount to 10 per cent in a fast 
airplane. 

If the propeller is driven by a gas turbine, the total thrust is the sum 
of the contributions of the propeller and of the turbine exhaust. Such a 
gas turbine must develop not only the power to drive the propeller but also 
the power necessary to drive a compressor to supply air to the combustion 
chamber where the fuel is burned. The relative proportions of total thrust 
due to the turbine exhaust and due to the propeller may be arbitrarily 
chosen by the designer. 

For very-high-speed airplanes, where propeller efficiency is low owing 
to the effects of compressibility, the designer may omit the propeller and 
depend on the turbine exhaust entirely. This arrangement is known as a 
^Hurbojet.’’ 

The Germans, for their ^^buzz bombs, developed an intermittent jet 
that simplified the compressor-combustion chamber-turbine combination 
to a simple combustion chamber and tail pipe. Air, in great excess over 
the amount needed for combustion, is admitted through spring-closed non- 
return flap valves in the nose. Ignition of the fuel causes a volume increase 
and pressure rise, closure of the admission valves, and the ejection of hot 
gas as a jet. The ram pressure pF^/2 (due to the speed of flight) then 
reopens the admission valves to admit a fresh charge of air. By proper 
tuning of the valve-closing springs and the proportions of the combustion 
chamber and tail pipe, firing occurs some forty times per second. This 
device is not effective at very low speeds and has to be launched by a 
powerful catapult. 

A further simplification of the same idea, eliminating the admission 
valves and the intermittent character of the jet, can be applied at very 
high speeds, when the ram pressure is substantial. Such a ‘^ram jet^^ takes 
combustion air from a forward opening through a diffuser, to decrease its 
relative velocity and to increase its pressure, into the combustion chamber, 
where fuel is burned continuously. The heated air and combustion 
products are ejected through the tail pipe as a steady jet. 

A ram jet has certain drawbacks that partly offset its simplicity. In 
the first place, it has to be got up to high speed before it will operate. 
Furthermore, combustion is difficult to maintain, both because the flame 
will blow out if the local air velocity is too great and because the fuel-air 



PROPELLERS AND JETS 


390 


[Chap. XVI 


ratio near the ignition region must be kept within practical limits for a wide 
range of speeds and altitudes. 

The rocket is the oldest as well as the simplest device for jet propulsion. 
The diflficulties of an adequate compressed-air supply are eliminated, as 
well as all questions of fuel-air ratio, mixing, vaporization, flame velocity, 
and air flow. The rocket carries its own oxygen, so that combustion is 
independent of both altitude and speed. However, the penalty for these 
advantages is severe; for 80 to 90 per cent of the weight of the rocket pro- 
pellant is due to the oxidant, and the propulsive efficiency is low, owing to 
the small diameter and high speed of the jet. Consequently, rocket pro- 
pulsion is practicable only for a short operating time. 

Applications of rocket propulsion have been made with success to the 
launching of airplanes and missiles, to self-propulsion of shells and bombs, 
and to give an airplane a short burst of speed. 

The combustion of a solid propellant cannot be turned off and on, but 
with liquid fuel and liquid oxidant excellent control is possible. The great 
advantage of rocket propulsion comes from the fact that the thrust is the 
same at any speed and at any altitude. It has peculiar advantages under 
extreme conditions, e.g,^ for a standing start or for supersonic flight in the 
upper atmosphere where other jet-propulsion means are relatively ineffec- 
tive. 

16.6. Jet-propulsion Comparisons. The utility of any type of jet 
propulsion depends, not only on the Froude, or ideal, efficiency of the jet 
proper (propulsive efficiency), but also on the thermal cycle efficiency of 
the means employed to create the jet. As a consequence, there appear to 
be certain operating conditions favoring one type and other operating 
conditions favoring another. As technological improvements are made, the 
relative merits of the various types may change. Therefore, comparisons 
based on the existing state of the art should be considered tentative and 
subject to the light of possible developments and the shadow of inherent 
limitations. 

16.7. Ideal Efficiency of a Jet. In Art. IG.l expressions for the ideal, 
or Froude, efficiency and for the thrust of a propulsive jet were given as 
Eqs. (16.5a) and (16.1), respectively. For easy reference these are repro- 
duced here. 

"" 1 + (AF/2F) 

F = m{Vi - F) = m AF (16.1) 

For a propeller the jet is large and AF small. Hence AF/2F is small, 
and the Froude efficiency rises as the speed of flight increases. For a 
turbojet, on the other hand, the jet is necessarily restricted, and to obtain 
a given thrust for a small m the velocity increase AF must be large. It is 
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apparent from the Froude efficiency equation that any small high-speed 
jet having a high value of AV/V is inherently less efficient than systems 
which utilize a large mass flow and a small value of AV/V. 

A propeller giving a constant thnist gains rapidly in ideal efficiency 
with forward speed, because m increases directly with V, causing AV to 
diminish. The result is a doubly rapid reduction of AV/V. On the other 
hand, turbojets and other small high-speed jets give approximately con- 
stant AV. Therefore, AV/V diminishes with flight speed, although more 
slowly than for the propeller. 

The straight jet, made without a propeller, can in practice closely ap- 
proach its ideal efficiency even at high flight speeds, whereas the propeller 
is subject to additional energy losses due to rotation of the wake, nonuni- 
formity of radial-thrust distribution, and the drag of the propeller blades. 
Furthermore, the blade-drag losses become serious at high speeds, as a 
consequence of compressibility effects. The actual efficiency of the pro- 
peller thus starts to fall off at a flight speed corresponding approximately 
to a Mach number M = 0.7; and near the speed of sound, that is, for 
il/ = 1, the actual propulsive efficiency of the propeller may be very low. 

16.8. Engine-propeller System, Turbojet, Ram Jet. In this section, 
the computed efficiencies * of three types of jet propulsion at an altitude 
of 30,000 ft arc based on the following assumptions: 


Engine-propeller System : 

Rotational tip speed eorresponding to M — 0.8 

Blade-drag loss, and rotation of wake 7% at M = 0.6, increasing to 40% at M — 1.0 

( 'ompression ratio of engine 7.5 

Ideal thermal efficiency 44% 

Actual thermal efficiency 25% 

Turbojet: 

Maximum temperature at end of combustion 1500 F abs 

Compression ratio .... 5.0 

Compressor efficiency 80% 

Turbine efficiency 75% 

Combustion-chamber pressure loss 8% 

Ram jet: 

Maximum temperature at end of combustion 2960 F abs 

F^ffectivc pressure in combustion chamber 88% of ideal ram 


a. Propulsive EfficAency. At flight Mach numbers up to 0.7 (476 mph 
at 30,000 ft) the propeller has a far higher Froude, or propulsive, efficiency 
than the jet units. Above M = 0.7, however, a rapid loss for the propeller 
occurs owing to compressibility effects on blade drag, while the turbojet 
continues to gain in efficiency with speed. Reliable test data on propeller 
efficiencies above M = 0.7 are not available, and the dotted curve of 

♦Made by John V. Becker of the NACA. 
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Fig. 16.8 is an estimate. In spite of this uncertainty, Fig. 16.8 indicates 
that turbojet and propeller propulsive efficiencies approach equality before 
M - 1.0. 

For the ram jet at M = 0.45, the jet velocity becomes equal to the 
flight velocity, so that AF = 0. The propulsive efficiency of 100 per cent 
for this case is of no significance, since the thrust is zero. 



Mach number, M 


Fig. 16 . 8 . — Propulsive efficiency 7}i versus Mach number M , for propeller, turbojet, and 

ram jet. 


6. Cycle Efficiency. The efficiency of the thermodynamic cycle of the 
engine is of equal importance with the propulsive efficiency in establishing 
the over-all or thermopropulsive characteristics of the system. Figure 
16.9 shows that the thermodynamic cycle efficiency for the turbojet is not 
greatly lower than that of the internal-combustion engine, even at low 
flight speeds. Owing to the increased compression resulting from ram the 
turbojet cycle efficiency improves with flight speed, becoming about equal 
to that of the internal-combustion engine at M = 1.0. The cycle efficiency 
for the ram jet in the subsonic speed range is extremely low in comparison 
with the other systems. At a supersonic speed of the order oi M = 1.3 the 
ram-jet cycle efficiency becomes about equal in magnitude to that of the 
turbojet. 

c. Over-all Ejfficiency, The over-all efficiency is the product of the pro- 
pulsive and the cycle efficiencies. Figure 16.10 indicates that the turbojet 
is considerably inferior to the propeller-engine system for Mach numbers 
up to at least 0.7, where the turbojet efficiency is only 0.13 as compared 




Sec. 16 . 8 ] ENGINE-PROPELLER SYSTEM, TURBOJET, RAM JET 


393 



Mach number, M 

Fig. 16.9. — Cycle efficiency rje versus Mach number M, for a conventional internal-combus- 
tion engine, turbojet, and ram jet. 



Mach number, M 

Fio. 16.10. — Over-all efficiency rjitjc versus Mach number M, for propeller-engine, turbojet, 

and ram jet. 

with 0.23 for the propeller-engine system. At Mach numbers approaching 
unity, however, the performance of the two systems is about equal. The 
ram jet, because of poor cycle efficiency, has a very low over-all efficiency 
at subsonic speeds. The only practical advantage of this system at sub- 
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sonic speeds, aside from its obvious simplicity, is the absence of the maxi- 
mum-temperature restriction imposed on the turbine in turbojet systems. 

The increasing use of the turbojet for propulsion of aircraft whose high 
speed lies in the Mach-number range of 0.7 to 0.8 is justified by the feasi- 
bility of employing extremely high fuel rates. By this means, thrusts 
much higher than those obtainable with current engine-propeller systems 
can be achieved in spite of the lower over-all efficiency of the turbojet at 
these flight speeds. Other advantages are mechanical simplicity, light 
weight, and less bulk. 

16.9. Trends of Development. Present airplane proptdlers under 
favorable conditions operate at an actual efficiency of the order of 85 per 
cent, which is close to the ideal efficiency. Research is devoted to the de- 
v(4opm(uit of l)lade forms that postpone th(' advent of serious drag losses 
as th(^ speed of sound is approached. Considerable success toward this 
end has becm obtained by use of wide and thin blade profiles, swept-back 
leading edges, and other artifices. While it may be possible to retain a 
good efficiency up to a rotational-speed Mach number of unity, there will 
eventually occur a serious drop in eflSciency as compressibility effects be- 
come predominant. Consequently, it is fair to state that, while the i)r()- 
peller as a propulsive means is highly efficient, it is inherently limited to 
subsonic flight speeds. There is little prospect of radical change in this 
situation. 

The internal-combustion engine is also a highly efficient machine. With 
present high compression ratios and high-octane gasoline, fuel consump- 
tion may be as low as 0.4 lb per bhp-hr, and with laboratory fuels now 
available this figure can be further reduced. An additional gain in economy 
is possible by recovery of wasted power from the exhaust by use of an 
exhaust gas turbine geared to the crankshaft. Such a compound engine 
might have a fuel consumption of 0.3 lb per bhp-hr. 

The great advantages of the internal-combustion engine are its high 
state of development and its high efficiency as a compressor and combustion 
device. Its disadvantages are that it is complicated and costly, limited in 
maximum power output, and must be used with a propeller of some form. 
The engine-propeller combination can be improved in over-all efficiency to 
a useful degree but is inherently limited to subsonic flight and to moderate 
altitudes. 

A propeller driven by a gas-turbine unit and assisted by the exhaust 
jet of the turbine is lighter and simpler, but the fuel consumption may be 
of the order of 0.5 to 0.8 lb per bhp-hr. Since the turbine cannot with- 
stand an excessive temperature, it is necessary to compress much more 
air than that necessary for the combustion of the fuel. Also, the art of 
compressor design limits the compression ratio. Consequently, the cycle 
efficiency is inferior to that of the internal-combustion engine but is sub- 



Sec. 16 . 10 ] 


TURBOJETS 


395 


ject to substantial improvement whenever higher compression ratios are 
feasible. By the use of regeneration, heat exchangers to permit hot ex- 
haust gases to warm the incoming air, a gain in economy can be had at 
the expense of extra weight and bulk. However, the propeller-turbine 
combination suffers from the inherent limitations of the propeller. 

16.10. Turbojets. The turbojet unit, by omission of the propeller, 
breaks away from the inherent propeller limitations. Here the gas turbine 
supplies only the power for the compressor. Such units developed for 
military purposes show a specific fuel consumption of about 1 lb per hr per 
lb of thrust. At 375 mph this corresponds to 1 lb of fuel per propulsive 
horsepower-hour. Since thrust is substantially independent of speed, the 
power economy improves with speed. A thrust of 4,000 to 5,000 lb is 
practicable at present, while the weight per unit thrust (specific weight) 
averages about 0.4. 

It should be appreciated that the gas turbine was made possible by the 
availability of metals able to withstand high operating temperatures. The 
temperature of the turbine blades closely approaches the ambient-gas 
temperature, while in the Otto-cycle engine extremes of temperature are 
only momentary and the average temperature of the parts is much lower. 
Continuous operation at high temperature results in rapid loss of strength 
and high creep and corrosion rates. 

Arrangements to cool the blades with compressed air entail a loss 
of efficiency and a higher specific fuel consumption and specific weight. 
German turbojets developed during the Second World War were inferior 
in these respects to British and American designs of the same period. 
German designers were short of cobalt, nickel, chromium, molybdenum, 
and other desirable alloying elements and resorted to somewhat elaborate 
cooling means. It can be expected that, as better heat-resisting alloys 
become available, important improvements in the gas turbine and therefore 
in the turbojet will follow. 

Already materials are known having a useful service life at 1500 F, 
and other types would be usable at 3000 F if brittleness and corrosion 
could be overcome. Ceramics, sintered powdered metals, and their 
combinations have possibilities. Metallurgical research can be expected 
to produce improved heat-resisting materials, with a corresponding op- 
portunity to raise the cycle efficiency of the gas turbine. 

As the cycle efficiency is increased, separation and shock effects in the 
flow through the compressor and turbine become relatively more important. 
Thus, when the rate of pressure rise along a blade surface is too rapid, the 
boundary layer does not flow into the high-pressure region and separation 
takes place, with considerable energy loss. This problem of a rising pres- 
sure gradient is more serious in the compressor than in the turbine. 

Adverse pressure gradients may arise from a compressibility shock with 
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abrupt transition from supersonic to subsonic flow and a consequent sharp 
pressure rise along the surface. 

The fluid mechanics of flow separation for a three-dimensional rotating 
blade system is not well understood, nor are methods available for post- 
poning the occurrence of compressibility shock. Consequently, the design 
of both compressors and turbines is based on conservative approximations, 
and maximum efficiency and compactness are not realized. 

Owing to the fact that the turbojet requires combustion air, it is not 
effective above a limiting altitude. Because of expense, it is unlikely to be 
used to propel short-range missiles where rocket propulsion will suffice. 

None of the readily available organic fuels offers the possibility of any 
significant improvement over petroleum products. The light combustible 
metals, such as magnesium, possess higher heating values per unit of weight 
or volume, but magnesium oxide would be discharged through the turbine. 
This appears to be intolerable. 

In conclusion it should be pointed out that increased thrust resulting 
from higher combustion temperature is accompanied by decreased pro- 
pulsive efficiency, with a resultant drop in over-all efficiency. Higher 
temperature is nevertheless desirable, because a higher power output can 
thus be obtained, despite the sacrifice in over-all efficiency. 

16.11. Ram Jets. The intermittent ram-jet or buzz-bomb engine de- 
veloped by the Germans had a specific fuel consumption of about 3 lb 
per hr per lb. Analysis indicates that this figure could be reduced to one- 
third of the above value if more rapid combustion could be achieved. To 
do this requires a fuel system with a burning time of a few thousandths of a 
second. Were such an improvement to be made, the intermittent ram jet 
could compete with the internal-combustion engine at subsonic flight 
speeds. 

Since the intermittent ram-jet engine is extremely simple and cheap, 
it is the ideal propulsive system for an expendable missile. Its best operat- 
ing speed is from 400 to 500 mph, and from the standpoint of over-all 
weight its range should be somewhat less than 500 miles. Operation at 
flight speeds greater than 600 mph is questionable because of difficulties of 
air supply and valving. 

The true ram jet is relatively undeveloped but appears to be the most 
promising propulsive device for supersonic long-range missiles. Its effi- 
ciency increases with speed, as ram pressure rises. At subsonic speeds its 
thrust is too low to be of interest, but at supersonic speeds it should be 
very effective. Ram-jet missiles must use some other source of power, such 
as a rocket, to bring them to a flight speed above 400 mph, at which the 
ram jet can take over. At a flight speed corresponding to ilf = 2, a ram jet 
should show a fuel consumption of about 0.8 lb per hp-hr. 

The supersonic ram jet presents a host of aerodynamic and combustion 
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problems that are not yet solved, and there appear to be two inherent 
limitations, viz.y low thrust at subsonic speeds and low thrust at low air 
density (high altitude). 

16.12. Rocket Mechanics. The propulsion of a rocket is due to the 
reaction of its jet. Let the jet velocity be designated by W relative to 
reference axes moving with the rocket, and let e represent the energy con- 
tent of the propellant per unit mass (foot-pounds per slug or square feet 
per square second). In this reference system, unburned propellant has no 
kinetic energy. The burning of propellant in the rocket will convert a 
fraction r/o of its energy into kinetic energy in the jet. 

p/2 

or 

W = (16.15) 

Let propellant be burned at the mass rate of m slugs per sec. Then the 
reaction, or thrust, of the jet will be the rate of increase of momentum in 
the jet, relative to the moving axes, 

T = mW = mV2rjoe (16.16) 

Now refer to axes fixed on the earth, and let the absolute velocity of 
the rocket be V. Observe that the rocket^s original energy supply is being 
used up at the rate of m[c+ (FV2)], as propellant of mass m is ejected 
every second. The useful wor k of the thrust in moving the rocket is done 
at the rate of TV - mW2rjoe. The over-all efficiency of the rocket tjr in 
the fixed reference system is therefore 


mVV2v„c ^ W/V 

m[e+( FV2)] ( W/ Vf + 77, 


(16.17) 


Setting the derivative Stjh/ d{W/V) = 0, one finds that tjr is a maximum if 



and that, consequently, 

= Vr/o 


(16.18) 

(16.19) 


For perfect conversion of energy of combustion, that is, for rjo = 1, the over- 
alPefficiency would be 100 per cent, and W would equal F. The exhaust 
material would thus be ejected at rocket speed and left without kinetic 
energy relative to the reference system in which work was being done. 
Usually 7]o is found to be about 0.25, giving tjr = 0.5 as the maximum over- 
all efficiency. However, this efficiency is of secondary interest to the de- 
signer, who must utilize the greatest amount of energy from the initial 
mass of propellant. 
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The energy usefully applied per unit mass of propellant is 
+ y) = VV27]ve w 

For a given kind of propellant this quantity increases directly with rocket 
speed. From Eqs. (16.18) and (16.15) it is seen that, for given speed F, 
the highest efficiency is attained for V == ir/V^= V^, or e = V'^/2. 
P'or example, at low speed, say 400 ft per sec, the best efficiency would be 
obtained from a propellant having an c = 80,000 sq ft per sq sec. The over- 
all efficiency would thus be 0.5, and the useful work per unit mass would 
be rjiile + (V^/2)] = 80,000 sq ft per sq sec. 

A mixture of gasoline and oxygen, on the other hand, for which 
e = 3,300, OOOg would be utilized at an over-all efficiency [Kq. (16.17)] of 
only 2.7 per cent at this speed, but the useful energy per unit mass would 
be 2.96 X 10® sq ft per sq sec. 

Cvonscquently, it appears that for starting rockets, and low speeds 
generally the high-energy propellants are best in spite of low efficiency. 

A rocket is handicapped for long range by having to carry its own 
oxidant as well as the fuel, but the ram jet uses the atmosphere as oxidant. 
The following simplified comparison brings out the advantage of the ram 
jet: 

It can be shown for a ram jet, as in problem 16.7, that the relative 
kinetic energy of the jet is equal to the relative kinetic energy of the in- 
coming air plus that part of the energy of the fuel which is converted to 
kinetic energy by the combustion process. Thus, under the assumption 
that 15 slugs of air combine with 1 slug of fuel, lOTF^/2 = {l5V^/2) + r]oe. 
Hence, 

w = + 157=* (16.20) 

Refer now to axes fixed in space. Let nif represent the mass of gasoline 
burned per second. The net thrust, resulting from the burning of fuel at 
this rate in 15m/ slugs of air per second, will be 

T = mfW + 15mf(W - F) = m/(161F - 15F) (16.21) 

For a rocket burning its propellant at lUr slugs per sec, the corresponding 
statement is, from Eq. (16.16), 

T = mrV2rjoer (16.22) 

where Cr is the energy per unit mass of propellant. Elimi natio n of T from 
Eqs. (16.21) and (16.22) gives nir/mf = (16TF — 15F)/V27;o^r, while sub- 
stitution for W from Eq. (16.20) yields 

Mr 4V2??oe+15F^- 15F 
V2)7o6r 


(16.23) 
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Taking c = 15 X Cr = 3.3 X and t/o = 0.25, we find the ratio 
of fuel rates to be 

Rocket fuel r ate __ f 7.1 for F = 800 ft/sec 
Ram-jet fuel rate \ 5.8 for V = 1,600 ft/sec 

The possibility of sending rockets to very great altitudes has prompted 
speculation about leaving the earth [9]. A very great quantity of propellant 
would be required, and the arrangement 
would have to convert quickly a large 
portion of the energy of the propellant 
into kinetic energy of the rocket. Work 
dorui in raising the weight of unburned 
propellant to a great height is wasted. 

The rocket should be accelerated to a 
high velo(aty in the shortest possible 
distance. 

Consider the system of mass m shown 
in Fig. 16.11a, comprising a rocket and 
the propellant inside it at an arbitrary 
time. The rocket has an instantaneous 
upward (.t) velocity V niative to the 
earth, and the motion of the burning pro- 
pellant relative to the rocket is steady. 

The constant relative velocity of the jet at exit is denoted by W. 

By Newton’s second law the change in x momentum of this system in 
time di is equal to the product of the resultant x force Fx and dt. During 
this time interval an observer moving with the rocket would see a 
reduction — dm in the mass of unburned propellant and a movement of 
an equal mass of gas out the tail pipe, with relative velocity W (Fig. 
16.116). He would see no change in the relative velocity of any part of 
the remaining mass, m + dm. The change in absolute” velocity 
of this remaining mass is therefore dF, and its momentum change is 
(m + dm) dV. The initial absolute velocity of the mass — dm is F, and 
its final velocity is F + dV — W. Its momentum change is therefore 
— dm(V -h dV — IF — F) or — dm{dV — W). The change in momentum 
of the entire system is thus known, and 

Fx dt^{m + dm) dV - dm{dV -W)^mdV-^W dm (16.24) 

It may be remarked parenthetically that Eq. (16.24) is equivalent to 
Eq. (16.16), for uniform motion of the rocket (F = constant). In this 
case, Fx — W{dm/dt) — 0 [which in the notation of Eq. (16.16) is 
Fx + Wm = 0]. In words, the system behaves as if, in addition to the, actual 
external force Fx, it were acted upon by a forward thrust T = — W{dm/dt). 
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This notion of the effective thrust T of the jet can also be applied to the 
accelerated system. For Eq. (16.24) can be rewritten as ~ W{dm/dt) 
= m{dV /di) or fx + T = m{dV/dt). At any instant, therefore, the system 
behaves as if it had a constant mass m and were acted upon by a thrust T 
in addition to the actual external force 

If now the air resistance of the rocket be neglected, the only force on 
the system is its weight mg^ acting in the negative x direction. Equation 
(16.24) thus becomes — Widmim) = dY + g dt, which, with W and g con- 
stant, integrates to 


ln^ = 


w'^ w 


(16.25) 


where mo is the mass of the rocket and propellant at the start of the motion, 
when V = 0 and ^ = 0. If ^ be the time required to burn all the propellant, 
m and V will be the values of mass and velocity at ‘^all burnt. 

The jet velocity W for a given propellant and a given rjo can be deter- 
mined from Eq. (16.15). If the velocity V required to carry the rocket out 
of the earth’s gravitational field is found, the ratio mo/ni of starting mass 
to all-burnt mass can be computed from Eq. (16.25). In the absence of any 
data on burning time, gt may, as a first approximation, be assumed negli- 
gible compared with V. Both this approximation and the neglect of air 
resistance tend to give a smaller value for mo/m than the actual one; they 
both err on the optimistic side. 

To find the initial velocity required to carry a body outside the earth’s 
gravitational field (with air resistance neglected) we use the Newtonian law 
of gravitation, 


F = 


^ Gmmg 
r- 


(16.26) 


where F is the force between a mass m and the earth of mass m^, r is the 
distance between the earth’s center and m, and G is the gravitational con- 
stant. The negative sign indicates that F acts in a direction opposite to 
that of increasing r. 

The work done by F on m as m moves away from the earth’s surface 
(where r = r^) to infinity is 


J ^oo 


F dr == — Gmm, 


j f»QO 


dr 

*.2 


— GrriTYiE 
Tb 


This work is equal to the difference between the final and initial kinetic 
energies of the mass m. The smallest initial kinetic energy which suffices 
to get the mass away from the earth is that corresponding to a final kinetic 
energy of zero. Thus — Gfmm^/rjg = 0 — (m/2)F2. Noting that at the 
earth’s surface F « - mg, we get, from Eq. (16.26), = (jmjf/r^, so that 
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V = V2gr^ = 36,700 ft/sec (16.27) 

where the value == 20.9 X 10® ft has been substituted. 

An approximate value of mo/m is now found, for a propellant of gaso- 
line and oxygen (e = 3.3 X 10®^ sq ft per sq sec) and for tfo = 3^, by com- 
bination of Eqs. (16.15), (16.25), and (16.27) 

In -5 = -- - ■ ^ = 5.03 

V3.3 X 10« X 32.2/2 


Hh 

m 


= 155 


mo — m 
mo 


0.993 


(16.29) 


The mass of propellant is thus more than 99 per cent of the total, and rocket 
flight to other planets is impracticable with gasoline and oxygen. 

The picture is completely changed, however, if one considers the even- 
tual possibility of using a propellant such as the uranium isotope U-235, 
which derives energy from nuclear changes rather than from ordinary com- 
bustion. For U“235, the value of e is 2.44 X 10^®g sq ft per sq sec [4], which 
is 0.74 X 10^ times larger than that for gasoline and oxygen. With this 
value of c, Eq. (16.28) yields 


— — - = 0.0019 (16.30) 

The mass of propellant is only about 0.2 per cent of the initial mass and is 
practically negligible. 

Even though a source of nuclear power is theoretically available, the 
problem of its utilization at a reasonable efficiency (rio) remains to be 
solved. This problem is referred to again at the end of this chapter. 

The feasibility of a space rocket is one aspect of the general question 
of the range of a simple rocket without wings. In this connection it is of 
interest to compare the results of Eq. (16.25) with information now available 
concerning the German V-2 rocket. The estimated maximum velocity V 
of this rocket was 3,500 mph or 5,130 ft per sec. The propellant, alcohol 
and liquid oxygen, should have given a jet velocity W of about 6,500 ft per 
sec. The burning time t was 60 sec. Equation (16.25) thus yields 
mo/m = 2.95. The reported initial weight of the V~2 was 13.5 tons, in- 
cluding some 9 tons of propellant, so that actually mo/m = 13.5/4.5 = 3.0. 

In view of the uncertainty in several of the figures used, the very close 
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agreement between the actual and computed values of mo/m is largely 
accidental. It is clear, however, that Eq. (16.25) gives a good approxima- 
tion to the truth. 

It is obvious that the V-2 type of rocket would have greater range if 
more fuel were burned, but this would require a vehicle of increased mo/m 
ratio. In view of the necessity for at least a ton of explosive, elaborate 
control mechanisms, and a powerful pumping system for the liquid pro- 
pellant, it would be difficult to bring this ratio much beyond 3. 

Discussion of the effect of adding wings to the missile to prolong its 
trajectory by gliding under the pull of gravity is beyond the scope of this 
text. 

All rocket propellants now in use have roughly the same energy per 
unit mass or per unit weight. The following values of energy are quoted 
to indicate that all are of the same order of magnitude: 


Propellant elg, Ft-lb/lb 

Hydrogen and ozone 5,500,000 

Hydrogen and oxygen 4,500,(XX) 

Gasoline and oxygen 3,300,000 

TNT 2, .500, 000 

Guncotton 1,500,000 


The merits of a propellant may also be judged on the basis of the impulse 
per unit weight or per unit volume, which is called the specific impulse.” 
The specific impulse, which is merely the thrust divided by the weight or 
volume of propellant burned per unit time, can be computed from Eq. 
(16.16). Values for several propellants are tabulated below. 


Propellant 

Specific impulse 

W, 

ft/sec 

Lb-sec/lb 

Lb-sec/gal 

Solid (Ballistite) 

210 ^ 

2,850 

6,750 

Fuming nitric acid and aniline . 

240 

2,750 

7,700 

Liquid oxygen and hydrogen . . 

340 

1,300 

11,000 


Note that the oxygen-hydrogen pair is inferior, on a volume basis, be- 
cause of the low density of the hydrogen. 

To improve the performance of rockets substantially it would be neces- 
sary to increase jet temperature or to employ gas of lower molecular weight. 
Neither of these means offers great promise [8]. Temperature is already 
of the order of 4000 to 5000 F, and the weight of metal required to with- 
stand the pressure is substantial. The exit nozzle is difficult to keep cool 
enough to prevent rapid erosion and erratic flight. 

To make a major improvement in rocket missiles, some method of 
acceleration of the jet material other than pressure expansion is needed. 
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Discoveries in the field of nuclear power may some day provide means for 
accelerating electrons or gaseous ions, but there will still remain the prob- 
lems of a material to withstand an extremely high rate of energy release in a 
confined space and of a working fluid to be ejected. The difficulties may 
be appreciated from the following comparison of the velocities involved: 

The velocity W obtained with the best of the present propellants is on 
the order of 10^ ft per sec. If a nuclear propellant were to be utilized at 
roughly the same efficiency, a velocity one thousand times greater would be 
attained — on the order of 10^ ft per sec. 

Present rocket research is concerned with propellants giving a high 
spontaneous energy release that arc, at the same time, nontoxic, non- 
corrosive, stable in manufacture and storage, and insensitive to impurities 
or ordinary temperature changes. Besides the propellants mentioned 
previously the following have been found useful: hydrogen peroxide with 
permanganate catalyst, hydrogen peroxide, and hydrazine hydrate. 
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CHAPTER XVII 

FLUID COUPLINGS AND TORQUE CONVERTERS 


Fluid couplings and torque converters are power transmissions whose 
operation depends on the dynamics of fluid motion. A coupling consists 
of only two elements, the primary, which is a centrifugal pump; and the 
secondary, which is a reaction turbine driven by the pump. Both these 
elements are enclosed in one casing, in order to make the efficiency as large 
as possible. Since torque is applied to the coupling only at the primary and 
secondary shafts, these two torques are equal under steady running condi- 
tions. 

A torque converter comprises the same two elements as a coupling, but 
interposed between them is a set of guide vanes, fastened to the casing. 
By suitable design the torque reaction on these stationary vanes can be 
given any desired value. The output torque at starting can thus be made 
several times greater than the input torque. 

17.1. Description of a Fluid Coupling. In Fig. 17.1 is shown a typical 
fluid coupling. The primary and secondary runners an' identical; each 



Section A-A 

Fig. 17.1. — Fluid coupling. 


has straight, radial blades so that it resembles half of an orange with the 
pulp removed. There is no mechanical connection between the runners. 
The coupling is wholly or partly filled with liquid (usually oil), so that, 
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when the primary is rotated, the oil in it acquires moment of momentum 
about the axis and also tends to move radially outward through the passages 
between the blades. Oil thus flows from primary to secondary at the pe- 
riphery and, by virtue of continuity, from secondary to primary at the 
hub. This circulation of oil continues as long as the secondary rotates 
more slowly than the primary, i.e,, as long as slip occurs. If the speeds 
are equal (zero slip), the centrifugal effects balance each other and no oil 
flows. 

The moment of momentum of the oil leaving the primary is greater than 
that of the oil entering, for the tangential velocity is greater at the periphery 
than at the hub. Under steady conditions the net efflux of moment of 
momentum from the primary is equal to the driving torque, by virtue of 
Eq. (6.19). Similarly, the net influx to the secondary equals the load 
torque on the driven shaft. The torque transmitted by a given coupling 
will therefore depend both on the speed of the primary and on the slip. 
For zero slip, no torque is transmitted, regardless of the speed. It will be 
shown below that for a given slip the torque is practically proportional to 
the square of the primary speed. Hence a coupling is best adapted to high- 
speed operation. 

The efficiency is defined as the ratio of output to input power. Since 
the power equals the product of torque and angular velocity and input 
and output torques are equal, the efficiency reduces to the ratio of secondary 
to primary speed. At normal loads and speeds the efficiency is high, 
usually more than 95 per cent. 

The smallest couplings in use handle about 1 hp and the largest, about 
36,000 hp. 

The principal advantages of the fluid coupling lie in its unsteady-state 
characteristics. It provides low starting torques on electric motors and 
internal-combustion engines having high-inertia loads and smooths out 
torsional vibrations originating either at the prime mover or at the load. 

Under steady conditions the coupling will provide a smoothly variable 
speed from a constant-speed prime mover. We accomplish this variation 
by changing the amount of oil in the coupling and thus controlling the 
amount of slip. By this means, flexibility is gained at the expense of 
efficiency, since slip and efficiency are related by the equation 

Slip = S = 1 - = 1 - ^ (17.1) 

where w, and o)p are the secondary and primary speeds, respectively, and 
Tj is the efficiency. Such speed control is obviously unsuited to constant- 
power applications or to prolonged operation at reduced speed if efficiency 
is important. 

Fluid couplings have been found particularly useful for automotive 
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drives; marine, railroad, and industrial diesel drives; electric-motor drives; 
and variable-speed conveyer operation. 

17.2. Steady-state Analysis of a Fluid Coupling. A dimensional 
analysis of a coupling may be made, as follows: We assume that the torque 
r is a function only of p, cOp, D, s, U, and p, for a coupling of given design. 

Here U, p, and p are the total volume, 
density, and viscosity, respectively, of 
the operating fluid, cOp is the primary 
speed, and D is the coupling diameter. 
In applying the H theorem we may let 
p, cOp, and D be common to all four H 
products. We get 
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Tests at a fixed value oiV/D^ were 
performed at the Massachusetts Insti- 
tute of Technology on an automotive 
type of coupling. Some of the results 
are shown in Fig. 17.2, from which the 
effect of slip is seen to be much more 
important than that of the Reynolds 
number R = po^pD^hi. This behavior 
is not surprising, since it will be re- 
called from earlier chapters that the 
minor influence of R is typical of hy- 
drodynamic machinery. The meaning 
of these curves is clarified by the fol- 
lowing approximate analysis of the 
mode of operation of a coupling: 

Application of Eq. (6.19) to the 
primary runner of the coupling of Fig. 
17.3 shows that the primary torque 
equals the net efflux of moment of 
momentum from the primary. In the 
notation of Fig. 17.3 the efflux of moment of momentum is pQwprl, and 
the influx is pQco.rJ. Thus, the torque is 

T = pQCojpi - w.r?) (17.3) 


0 0.1 


0.2 0.3 0.4 
Slip, s 


0.5 0.6 


Fig. 17.2. — Torque coefficient versus 
slip for a fluid coupling. The mea.sure- 
ments were made at two values of Rey- 
nolds number and for a constant 
volume of oil in the coupling. 


To render this equation useful, we eliminate the unknown factor Q by 
means of the following considerations: 

The difference between the input and output power Tipip — w,) is due 
to the losses in the coupling, which arise in two ways. 
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1. As oil enters either the primary or secondary runner, the tangential 
velocity component of the oil suffers an abrupt change, owing to the 
difference between cOp and o),. Eddies are thus set up because the main 
flow tends to separate from the leading edges of the blades. The energy 
of these eddies, which is called the “shock loss,’' is eventually dissipated 

Secondary runner 



by viscosity and, under the steady conditions here assumed, appears as a 
heat transfer to the surroundings. 

To estimate the shock loss at entrance to the secondary we use the 
steady-flow energy equation referred to axes rotating with the secondary 
[Eq. (6.21)]. In this rotating frame of reference no shaft work appears to 
be done on the fluid between the control plane and an adjacent section a 
just inside the secondary runner (see Fig. 17.3). Neglecting any change 
in pressure, we get from Eq. (6.21) that the energy of the eddies at a must 
be equal to the change in the average kinetic energy of the fluid as it moves 
from the control plane to o.* In a coupling having thin, radial blades, 

* The momentum law shows the pressure change to be small, since the friction 
forces on the elementary lengths of blade are small and, by continuity, the axial 
momentum is constant. 
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practically all the tangential velocity component at the control plane 
{iOp — co,)r 2 has disappeared at section a. The axial velocity is constant, 
by continuity, so that the energy per unit mass converted into eddies is 
(cOp — a;,)2r|/2 sq ft per sq sec. Similarly, at the entrance to the primary, 
the energy per unit mass of the eddies is (a)p — o}^yh\/2 sq ft per sq sec. 

The shock losses can be reduced by use of blades having well-rounded 
leading edges. Such refinement is not usually worth while, however, for, 
at the same value of cOp, the same torque can be transmitted with equal 
efficiency by a coupling of slightly larger diameter and having the usual 
sheet-metal blades. 

2. The second cause of loss in the coupling is the frictional drag of the 
fluid on the walls of the passages between the blades. These are similar to 
pipe-friction losses and may be expressed in the form \Q^/2A‘^y where A is 
the cross-sectional area of the flow at an arbitrary point in the circuit. The 
ratio Q/ A is thus a measure of the oil velocity relative to the passage walls. 
The dimensionless factor X is analogous to the pipe-friction factor. The 
effect of the ratio of length to effective diameter is, however, included in X. 

With the aid of these formulas for the losses the power dissipation can 
be expressed as 

r(«p - «.) = ^ Q + > 2 ) + >^ (17.4) 

Eliminating Q by combining Eqs. (17.3) and (17.4), we find the torque to be 


T = 


P‘oM«^|\/(2-«)(l--|)i 


(1 - s){ji/rl) 




(17.5) 


This equation, in conjunction with the experimental curves of Fig. 17.2, 
shows that, at small values of s, X decreases rapidly as s increases, but, at 
larger values of s, X becomes approximately constant. This behavior of X 
is what might be expected from the friction-factor chart (Fig. 8,3) since 
at small slips the flow in the coupling will be laminar, while at large slips 
it will be very turbulent, owing to the shock losses. In the laminar range, 
X decreases rapidly as s increases, while, in the turbulent range, X is nearly 
constant. 

17.3. The Fluid Coupling as a Vibration Absorber. Consider an engine 
whose shaft has a vibratory twisting motion (torsional vibration) at the 
end to which a load is to be attached. To couple the driven shaft to the 
engine in such a way that the former turns at a uniform speed the coupling 
must transmit only the steady component of the driving torque and absorb 
the vibratory component. A fluid coupling is well adapted to this use. 
The primary runner can oscillate freely about a mean position without in- 
fluencing seriously the steady circulation of oil in the coupling. The 
secondary thus feels an essentially steady driving torque. 
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Even the small fluctuating torque unavoidably transmitted may have 
serious effects, however, if the load system has a natural frequency close 
to that of the pulsating torque. In this case the coupling may be ineffec- 
tive, for the small exciting torque tends to set up resonant vibrations of the 
load system. To remedy this situation one can obviously change the nat- 
ural frequency of the load. If such change is impracticable, it will be 
necessary to attach the coupling to the driven system at a node, where the 
amplitude of resonant vibration is a minimum. The pulsating applied 
torque will thus have a minimum tendency to excite the system. 

Sinclair [6] has described experiments in which torsiograms were made 
for both primary and secondary shafts of a fluid coupling connected to a 
diesel engine. Even under resonant conditions, he found that the amplitude 
of vibration transmitted to the secondary was only about 2 per cent of the 
amplitude at the primary. 

Eksergian [3] has analyzed in detail the vibratory characteristics of 
several systems involving a fluid coupling. 

17.4. Description of a Torque Converter. In Fig. 1 7.4 is shown a side 
view of a torque converter. It will be seen that both primary and secondary 
runners lie in the kift-hand half of the casing, while the entire right-hand 
half is taken up by the stationary guide vanes, or reaction stage. The 
converter illustrated has only a single-stage secondary (turbine) runner. 
Converters are in use that have three turbine stages and two reaction 
stages. These converters have a good eflSciency over a wider operating 
range than the simpler type. The blades are not radial in a converter but 
are curved so as to give the desired relationships between the input and 
output torques and speeds. 

The principle of operation of a converter is much like that of a fluid 
coupling. Oil is forced by centrifugal action out of the primary runner 
and into the turbine. From the turbine the oil enters the guide vanes, 
which are curved so as to alter the moment of momentum of the oil before 
it is discharged once more into the primary. This change in moment of 
momentum causes an external torque reaction on the housing. Under 
steady conditions the secondary torque must equal the sum of the primary 
and reaction torques, that is, 

(17.6) 


where the subscripts s, p, and g stand for secondary, primary, and guide 
vanes, respectively. 

The efficiency of a converter is defined as the ratio of output to input 


power. 


rj = 


(ji)pTp 


(17.7) 


The maximum efficiency is less than that attainable in a fluid coupling 
on account of the greater complexity of a converter. It is usually about 
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85 to 87 per cent, but values as high as 89 per cent have been re- 
ported. 

The first torque converters were built before 1914, by Dr. H. Fottinger 
of Hamburg, Germany. They had a speed ratio of 5 to 1 and were used to 
connect high-speed steam turbines to low-speed marine propellers. They 
were later displaced in this application by helical reduction gears, which 



Fig. 17.4. — Torque converter. 


have a higher efficiency and lower cost. In recent years, converters have 
come into use for automotive service, especially on trucks and busses 
operating in heavy traffic. The converter eliminates the frequent gear 
shifting that would otherwise be needed. 

17.6. Analysis of a Torque Converter. For a given design of con- 
verter, filled to a fixed percentage of its total volume, we may assume that 
Tpf and rj are functions only of p, cOp, co„ p, and D, the converter di- 
ameter. Application of the 11 theorem leads to 




(17.8) 
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(17.9) 

(17.10) 

(17.11) 


Experiments show that, to a first approximation, the effect of the Reynolds 
number R = poipD^/fjL can be neglected in comparison with that of the 
speed ratio. Typical experimental curves are plotted in Fig. 17.5. 

Theoretical expressions for the torque ratio and efficiency that are in 



Fig. 17.5. — Torque ratio T^jTp and efficiency T] versus speed ratio cOs/oJp, for a torque con* 
verter. {After Spannhake, reference 8. Courtesy of the Society of Automotive Engineers.) 


substantial agreement with these curves can be set up with the aid of a few 
simplifying assumptions. Although the pump and turbine blades must be 
curved for good efficiency, we assume straight radial blades for these ele- 
ments and take curvature into account only at the exit from the reaction 
stage. We assume also, on the basis of experience, that Eq. (17.8) will 
reduce to Cp == constant. Finally, we assume the cross-sectional area of the 
flow A to be the same everywhere in the circuit. 
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Referring to Fig. 17.4 and using Eqs. (6.18) and (6.19), we get 

Tp == pQicOprl - Vi sin ^in) (17.12) 


Ts = pQ{o)prl - c»)srl) 


(17.13) 


Noting that Vi = Q/y4^cos /3i, we transform these two equations to: 


Tp ^ lr\ _ Q tan n\ 
pca^ri 0 )pri\rl AcOpVs n) 

Ts ^ ^ _ C^a\ 

po)lr\ oip7% \r2 0? J 


(17.14) 


(17.15) 


The torque ratio is thus 


^ ^ (i/i) - (^»/c*>j>) 

(i/i) - {Q tan ^i/Aoiprz){ri/rz) 

and the efficiency is 

Tj^ = [(iAI) - (co./a>p)](co,/cOp) 

T pO)p (i/i) ~ (Q tan ^i/ A o)prz) (ri/rz) 


From the second assumption made above and from Eq. (17.14) it 
follows that Q/o)pii is constant. Consequently, Eqs. (17.16) and (17.17) 
show that Tn/Tp is a linear function of (j>J(^p and that rj varies parabolically 
with o)Jo)p, At maximum efficiency, TJTp has one-half of its initial value. 

It is clear from Fig. 17.5 that these calculated results are in approximate 
agreement with observation. The discrepancies between the two can be 
ascribed to variations in Q/o)pr\ and to curvature of the pump and turbine 
blades. Eksergian [3] has developed a more refined theory, which takes 
these factors into account through an energy balance like that for the 
coupling, in Art. 17.4. 

17.6. Torque Converter — Coupling Unit. A combination of torque 
converter and fluid coupling appears to offer one solution to the problem 
of power transmission in passenger cars. In such a combination the re- 
action stage is at rest so long as the primary torque is less than that re- 
quired at the secondary. The unit thus functions as a converter. As soon 
as the primary and secondary torques become equal, however, the reaction 
stage automatically starts to rotate with the secondary and the unit be- 
comes a coupling. This action is obtained through the use of two over- 
running clutches. 

Dimensionless characteristic curves for such a unit are shown as full 
lines in Fig. 17.6. The broken extensions of these curves apply to the 
converter or coupling individually. Combination of the two elements 
makes it possible to use each one in a favorable operating range. 
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An alternative scheme is to use a torque converter for torque multiplica- 
tion and to change over automatically to direct drive when the primary 
and secondary torques become equal [2]. With this arrangement the 



Fig. 17.G. — Torque ratio T^/Tp = C,/Cp and efficiency rj versus speed ratio Ct),lc»)p, for 
a combined converter and coupling. {After Spannhake, refcrerux 8. Courtesy of the Society of 
Automotive Engineers,) 

clutch must, of course, slip momentarily until the primary and secondary 
speeds are equalized. 
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CHAPTER XVIII 

HYDRAULIC TRANSMISSIONS AND CONTROLS 

Hydraulic positive-displacement transmissions and controls are basi- 
cally different from hydrodynamic machines. In the latter the pressure 
and velocity are interrelated, while in the former the working fluid is con- 
fined between two pistons and maintained at an arbitrary pressure level 

by the external forces on the 
pistons, regardless of the ve- 
locity. This fundamental dif- 
ference is brought out by ref- 
erence to Art. 17.5, in which 
it is stated that, for a torque 
converter, the primary-torque 
coefficient Cp is approximately 
constant. The input torque is 
thus nearly proportional to co^. For a hydraulic transmission, on the other 
hand, the input torque is substantially independent of the speed of the in- 
put shaft. 

A primitive example of a positive-displacement transmission is the hy- 
draulic press, described in Art. 2.6. The power input to the small piston 
is transmitted through the confined liquid to the load attached to the large 
piston (see Fig, 18.1). If dynamic effects and friction are neglected, the 
ratio of the forces equals the ratio of the piston areas. 

_ A2 
Fi” 

Also, if leakage and compressibility of the liquid are neglected and the 
boundaries are assumed perfectly rigid, continuity requires that AiVy 
= A 2 F 2 , or 

F 2 _ A\ 

Fi" A2 

Under these idealized conditions the input and output powers are equal 
(FiFi = F 2 F 2 ) and the efficiency is 100 per cent, regardless of the value of 
either Fi or Fi. The two components of power, force and velocity, are 
completely independent of each other in this ideal positive-displacement 
transmission. 

It is frequently required to transmit power from one rotating shaft to 
another turning at a different speed and/or at a distance from the first. 
Many forms of positive-displacement transmission have been developed 
for this purpose, but they are all basically the same as the hydraulic press. 
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The single driven piston of the press is replaced by a pump that has a shaft 
turned by an electric motor or other prime mover and that provides a more 
or less continuous flow of liquid (usually oil) under pressure. This liquid 
flows through suitable pipes to a hydraulic motor, which replaces the single 
output cylinder and piston of the hydraulic press. The work done by the 
oil on the motor is converted by it into shaft work. 

There are three principal types of pump, multiple-piston pumps, vane 
pumps, and gear pumps. The first two types are readily built with a vari- 
able displacement, so that the rate of oil flow can be continuously varied 
from a maximum in one direction to a maximum in the opposite direction. 
A gear pump has a fixed displacement, so that a by-pass must be used to 
get a controlled rate of oil flow, in one direction only. 

Hydraulic motors are similar to multiple-piston or gear pumps. Vane- 
type motors are not used, for the vanes arc held in position by centrifugal 
force and do not operate satisfactorily at low speeds. 

These two primary elements, the pump and the motor, together with 
auxiliary devices, such as valves and accumulators, are connected to form 
a hydraulic circuit, which may take any one of a variety of forms, depend- 
ing on the special function of the transmission. The design of a complex 
hydraulic circuit is a highly specialized task, especially when the circuit is 
incorporated in a servomechanism. 

Hydraulic power transmission is in many respects similar to electrical. 
The liquid flow is analogous to the flow of electric current. Pressure may 
be likened to potential. Hydraulic and electrical connecting circuits are 
much alike. Hydraulic valves and electrical switches perform much the 
same functions. 

Because of their similarity the two systems may be used in equivalent 
applications; and almost identical analyses may be applied to them. How- 
ever, hydraulic transmissions have greater power-carrying capacity and 
greater shaft torques for given unit sizes. They also respond more exactly 
to control. Hydraulic-machine speeds are somewhat lower than the 
electrical. Distance of transmission is more limited. The efficiencies of 
the two types are about the same. 

In consequence of certain advantages over mechanical or electrical 
apparatus, the hydraulic transmission is becoming a significant factor in 
the solution of power problems. It is applied principally to perform the 
following functions: 

1. To provide positively controlled stepless adjustable speeds from a 
constant-speed prime mover. 

2. To provide controlled variable driving torques or forces by manual 
or automatic direction. 

3. To provide damping of driving shocks or pulsations. 
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4. To give servocontrol or power follow-up’^ response to small control 
efforts. 

5. To reduce equipment size and cost for equivalent duty. 

6. To simplify design. 

7. To lower maintenance costs. 

Various industrial machines, such as presses, planers, and broaching 
machines, which require automatic speed variations during the operating 
cycle, are frequently fitted with hydraulic drives. 

Steering engines for ships, automatic pilots for aircraft, and fire-control 
apparatus for naval and antiaircraft guns are among the more spectacular 
uses of hydraulic elements in servomechanisms. 

During the war, precision-made motors and pumps of small size were 
developed, which handle extremely high power for their weight. One such 
pump or motor unit, which may easily be held in the palm of the hand, 
is rated at 2 hp. 

18.1. Hydraulic Circuits. There are three principal types of circuit, 
variable speed, controlled torque, and controlled power. The first of these, 
shown diagrammatically in Fig. 18.2, consists of a variable-displacement 


Stroke 

control 



Fig. 18.2. — Variable-speed transmission with variable-stroke pump. 

pump P connected to a constant-displacement motor M. For the sake of 
clarity, important details such as relief and replenishment valves, replenish- 
ment pump, and oil reservoir are not shown. The speed of the hydraulic 
motor is continuously variable from zero to a maximum in either direction. 
The maximum torque obtainable is independent of speed and is proportional 



Fig. 18.3. — Variable-speed transmission with fixed-stroke pump and by-pass valve. 

to the maximum pressure difference developed, which is limited by a 
safety relief valve. The maximum power obtainable is thus proportional 
to the speed. 

An alternative form of this circuit, sketched in Fig. 18.3, employs a 
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constant-displacement pump and a by-pass valve instead of a variable- 
displacement pump. The arrangement shown is obviously limited to uni- 
directional operation. This scheme is simpler and cheaper than that 
of Fig. 18.2 and is usually preferred for low-power applications. For 
high power the low partial-load efficiency resulting from by-passing of 
the oil becomes important, and a variable-displacement pump is indi- 
cated. 

A controlled-torque circuit is illustrated in Fig. 18.4. The displacement 
control of the pump is automatically adjusted to maintain a constant pres- 



Fig. 18.4. — Controlled-torque transiiiLssion. 


sure difference across the motor, and hence a constant torque, regardless of 
the output speed. The circuit of Fig. 18.3 will perform the same function 
if a spring-loaded automatic by-pass valve is employed. 

The (iontrolled-power circuit of Fig. 18.5 utilizes a constant-displace- 
ment pump and a variable-displacement motor. The output speed is 



Fig. 18.5. — Controlled-power transmission. 


automatically adjusted to maintain a constant pressure difference across 
the pump. The torque applied to the constant-speed input shaft is there- 
fore constant, and so is the transmitted power. 

It is clear that modifications of these elementary circuits can be made to 
give an output torque or power which is practically any desired function 
of speed. 

18.2. Radial-piston Machines. The pistons of hydraulic machines are 
arranged either radially or axially. The construction of a typical radial 
variable-displacement pump or motor is shown in Figs. 18.6, and 18.7. 
The cylinder block turns on a pintle, which acts also as a porting mecha- 
nism. The outer ends of the pistons bear against a reaction ring forming 
part of the rotor, which is free to revolve with the cylinder block. The 
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center of rotation of this ring can be adjusted relative to that of the 
cylinder block by means of the handwheel shown in Fig. 18.6. The dis- 
charge can thus be varied from zero to a maximum in either direction. A 
sectional view showing the slide block in one extreme position is given in 
Fig. 18.7. 

The pistons are free to rotate about their own axes. No sliding occurs 





Fig. 18 . 6 . — Radial-piston variable-stroke pump. {Courtesy of The Oilgear Company.) 

between the pistons and the ring, but only a slight oscillating rotary mo- 
tion of the pistons. Wear is thus reduced. 

The gear pump mounted on the drive shaft is used to keep the hydraulic 
system full of oil and to operate hydraulic controls. 

A fixed-displacement unit of the radial type is shown in Fig. 18.8. 
It is identical in construction with the variable-displacement unit, ex- 
cept for the omission of the displacement control and the auxiliary 
pump. 

Radial pumps and motors are available in ratings between 2 and 150 hp. 
Pressures are usually on the order of 1,000 to 2,000 lb per sq in., but some 
models can operate intermittently at 3,000 lb per sq in. Maximum rota- 
tional speed is approximately 1,000 rpm. 
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Flo. 18.8. — Radial-piston fixed-stroke motor. {Courtesy of The Oilgear Company.) 


420 


HYDRAULIC TRANSMISSIONS AND CONTROLS [Chap. XVIII 


Representative performance curves are given in Fig. 18.9. It is seen 
that the over-all efficiency of a complete transmission exceeds 80 per cent 
over two-thirds of the speed range. The maximum efficiency approximates 
to 86 per cent. 

Radial transmissions are used principally in industrial applications, 



R.P.M. of oilgear motor shaft 


Fig. 18.9. — Performance curves for a radial-piston transmission. {Courtesy of The Oilgear 

Company.) 


where precise control and durability are required, but where weight and 
bulk are not of paramount importance. 

18.3. Axial-piston Machines. An example of a fixed-displacement 
unit of this type is given in Fig. 18.10. The cylinder block rotates about 
an axis set at an angle with respect to the drive shaft. The piston rods 
are attached by ball-and-socket joints to the pistons and to a plate carried 
on the drive shaft. A double universal joint serves to lock the drive shaft 
and cylinder block into sjmchronism. None of the load torque is trans- 
mitted through this shaft, only the small friction torque. 

A variable-displacement unit is similar in all essentials to that just 
described. The cylinder block is mounted on trunnions, however, in such 
a way that the angularity between its axis and the drive shaft can be easily 
adjusted. The discharge can thus be varied at will. 

Axial-piston machines are available in ratings between 2 and 300 hp. 
Pressures are usually on the order of 1,000 to 2,000 lb per sq in., but some 
models can operate at 3,000 lb per sq in. Rotational speeds for small 
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pumps used on aircraft may exceed 4,000 rpm; maximum speeds of large 
units range down to 850 rpm. 

Performance curves are similar to those of Fig. 18.9 for radial-piston 
machines. 

Axial-piston transmissions are used in numerous industrial applica- 
tions. In addition, they are well adapted to use in aircraft hydraulic 



Fia. 18.10. — Axial-piston fixed-stroke pump. (Covrtesy of Vickers Incorporated.) 


systems, since the small-diameter bearings can operate at high speed and 
the units are compact, weighing less than 1 lb per hp. 

18.4. Gear-type Machines. A hydraulically balanced gear unit is 
shown in Fig. 18.11. The symmetrical layout of the ports eliminates bear- 
ing loads caused by the pressure change in the machine. All gear units are 
of the fixed-displacement type. A gear pump must therefore be used with a 
by-pass valve to obtain a variable flow rate. 

These machines are inherently limited to low pressure and small power, 
for ample clearance must be provided to prevent contact of gears and hous- 
ing at all operating temperatures. The leakage can be kept within reason- 


422 


HYDRAULIC TRANSMISSIONS AND CONTROLS [Chap. XVIII 


able limits only if the pressure is less than 1,000 lb per sq in. and the power 
is below about 25 hp. Even within these limits, the efficiency is apprecia- 



Outlet 


Fio. 18.11. — Hydraulically balanced gear pump. {Courtesy of Vickers Incorporated.) 


True circle arcs between ports 
prevent radial vane movement 
while cantilever pumping load 
IS imposed upon vane 



/ Bronze rotor bearings provide 
; suspension independent of 
• outside shaft loads 


Vanes-^ 


^ Rotor rotated 
^by a "floating" 
spline drive 


Inhi" 



^-Independent shaft bearings— J 


Fig. 18.12. — Hydraulically balanced vane pump. {Courtesy of Vickers Incorporated.) 


bly less than that of a piston unit, but their relative simplicity and low 
cost justify the use of these machines in many applications. 

18 . 6 . Vane Pumps. These may be of either the fixed- or variable- 
displacement type, as shown in Figs. 18.12 and 18.13. The former has the 
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advantage of simplicity and hydraulic balance to offset its lack of flexi- 
bility. 

Vane pumps are subject to the same limitations as gear units with re- 
gard to pressure and power [8, 9]. 



Fig. 18.13. Variable-stroke vane pump. The stroke settinf? is automatically adjusted to 
maintain a constant output pressure. {Courtesy of Racine Tool and Machine Company.) 

18.6. Auxiliaries. A detailed discussion of auxiliary apparatus is be- 
yond the scope of this book [2, 4]; all that will be attempted is a mention 
of the principal items. 

There are many kinds of controls available for variable-displacement 
machines, from a simple handwheel to highly complicated automatic power 
control. 

By-pass valves are used in conjunction with fixed-displacement pumps. 
Ingenious designs have been developed, by means of which any desired 
flow may be obtained by setting of a graduated dial. The flow is inde- 
pendent of pressure and temperature over a considerable range. 

Relief valves are essential to any hydraulic circuit, to prevent overload. 
Designs range from a simple spring-loaded ball, which permits large 
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pressure variations around the nominal maximum, to a balanced valve, 
which limits the pressure accurately to a preset value, regardless of the 
volume handled by the valve. 

Some hydraulic systems, notably in aircraft, are used only intermit- 
tently but are supplied by a constant-displacement pump, running con- 
tinuously. An unloader valve and accumulator incorporated into such a 
circuit ensure a supply of high-pressure fluid at all times, yet permit the 
pump to run idle, except when the system is actually doing work or when 
the accumulator needs recharging [2]. An aircraft accumulator is simply a 
hollow steel sphere divided into halves internally by a flexible diaphragm, 
on one side of which is introduced compressed air at a predetermined 
pressure. To charge the accumulator the pump forceps oil from the hy- 
draulic system into the sphere, thus further compressing the air on the 
opposite side of the diaphragm. When the desired pressure has been 
reached, the unloader valve automatically opens a by-pass, allowing the 
oil to be circulated freely between pump and reservoir until the pressure in 
the system drops below the minimum permissible level. The unloader 
valve then reconnects the pump into the circuit and closes the by-pass. 

The oil reservoir is an important element of a hydraulic circuit. A 
reservoir of sufficient capacity must be included to allow for adequate 
cooling of the oil and to permit air bubbles to escape. Entrained air is 
obviously detrimental to performance, especially where rapid and precise 
response is essential. 

The clearances permissible in hydraulic apparatus are so small that 
extreme care must be taken to ensure clean operating fluid. This is es- 
pecially true in small-size equipment for high pressures. A filter, usually 
incorporated in the reservoir, is therefore an indispensable part of a hy- 
draulic circuit. 

18.7. Hydraulic Fluids. For hydraulic service a fluid is required to be 
practically incompressible {i.e., to be a liquid), to flow easily, to be chemi- 
cally stable, and to be a good lubricant. To satisfy the last requirement, 
not only must the viscosity be above some lower limit, but also the other 
properties must be such as to prevent appreciable wear under boundary- 
lubrication conditions. Petroleum oils have so far best satisfied these re- 
quirements. For apparatus that operates near room temperature any 
highly refined turbine-type of oil is satisfactory. The kinematic viscosity 
of such an oil is approximately that of an SAE 20 grade (340 Saybolt uni- 
versal seconds, 74 centistokes, or 0.11 sq in. per sec, at 100 F). 

For equipment that is required to function over a wide range of tem- 
perature, such as that of an aircraft, the effect of temperature on viscosity 
is a prime consideration. A fluid that is satisfactory under normal condi- 
tions may be too thin to lubricate properly at 150 F and may congeal at 
— 20 F, The effect of high temperature on the stability of the fluid is also 
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important. Some oils break down rapidly at high temperature, forming 
gummy deposits on working surfaces and clogging the system with sludge. 

The following table gives the kinematic viscosity, in centistokes, of 
several hydraulic fluids as a function of temperature. 


Temperature, 
deg F 

Petroleum oil I 

V.I. - 101 

Pour point = — 20 F 

Petroleum oil II 
V.I. = 145 

Pour point = — 50 F 

Silicone A 
V.I. = 156 

Silicone B 
V.I. = 170 

210 

9.5 

18 

30 

18 

130 

37 

57 

56 

36* 

100 

80 

103 

74 

43* 

0 

8,270 

2,330 

275 

160 

-20 


0,100 

390 

260* 

-40 



000 

300 


* Approximate value interpolated on Chart A of ASTM Standard D341. 


Petroleum oil I is, by ordinary standards, an excellent oil, having a 
V.I. of 101, which is as good as can be obtained without special treatment 
(Art. 12.4.). Petroleum oil II is especially prepared for hydraulic service; 
its V.I. of 145 permits an extension of the operating range in both directions. 
The pour point is lowered to — 50 F. Silicones A and B are examples of the 
recently developed dimethyl-silicone-polymer fluids (Art. 13.7). Silicone B 
is especially remarkable, having a kinematic viscosity equal to that of 
Petroleum oil II at 210 F but less than 5 per cent of it at — 20 F. 

From the viscosity-temperature standpoint, these silicones appear to 
be ideal hydraulic fluids. Another advantage is their noninflammability. 
As already mentioned, however, the boundary-lubrication characteristics 
of the fluid must be adecjuate. Recent tests on silicone A [3] have shown 
that it lubricates satisfactorily, provided that proper combinations of 
metals are used for the rubbing surfaces. Steel and bronze, for example, 
appear to function well, but the mating of two 
ferrous surfaces is to be strictly avoided. If 
the apparatus is suitably designed in this re- 
spect, very little wear occurs. Furthermore, 
the silicone fluid is exceptionally stable, show- ^ 
ing practically no discernible change in vis- 
cosity or other properties, even after some 
hundreds of hours of operation. 

18.8. Basic Formulas for Hydraulic Transmissions. If both friction 
and leakage are neglected in the pump shown schematically in Fig. 18.14, 
the steady-flow energy equation [Eq. (5.10)] yields 

““ Pi 


Stroke control 
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To obtain an expression for the ideal torque Tideni applied to the pump shaft 
we notice that Ti^eai co = — pQVPs and Q = ca)DS, where D is the displacement 
per radian at full stroke and the stroke setting, is the ratio of stroke to 
full stroke. Substitution in the energy equation gives 

= (P2 - P,)DS (18.1) 

CO 


We define the torque eflSciency of the actual pump as the ratio of the 
ideal torque to the actual torque required to produce a given pressure 
rise po — pi. 

r\Tp = (18.2) 

J actual 


Coml)inati()n of Eqs. (18.1) and (18.2) gives for the actual torque 


Tp 


AppDpSp 

Vtp 


(18.3) 


where the pressure rise is conveniently denoted by Ap, and the subscript P 
indicates a pump. 

The over-all efficiency of the pump is defined as the ratio of the ideal 
input power to the actual input power needed to produce a given pressure 
rise App and rate of flow Qp. The ideal power input is readily seen to be 
AppQp, while the actual power input is copl'p. With the aid of Eq. (18.3) 
the over-all pump efficiency is found to be 

AppQp Qp /io 


where rivp = Qp/DpO)pSp and is called the ^Wolumetric efficiency” of the 
pump, since it is the ratio of the actual to the ideal discharge rate. 

A similar development for a hydraulic motor yields the following: 


Ptm — 


T actual 

T ideal 


(18.5) 


Tm == Vtm ApmPmSm 


yjM ~ Vtm - 


Qm 


VtmVvm 


(18.6) 

(18.7) 


where the subscript M indicates a motor. It will be noted that the actual 
output torque is less than the ideal for a given pressure drop Ap^, so that 
rjTM is less than unity. 

The torque efficiency of a radial-piston motor over a range of motor 
speed is shown in Fig. 18.9. 
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The over-all efiicieney of a complete transmission is defined as the ratio 
of output to input power, 


_ TmO)m 

^ ~ Tpwp 


(18.8) 


Substituting from Ecjs. (18.3) and (18.6), we get 


1] = 


YJtpTJtm 


Dm^AiS ai ApM 

DpoopSp App 


which from Eqs. (18.4) and (18.7) becomes 


V = rjprjM 


Qm ApM 
Qp App 


(18.9) 


(18.10) 


It is obvious that Q\i/Qp and ApM/App represent, respectively, the 
effect of leakage from and friction in the pipes connecting pump and 
motor. 

From continuity, the total leakage from the system Qi must equal the 
difference between the displacements per unit time of pump and motor. 


Qi — DpcopiSp — (18.11) 


Equation (18.9) can thus be expressed in terms of the total leakage. 


7 / = 


rj rpTj TAf 



Qi \ ApAf 

Di>o)pSp) App 


(18.12) 


The maximum allowable speed of a piston-type machine is limited by 
dynamic stresses. Assuming that, for a given design, the maximum allow- 
able stress So depends only on the density of the material, Pm, on co^ax, and 
on Dy we get by dimensional reasoning 

— — == constant 

o 0^2 r)fi 

pmS*J xnax^ 

Both So and pm may be considered constant, to a good approximation. 
Experience indicates a good working rule to be 


Winax = 


187 


(18.13) 


where cOmax is in radians per second and D is in cubic inches per radian. 

The above relationships are useful in the discussion of various types of 
hydraulic circuits. In the following we shall assume, for simplicity, that 
Dp == Dai = D and neglect the pressure drop in the connecting lines, z.c., 
assume App = ApAi = Ap. Consider, for example, the circuit of Fig. 18.2, 
which includes a variable-displacement pump and fixed-displacement 
motor. The continuity equation [Eq. (18.11)] enables us to plot the motor 
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speed as a function of /Sp, the stroke setting of the pump. Noting that 
Sm = 1, we get 

COM __ (y _ Ql 

cop ^ COpZ) 


If we assume for the moment that Qi == 0, we get the straight line aob 
of Fig. 18.15. Equation (18.3) shows, however, that the pressure drop 
across the system, Ap, varies directly with the applied tonjue Tp. Since 

in an actual system there is some leak- 
age whenever Ap (and hence Tp) ex- 
ceeds zero, the line aob is the limit 
approached as Tp — > 0. 

Actually, of course, there is some 
pressure rise across the pump and some 
leakage whenever oil is being displaced, 
i.e.y whenever Sp ^ 0. Suppose that 
initially N/> = 0 and that it is gradually 
increased. The motor shaft will not 
turn until Sp surpasses a critical value 
corresponding to a Ap great enough to 
produce the required starting torque, 
in accordance with Eq. (18.6). The 
entire discharge of the pump goes into 
leakage, that is, Sp = Qi/copD, so long 
as this value of Ap is not exceeded. The critical value of Sp is reached 
at point c in Fig. 18.15. If it is assumed that Qi remains constant as aSp 
is further increased, the straight line cd is followed. The horizontal dis- 
tance oc between the lines ob and cd is equal to the ratio of the constant 
leakage to the displacement rate of the pump, QilcopDp. 

In a well-designed unworn system the clearances are small, and the 
leakage flow is laminar. The leakage rate is found to be very nearly pro- 
portional to the pressure drop Ap and to be essentially independent of 
speed. According to Eq. (18.6), therefore, Qi Tm/'tItm] and since tjtm 
is nearly constant over a wide range of speed, it follows that Qi ^ Tm- 
The straight line cd in Fig. 18.15 thus corresponds approximately to the 
case of constant output torque. 

The circuit of Fig. 18.5 is intended to yield a constant output power over 
a wide range of output speeds. To this end, the pressure drop Ap is auto- 
matically held constant. To analyze this circuit we apply the continuity 
equation [Eq. (18.11)] and find 


"m 



Fig. 18. 16. — Speed ratio (jiujo^p ver- 
sus pump stroke setting Sp, for the trans- 
mission of Fig. 18.2. 


COM 

COp 


Sm = 1 


Ql 

0}pD 


(18.14) 
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Neglecting leakage, we get = 1, the speed ratio varying hyper- 

bolically with the motor displacement (see Fig. 18.16). From Eq. (18.6), 
the output power is found to be Pm = TmO^m == ApDtjtmCOmSm, whence 
Pm/^pDo)p7]tm = 1. The output power is thus approximately constant 
if Ap is closely regulated and variations in tjtm are small. 

To take the laminar leakage into ac- 
count it is assumed, for geometrically similar 
systems, that Qi depends only on Ap, D, 
and p (the viscosity). Dimensional analysis 
then yields 

== constant = Ci (18.15) 

where Ci is the leakage coefficient.^^ From 
Eqs. (18.14) and (18.15), 

_ I _ Pi Ap 

CO p po) p 

so that the power output becomes 

Pm = o)mTm = ApDo)pr)TM ^1 — pco^) 

The only effect of leakage is, therefore, to reduce both the speed ratio and 
the power output; the character of the curves is unchanged, provided that 
the viscosity is (constant. 

18.9. Servomechanisms. A manually controlled transmission requires 
an operator whose function is to observe the output, note any deviation 
from the desired behavior, and adjust the control so as to return the output 
to the value wanted. He thus acts to keep small the difference between 
the desired output and that actually existing. This difference is called 
the error. 

It is possible to feed back, mechanically, electrically, or otherwise, the 
actual output to a device which compares it with that called for by some 
input signal and which automatically adjusts the control in such a way as 
to reduce the error. Such a feed-back linkage is an essential feature of a 
servomechanism. A second feature is the amplification of power achieved 
in a servomechanism. The power level of the input signal is usually very 
low compared with the output. For our purposes a servomechanism may 
be defined as an error-controlled power amplifier. We shall be concerned 
principally with hydraulic servomechanisms, but much of the following 
applies to other types as well. 

Servomechanisms may be electrical, mechanical, pneumatic, hydraulic, 
or some combination of these. Their use is growing rapidly; present appli- 



Fig. 18.16. — Speed ratio Wjv//a)p 
versuH motor stroke setting Sm, for 
the transmission of Fig, 18.5. 
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cations, aside from industrial, include automatic piloting of vessels and 
aircraft, fire control of guns, and power steering of heavy vehicles. 

There are three aspects of the behavior of a servomechanism that 
must be considered in design or analysis. Since a source of energy for pro« 
ducing the power amplification is an essential part of a servomechanism, 
the operation may be unstable. The question of stability is therefore of 
primary concern. 

In addition to the requirement of stability, a servomechanism must 
respond rapidly and accurately to the applied signal, z.e., its ‘transient 
response” must be satisfactory. Under this heading are included the time 
lag of the output behind the input signal, the amount of overshoot, and 
the time required for any oscillations to die down to a given fraction of 
their initial amplitude. 

Finally, the ^^steady-state error” must be taken into account, i.e., the 
error subsisting an indefinitely long time after application of a signal. 
The steady-state error depends on the type of signal. For example, it may 
be zero for a signal consisting of a certain constant displacement of the in- 
put member, but this error may be finite if the input member is given a 
constant velocity or acceleration. Servomechanisms are sometimes de- 
scribed according to their steady-state error, as of the zero-displacement- 
error,” zero-velocity-error,” or zero-acceleration-error” type. 

There are two categories of servomechanisms, linear and nonlinear. 
The differential equation of a linear servomechanism is linear and has 
constant coefficients. The differential equation of a nonlinear servo- 
mechanism is unrestricted. 

The theory of linear servomechanisms is highly developed, two methods 
being available for analysis or design. The transient-response method in- 
volves solution of the differential equation of the system for one or more 
types of input step signal. (A step signal is one that changes discontinu- 
ously from a constant zero value to some other constant value. Those 
usually considered are displacement, velocity, and acceleration step sig- 
nals.) The behavior of the system can be completely determined by this 
means, but the method has two disadvantages: (1) It is tedious and cum- 
bersome to apply to complex systems. (2) The results usually do not 
show how a system should be changed if its behavior deviates too greatly 
from a prescribed pattern. 

The second method applicable to a linear system is the frequency- 
response method. Essentially, it involves determination of the response 
of a system to a sinusoidal signal of any frequency within the range of 
interest. It is unnecessary to obtain the general solution of the equation 
of the system in order to predict its behavior closely enough for design pur- 
poses. This method is relatively simple, even for complicated systems. 
It is especially useful in design, since the results indicate the effect on 
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performance of a change in any one of the design parameters. Unfor- 
tunately, its use is restricted to linear systems. 

No general theory is available for nonlinear servomechanisms. The 
differential equation must be solved in every individual case, as outlined 
above for the transient-response method. This task is in general much 
more difficult than that of solving a linear equation with constant 
coefficients. 

18.10. Ideal Hydraulic Servomechanism. The hydraulic transmission 
shown in Fig. 18.17 is assumed to have ‘‘proportional control, that is, a 



feed-back linkage whereby the j^ump stroke control Sp is made propor- 
tional to the error. In this ease the desired output-shaft position is the 
same as that of the signal shaft, so that the error is simply 6, — where 
6t and do stand for the instantaneous angular displacements of the signal 
and output shafts, respectively. The feed-back linkage thus ensures that 

aSp = Cs(e^ - do) 

where is a constant whose value depends on the nature of the linkage. 
If, for example, the feed-back circuit is purely mechanical, will be deter- 
mined by the gear ratios employed. The following additional assumptions 
are also made: 

(j)p = constant 

Dp — Dm = D 

Sm = I (fixed-displacement motor) 

Qi ^0 

The fluid is incompressible. 

The boundaries do not deform. 

The continuity equation [(Eq. (18.11)] thus gives 

(jOmD = -jT- D = SpcopD 

at 

into which the expression Sp = Cs(di — do) is substituted. 

+ 0}pCsdo = O^pCtdi 


(18.16) 
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In order to discuss this equation we shall presuppose an elementary 
knowledge of the complex variable and of linear differential equations 
with constant coefficients. 

A standard procedure for solving a linear equation with constant co- 
efficients is to solve first for the ‘^complementary function/^ which in the 
case of Eq. (18.16) is the solution obtained for di = 0. It is well known 
that the complementary function is the sum of exponential terms of the 
form where both C and z may be complex constants. 

The second step in the procedure is to determine a particular solution 
of the equation as originally given [that is, for a nonzero value of 0, in 
Eq. (18.16)]. The complete solution is the sum of the complementary func- 
tion and the particular solution. It is called “ (complete because it con- 
tains just enough arbitrary constants to satisfy any given boundary 
conditions. 

Suppose that no signal is applied to the system {di == 0) and that arbi- 
trary initial conditions of displacement, velocity, etc., are imposed on the 
output shaft by suitable external means. (The number of initial conditions 
that can be arbitrarily chosen is equal to the order of the differential equa- 
tion of the system. In the present case, only the initial displacement is 
arbitrary.) The servomechanism is said to be stable if, when the external 
actions on the output shaft are removed, the shaft eventually comes to rest. 
The stability of a linear servomechanism can be investigated by means of 
the complementary function since nonzero values of 6i are not involved. 
The system will be stable if none of the exponents z has a positive real 
part, since in this case all terms of the (H)mplementary function remain 
finite as the time t approaches infinity. It is possible for the output shaft to 
oscillate indefinitely at a finite amplitude if one of the z^s is pure imaginary. 
In this case the system would be neither stable nor unstable. Such a 
neutral system is relatively unimportant and will not be further con- 
sidered. 

It may be remarked that an actual system is at most linear over only a 
certain range of motion. If the system is unstable, either the motion will 
build up to the point where the apparatus destroys itself or the nonlinearity 
will limit the motion to a safe value. This latter behavior is not to be 
confused with the neutral oscillations of a linear system mentioned in the 
previous paragraph. 

To check on the stability of the ideal system of Fig. 18.17 we assume 
di - Of do = and substitute in Eq. (18.16). 

Coe^^{z + wpCg) = 0 

Ruling out the trivial solution Co = 0, we get 

z + o)pCg^0 (18.17) 
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from which it is obvious that the apparatus is stable, since z = — (j>pC„ 
which is a negative real number.* 

The next question of interest is the response of the system to a step 
signal. Three types are commonly used in the study of servomechanisms: 
displacement, velocity, and acceleration step signals. We shall consider 
only the first type, which may be defined by 


di = 0 for I < 0 1 
Bi = Ci for < ^ 0 I 


(18.18) 


Substituting this expression into Eq. (18.16) we get, if < > 0, 


A particular solution of this equation is readily seen to be Bo = C,. The 
complete solution of Eq. (18.16) is thus the sum 


Bo = Coe-(^^‘^ + Ci = Coc-o^ + Ci 

If the boundary condition is arbitrarily chosen as 0, = 0 at I = 0, Co = Ci 
and 

Bo = C<(1 - e-‘V) (18.19) 

The response curve is plotted in Fig. 18.18, from which it is seen that 
there is no overshoot and hence no oscillation. Furthermore, Bo/Bi —* 1 
as t — > 00 , so that the error ultimately 
becomes zero. 

9 9 

The parameter ao = copCay which 
has the dimensions of angular velocity, 
is seen from Eq. (18.16) to equal the 0 12 3 

ratio of the output angular velocity to ^ 

the error. It is thus a measure of the Fio. 1 8.1 8 . — Response of an ideal 
speed with which the system responds. 

Furthermore, if a displacement step 

signal is applied to the servomechanism, it follows from Eq. (18.19) that 
1/ao is the time required for the error to drop to one eth of its initial 
value, ao is usually called the ^'time constant^' of the system. 

It is convenient to introduce the term **rise time,” which is defined as 
the time required for 0o/ffi to rise from, say, 0.1 to 0.9. We observe that 
the rise time is reduced if the time constant ao is made larger. For this 
ideal servomechanism ao is the only parameter at our disposal; it should 
clearly be made as large as possible, to ensure a good transient response. 



* Ca might, of course, be made negative, by means of a suitable feed-back linkage. 

The system would then be unstable. 
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If di is assumed to be a velocity step signal, it will be found as before 
that there is no overshoot or oscillation, but the steady-state error will be 
different from zero. This type of servomechanism is therefore better 
adapted to positioning the output shaft than to driving it at a constant 
velocity. For the latter function a device with a zero velocity error would 
be selected. 

The above method of determining the transient behavior (Le., solving 
the equation when di is a suitable step function) is not feasible for complex 
systems. We shall therefore illustrate for our ideal system an alternative 
method of attack, the freciuency-response method. For this purpose we 
assume that the signal di is a sinusoidal function of i, having an angular 
frequency o), 

di = (18.20) 

where Ci and w are real."^ It is easily demonstrated that, for this signal, a 
particular solution of Eq. (18.16) is 

do = (18.21) 

where Co and 0 are both real. This is the steady-state response to a sinu- 
soidal signal, Z.C., the response that will obtain after the signal has been 
applied for a long (theoretically infinite) time. 

It is well known that di and do can be represented as vectors drawn 
from a common origin and rotating at the constant angular velocity co. 
The constant angle <f> maintained between them is called the phase 
angle.’^ Ci and Co arc the lengths, or absolute values,’’ of di and do, 
respectively. The absolute values are also denoted by | di | and \ do \. 

To show that Eq. (18.21) is a solution of Eq. (18.16), we substitute in 
the latter. 

Co^^e^Kw + CoiOp) = CoCCpCi^^^ (18.22) 



Since the left-hand side must be real, the exponent of e is equal to zero, or 


tan </> = -* 


(18.23) 


Co^ 1 _ 1 

Ci Vl + (wVa^ 


(18.24) 


* The symbol i in here has its usual meaning, viz. = — 1. Do not confuse 
this symbol with the subscript i. The latter indicates a quantity associated with the 
input, or signal, shaft. 
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Co and (t> are thus determined in such a way that Eq. (18.16) is satisfied. 
A similar demonstration can be made for any linear differential equation 
with constant coefficients. 

The dimensionless parameter co/ao represents the ratio of the angular 
frequency of the applied signal to the time constant of the system. When 
this ratio is small, it is found that the system responds more faithfully to 
an applied signal than when the ratio is large. 

A plot of Kq. (18.24) is given in Fig. 18.19. The same qualitative in- 
formation can be gleaned from this figure as from Fig. 18.18. We notice 
first that, since the curve exhibits no 
resonance peaks, the system will not 
oscillate at any frequency and hence 
cannot overshoot. Furthermore, the 
value of I 6o\/ \ Bi | is close to unity 
only for small values of co/ Uq. Hence 
the response at high frequencies will 
be improved if ao is made larger. 

Since a system that will not respond 
accurately to a high-frequency sinu- 
soidal signal will obviously have a 
poor response to a step signal, we conclude that, the larger the value of 
ao, the better will be the transient response. This conclusion is rigorously 
justified by the theory of transients in linear systems, in which it is shown 
that a step signal can be considered as a suitable summation of sine waves 
of all frequencies. 

The value of the rise time cannot be determined from Fig. 18.19 alone; 
but if this curve is supplemented by an empirical rule, the rise time can 
be found with sufficient accuracy for most design purposes. This rule is 

COctr == TT (18.25) 

where tr is the rise time and coc is the angular frequency of cutoff,^' defined 
as that CO at which \ Bo \ / \ Bi \ has one-half its value at zero frequency. 

To determine the order of the approximation to be expected from Eq. 
(18.25) we compare the value of tr computed from it with the value found 
from Eq. (18.19). The cutoff angular frequency is first obtained from 
Eq. (18,24). 

I do\ 1 _ 

1 I Ci 2 Vl -+■ (co^/ao) 


Oo 



P'lo. 18.19. — Amplitude respoiiwe of an 
ideal hydraulic servomecliani.sm a.s a function 
of fre(juency. 


whence 
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Equation (18.25), therefore, yields 

Ooir = -^ = 1.82 

Vs 

The exact value of aotr is obtained from Eq. (18.19). 

= a'o (^.9 - ^o.i) = In ^ - In = 2.20 

where and to,g stand for the times at which Co/Ci equals 0.1 and 0.9, 
respectively. The approximate value of aotr is seen to be about 20 per 
cent too low. 

In many applications the phase angle <(> is also important. Equation 
(18.23) is accordingly plotted in Fig. 18.20. 


Center of semicircle 



Fig. 18.20. — Phase-angle response Fio. 18.21. — Vectorial form of the 

of an ideal hydraulic servomechanism frequency response of an ideal hydraulic 

as a function of frequency. servomechanism. 


The information given by Figs. 18.19 and 18.20 can be combined into 
the single polar curve of Fig. 18.21, in which \ 6o\/\ di\ is plotted as the 
radius vector from the origin at an angle 0. Values of the parameter 
co/ao are spotted on the curve. It is readily shown by means of Eqs. 
(18.23) and (18.24) that in this example the curve is a semicircle of radius 
3^ and center at \0o\/\di \ = K, <l> = 0. The proof of this is left to the 
reader. 

18.11. The Transfer Function. The results of the frequency-response 
analysis, which are presented in Eqs. (18.23) and (18.24) and plotted in 
Figs. 18.19 and 18.20, can also be obtained graphically, by means of the 
‘^transfer function” f. Use of the transfer function simplifies the analysis 
of complicated systems, for which the algebra leading to results corre- 
sponding to Eqs. (18.23) and (18.24) would be extremely involved. The 
conditions under which a system will be stable can also be easily deter- 
mined by means of f . 

The transfer function is defined, in general, as the ratio of the steady- 
state response to the error when a sinusoidal signal is applied. In symbols, 



(18.26) 
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where 6o is the steady-state response and di is a sinusoidal signal. Substi- 
tuting into this equation the values of Oi and 6o from Eqs. (18.20) and 
(18.21), we get 


f do 

r+1 di 



(18.27) 


Or, if we put f * | i 

J" 1 e'* and 

f + 1 = 1 f + 1 1 c* 


in 

Co 


if+ii 

Ci 

and 

^ - X 

= </» 


(18.28) 

(18.29) 


It is clear from Eqs. (18.28) and (18.29) that, if f is known as a function 
of CO, Co/Ci and <t> can be readily determined graphically. The procedure is 
easily visualized from Fig. 18.22, 
which shows a hypothetical curve 
followed by the f vector as co 
changes. For any value of a>, 

Co/Ci is found from the ratio of 
the measured lengths of f and 
f + 1, while <!> is obtained from 
measurements of x and ij/. 

The problem of making a fre- 
quency-response analysis is thus 
reduced to that of finding the 
transfer function. As a simple 
illustration of a general method for getting f , revert to the ideal hydraulic 
servomechanism already discussed. Combining Eqs. (18.22) and (18.27), 
we find that 


III 



i* Plane 

Fig. 18.22. 


r+ 1 ^ ^ ^ C» ^ io) , ^ ^ 

f do Coe^ C,0)p ao 


(18.30) 


from which f = oco/io) == — iog/o). Since co is real and positive, icu is posi- 
tive imaginary and f is negative imaginary, as shown in Fig. 18.23. An 
arbitrary point g on the ico axis of the z plane is carried over to g' in the 
f plane. The results expressed in Eqs. (18.23) and (18.24) are embodied 
completely in Fig. 18.236. 

Consider now a more general form of hydraulic servomechanism for 
which the differential equation is 


d^do , , ddo , a Q a 

+ olSo = jSfft 


(18.31) 
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where the coefficients are all constant. This equation is adequate to 
describe the behavior of practically any linear servomechanism having pro- 
portional control [that is, Sp = CsiOo ~ ^»)]. 


ici) 


g 


X 


z Plane 


a 





Fig. 18.23. — Transfer function for an ideal hydraulic servomechanism. 


Assuming as before that di and do are given by Eqs. (18.20) and (18.21), 
we get from Eq. (18.31) 

Coe^^e^^^iaJ^o)^ + h a^co + ao) = l3oCie^^^ 

whence, introducing f from Eq. (18.27), 

^ i __ di _ Ci _ -f ■ • • + aiio) + ao o oox 

f "CV^“ iSo 

In any given case the coefficients ao, . . . , a„, and jSo are known, and f can 
be found from Eq. (18.32). The graphical determination of Co/C^ and </> 
then proceeds as already described. 

The stability of a servomechanism can also be investigated by means 
of the transfer function. It will be recalled from Art. 18.10 that the 
stability is determined from the complementary function, which describes 
the behavior of the system when there is no impressed signal. To get the 
complementary function for Eq. (18.31), we set di = 0 and do = Ce^K 
Substituting in Eq. (18.31), we find that 


whence 


anZ^ + • • • + aiz + ao = 0 

do = Cie^'^ + . . . -f CnC*"' 


(18.33) 

(18.34) 


where . . . , 2n are the n roots of Eq. (18.33). It is clear from Eq. (18.34) 
that, if none of the z's has a positive real part, do will remain finite, no 
matter how great the value of t. In other words, the system will be stable. 
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We now observe that Eq. (18.32) defines f as a function of z when z is 
restricted to purely imaginary values, fo), and that f is not yet defined for 
complex values of z. We may therefore extend the definition of ^ in any 
way that does not contravene Eq. (18.32). A useful extension is that in 
which fco in Eq. (18.32) is replaced by z. 


f + 1 ^ otnZ^' + • • • -f aiz + ao 


(18.35) 


Comparison of this with Eq. (18.33) shows at onc€^ that the roots of the 
latter are also the roots of the expression (f + l)/f. This expression can 
be zero, however, only when the numerator ^ + 1 is zero. We thus con- 
clude that the roots of f + 1 are the zi, ^ Zn of Eq. (18.33) or (18.34). 
We may therefore state that, if f + 1 has no roots with a positive real 
part, the servomechanism is stable. 

A great simplification results from this use of f, for, in general, it is 
difficult and tedious to determine the roots of an nth-degree equation. 
Such determination can bc^ avoided by use of the following theorem: Let 
a function J{z) be analytic [that is, let f{z) have a continuous derivative] 
for all values of z in and on the boundary of a region /2, and let J{z) be 
different from zero for all ^'s on the boundary curve S. Then, if the 
vector z traces out ^8, the vector f{z) will trace out a closed curve S' in 
the/( 2 :) plane, as indicated schematically in Fig. 18.24. It can be shown 



that the net number of counterclockwise revolutions made by the vector 
f{z) in tracing out S' is equal to the number of roots oif(z) inside the region 
R,* 

In applying this theorem to the stability problem we take the curve S 
as shown in Fig. 18.25a, so as to include in the limit the entire right-hand 
half plane and thus all z^s with positive real parts. The function fiz) 

* A proof of the theorem is outside the scope of this book. A proof is given in 
E. C. Titchmarsh, ^‘Theory of Functions, 2d ed., pp. 115-116, Oxford University Press, 
New York, 1939. 
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= f + 1 is the one to be investigated. All the expressions for f + 1 that 
we shall meet satisfy the requirements for/( 2 :) listed above. 

For the ideal hydraulic servomechanism, Eq. (18.32) reduces to 
Eq. (18.30), so that, if is replaced by 2 , f = Uq/z, The curve S' in the 
f plane corresponding by this expression to S in the z plane is shown in 
Fig. 18.256. The points a' and d' at the origin in the f plane correspond to 



a b 

Fig. 18.25. — Stability diagram for an ideal hydraulic servomechanism. 


a and d, infinitely far from 2 = 0, while the radius Oq/t — > 00 as r — > 0. It is 
seen therefore that, as the tip of the 2 vector moves around the boundary 
S of the right-hand half plane, the vector f + 1 will not make a complete 
revolution about its point of origin —1, and the system will be stable. 

While quite superfluous in the present example, this method of in- 
vestigating stability is simple and rapid, even for complex systems. It 
will be noted that a rough sketch of S' is sufficient, since the only informa- 
tion needed is the number of revolutions made by f + 1 as it traces out the 
curve S', The advantage of this method is brought out by the example 
of the next article. 

18.12. Hydraulic Servomechanism with Leakage and Elasticity. The 

apparatus considered here is the same as that of Fig. 18.17. We neglect 
for the moment any elastic deformation of the system and deal with the 
leakage, which we treat as in Art. 18.8, assuming Qi to be proportional to 
the pressure drop Ap. 

Qi = (18.16) 


The continuity equation [Eq. (18.11)] thus gives 

de'„ „ Cl 


dt 


— (t)pSp ■ 


'Ap 


(18.36) 
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where do represents the angular displacement of the output shaft of the 
rigid system. 

We now take the elastic deformation of the system into account in 
the following approximate way: The sole effect of the elasticity is assumed 
to be a change in angular position of the output shaft that is proportional 
to the output torque Tm- Since Tm is a load torque, its effect is to com- 
press the fluid and expand the pipes, so that the actual output-shaft 
position d„y will be somewhat less than do. The elastic constant of the 
system, is therefore defined as 

Tm = Ceid'o - do) (18.37) 

The torque Tm is expressible in terms of the moment of inertia I and 
the angular acceleration of the load mass, by virtue of Newton’s second 
law. 

(18.38) 


Here it is assumed that Tm is the only external torque on the load mass. 

Another expression for Tm is given by Eq. (18.6), which may be applied 
to nonsteady flow if the mass of all other moving parts is assumed negli- 
gible relative to the load mass. 

Tm = ApD (18.39) 


For simplicity, tjtm has been set equal to unity. 

Combining the last four equations and introducing as before the 
assumption that Sp = Ca{di — do) we get, after some reduction, 


I (Pdo Cii d^do 
Ca di^ pD de 


ddo 

dt 


-|- (ji)pCado = OOpCsdi 


(18.40) 


The primary question is again that of stability, to answer which we 
proceed as before to investigate graphically the zeros of the comple- 
mentary function. Assume, as usual, that di = 0, do = and intro- 
duce the symbols ao = copC*, a2^ CJ/iiD, and az=^ I/Ce. Equation 
(18.40) thus yields 

azz^ + a2Z^ + 2 + ojo = 0 


which will be recognized as the special form of Eq. (18.33) for this system. 
Comparison of Eqs. (18.31) and (18.40) shows that here /3o = ckq, so that 
Eq. (18.35) reduces to 

f + 1 _ aaz® + a2Z^ + ^ I 1 

r ao ^ 




ao 

asz^ + a2Z^ + z 


whence 


(18.41) 
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It is obvious that f ^ 0 as 2; — > oo , so that points a and d of Fig. 18.25a 
are mapped into the origin of the f plane. Also, f ao/z as 2 0. 

Hence, if z traces out a semicircle of very small radius (Fig. 18.25a), f will 
describe a very large semicircle. The behavior of this f is therefore the 
same as that of the previous example, for either very large or very small 
values of z. 

To determine the path followed by f for pure imaginary values, z - io) 
(where — 00 < w < 00), we substitute this value of z in Eq. (18.41) and 
get, after reduction. 


f =- 


aoa2 


alo)^ + (1 “ ^ 30 ^-)“ 


alu)' 


ia^ j l - a^ocP) 

+ a>(l “ asco^)*^ 


(18.42) 


We notice that, as co decreases from very large positive values, the imagi- 
nary part of f is first positive, becomes zero at = 1 / as, and then ap- 
proaches — 00 as CO — > 0. Furthermore, the 
real part of f [/2(r)] is never positive: 
^^(f) — ^ 0 if CO — > QO , and /2(f) = — at 
CO = 0. The positive imaginary axis, there- 
fore, is mapped somewhat as shown by the 
full-line curve of Fig. 18.26. The rest of 
the boundary S of Fig. 18.25a maps into the 
dotted curve. The map of the negative im- 
aginary z axis is simply the mirror image of 
the full-line curve with respect to the real 
axis of the f plane. 

It will be recalled that the criterion for 
stability is that the vector f + 1 make zero 
complete revolutions as it traces the entire 
closed curve of Fig. 18.26. The system will 
thus be stable if the point A lies to the right 
of the point ~ 1, that is, if /2(f) > — 1. 
From Eq. (18.42) we have already seen that 
co^ = 1/0:3 at point A. Therefore, /2(f) = 



Fia. 18.26. — Transfer func- 
tion for a hydraulic servomech- 
anism with leakage and elastic- 
ity. 


a^az/ocT, at A, and the stability condition is 


or 


0-2 

CjJpC.JJlD ^ 
CeCl ^ 


(18.43) 


It was shown above for the ideal servomechanism that the larger cop(7« the 
more rapid the response. Here we see that there is actually an upper limit 
beyond which copC« cannot go without destroying the stability. An in- 
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crease in either the stiffness or the leakage coefficient Ce or Ci improves 
the margin of stability. 

The transient response of the servomechanism is the next point of 
interest. Since Eq. (18.40) is of the third order, one must solve a cubic 
equation to get the complementary function and hence the complete 
solution for a step signal. This difficulty is avoided (unless exact results 
are necessary) by use of the frequency-response method. The value of f 
can be found from Eq. (18.41) if z is replaced by io). Whence 

== 9^ 

f -b 1 di Ci — — a2CO^ + io) -f ao 

Q^o/(- - a2C0“ + ^CJ) n ft 44^ 

1 + ao/{— — 0 : 20)2 + iO)) ^ ^ 

The full-line curve of Fig. (18.26) can be used to obtain graphically 
the value of Co/Ci and corresponding to any given o). In this example, 
however, it is relatively simple to get algebraic expressions for Co/ Ci and 
</), so that a resort to graphical methods is unnecessary. Reduction of 
Eq. (18.44) yields 

do CoC^ tan“i((aj/a(0[(l-a3a()2)(a>VQ!o2)/(l-a‘XX())(wVato2)^ 

“ V[r-"^^/ag)J=+ (a)Va§)lT - a3aS(wVa^^ 

from which it folloW'S that 


and 


Co^ 1 

('i vTl - a2ao(o;2/ag)]2 + {o)^/at)[\ - asalioo'^/aDf 


(18.45) 


tan </) = 


(co/ao)[l - a3ao(coVQ:g)] 
1 - a2o:o(a)‘Va§) 


(18.46) 


These are seen to reduce to the corresponding equations for the ideal 
system [Eqs. (18.23) and (18.24)] if a 2 = as = 0. 

Each of the dimensionless parameters of Eqs. (18.45) and (18.46) has 
a physical significance. The basic parameter co/ ao has already been shown 
to represent the ratio of the forcing frequency to the time constant of the 
ideal system. The parameter a^al = loi^CyCe is a measure of the ratio 
of inertia to elastic effects; the greater the stiffness of the system relative 
to the inertia of the load, the smaller this parameter. Similarly, a 2 ao 
= Io)pCsCi/fiD measures the ratio of load inertia to the viscous forces op- 
posing leakage. 

The stability criterion [Eq. (18.43)] states simply that aza^/a 20 Co < 1, 
or that the ratio of viscous force to stiffness must be less than a certain 
upper limit. It is obvious physically that, the greater the resistance to 
leakage relative to the stiffness of the system, the greater the tendency for 
continued oscillation, i.e.j the smaller the margin of stability. 
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Plots of Eq. (18.45) for several values of ot^o^ and a^ot^ are given in 
Fig. 18.27. Curve a, for the ideal case of infinite stiffness and zero leakage, 
is the same as Fig. 18.19. 

Curve 6, for large stiffness and low leakage, has several desirable char- 
acteristics. The resonance peak is very small and occurs at a high value 

of co/ao, ^50 that the amplitude 
response is better at high fre- 
quencies than in the ideal case. 
The low value of the peak 
means that there will be very 
little overshoot in the response 
to a step signal. Furthermore, 
the occurrence of the peak at 
a large co/oo boosts the cutoff 
value of io/oo from about 1.8 
for curve a to 2.4 for curve h. 
Equation (18.25) thus indicates 
a rise time for h only about 75 
per cent of that for a. The 
stability number «2 is well 
below unity, so that the time required for oscillations to damp out should 
be satisfactorily small. 

Curve c shows what happens if the stiffness is decreased without change 
in the leakage parameter. The amplitude ratio at resonance is 1.56, a 
value that is found to give undesirably large overshoot in the response to a 
step signal. The maximum amplitude ratio that can be tolerated is found 
by experience to be about 1.35. Thus, although the rise time is about the 
same as for 6, curve c is unsatisfactory. Another count against c is the 
relatively large value of the stability number, which means decreased 
damping of the oscillations. 

Curve d shows the effect of an increased leakage if the stiffness is kept 
the same as for c. The amplitude ratio at resonance drops to 1.35, which 
is reasonable, and the margin of stability is improved. The increased rise 
time, accompanying the lowered resonant frequency, may, however, be a 
serious drawback. 

The phase-angle response corresponding to each of the curves of Fig. 
18.27 has been computed from Eq. (18.46) and plotted in Fig. 18.28. The 
most notable feature is that the presence of leakage and elasticity in- 
creases the maximum phase shift from — 7r/2 to — 37r/2. There is little 
to choose among curves 5, c, and d, but curve h seems on the whole to be 
the best. The dotted curve is included to show that the maximum phase 
shift is equal to — tt if the system is assumed to be rigid but to have a 
finite leakage. 



Cl) 


Fig. 18.27. — Amplitude response of a hydraulic 
servomechanism with leakage and elasticity. 
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The results of Figs. 18.27 and 18.28 can be combined on a single polar 
diagram like that of Fig. 18.21. This is left as an exercise for the reader. 

The steady-state error for a displacement step signal is readily seen 
from physical considerations to be zero, since the load has been assumed 
to be entirely due to inertia. For, so long as the error is different from 
zero, Ap cannot be zero, and 
hence, from Eqs. (18.38) and 
(18.39), the load mass will have 
some angular acceleration, do will 
thus continue to change until it 
equals the constant value of di. 

The same thing can be shown 
theoretically from the fact that 
the full-line curve of Fig. 18.26 ap- 
proaches infinity along the nega- 
tive imaginary axis. F urthermore, 
if this curve approached infinity 
along the negative real axis, the 
servomechanism would have a 
zero velocity error [Ij. Proof of 
these statements is beyond the scope of this book. 

It is clear physically that the steady-state displacement error will not 
be zero if there is applied to the output shaft an external torque which does 
not vanish with the angular velocity or acceleration, ddo/ dt or (Pdo/ dP, For, 
in such a case, the steady-state pressure difference across the motor must 
suffice to counterbalance this torque. On account of the leakage, this pres- 
sure difference cannot be maintained without a finite steady-state error. 

18.13. Linear Servomechanisms : Concluding Remarks. The examples 
discussed above are intended to illustrate the two methods available for 
analysis and design of hydraulic (or other) linear servomechanisms and 
to bring out the relative simplicity and power of the frequency-response 
method. 

In both these examples the feed-back circuit has been assumed to give 
proportional control, that is, Sp = C«(0t ” do). It is frequently advan- 
tageous to employ more complicated feed-back arrangements, to give, 
for example, “proportional plus derivative controP' or “proportional plus 
integral control,'' that is, 





Fig. 18.28. — PhaHe-angle response of a 
hydraulic servomechanism with leakage and 
elasticity. 


Sp^c.idi- eo) + G.j^ie,-eo) 

or 

Sp - C,(di - do) + H. r (di - do) dt 

Jo 
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Discussion of such systems cannot be undertaken here. The reader is re 
ferred to problems 18.12 and 18.13, and to the literature [1]. 

18.14. Valve-controlled Servomechanisms. If a translatory motion 
is to be controlled by a hydraulic servomechanism, the simplest scheme is 
to use a hydraulic cylinder connected through a four-way valve to a source 
of high-pressure oil, as shown schematically in Fig. 18.29. Such an ap- 
paratus has many applications, for example, in machine tools, control of 
aircraft, and power steering of heavy vehicles. 



Fig. 18.29. — Schematic diagram of a valvo-controlled liydraulit; HervomechariLsrn. {Courtesy 

of C, E. Grosser.) 


Study of Fig. 18.29 shows that, if the signal shaft is moved, say, to the 
left and then held stationary, the valve will open in such a way as to admit 
high-pressure oil to the right end of the cylinder and permit the low-pres- 
sure oil to flow out of the left end. The piston will then move to the left, 
and the feed-back link will tend to close the valve. 

It will be observed that a given position of the signal shaft implies, 
ideally, a single corresponding position of the power shaft. Actually, how- 
ever, if the mechanism is initially at rest and the signal shaft is displaced, the 
power-shaft position will fail momentarily to correspond to that called for, 
i,e.j an error will be produced. It is the creation of this error that opens 
the valve, thus causing the power shaft to move so as to reduce both the 
error and the valve opening. 

The differential equation of a valve-controlled servomechanism is based 
on the energy principle [Eq. (5.6)] and will involve, inter alia^ the hydraulic 
losses occurring in the system. To a first approximation, the losses in the 
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pipes and fittings can be neglected, as was done previously, by virtue of the 
assumption that Ap/> = = Ap. The loss in the valve of Fig. 18.29 

will, however, become of prime importance as the valve nears the closed 
position. The loss per unit mass of oil varies as the square of the oil 
velocity through the valve, which in turn depends on the product of the 
area of the valve opening and the piston velocity. The resulting equation 
is nonlinear and must be integrated by special methods, such as a step-by- 
step technique [4], or by means of a differential analyzer. 


Top cover cap screw 
Top cover —* — v / 

Tpp cover shim 

Power rack 


Power rack guide baits 



Fig. 18.30. — Valve-con trolled hydraulic steering booster. {Courtesy of F. W. Davis.) 


A detailed discussion of this servomechanism cannot be given here. It 
exhil:)its, however, a behavior which is qualitatively like that of a linear 
servomechanism, i.e.j if subjected to a displacement step signal, it has a 
certain rise time, overshoot, natural oscillation frequency, and decay time. 
The corresponding steady-state error is zero for a pure inertia load, as may 
be seen from a physical argument like that of Art. 18.12. If, however, 
a static force is applied to the output shaft, the leakage necessitates a 
slight opening of the valve to maintain the required pressure difference 
across the piston. A steady-state error results, which is greater the 
greater the leakage. 

The servomechanism of Fig. 18.29 is operated from a constant-pressure 
source of oil. This may be supplied in several ways, for example, by a 
fixed-displacement pump and relief valve or unloader valve, together with 
an accumulator, as described in Art. 18.6. 

In some applications, such as power steering of a truck, it is desirable 
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to dispense with the complication of the accumulator and the associated 
valves. This simplification has been accomplished in one type of steering 
booster by use of a control valve that under static conditions is open in- 
stead of closed [10]. This booster is shown in Fig. 18.30. Oil from a gear 
pump driven at engine speed circulates freely through the open valve unless 
a considerable steering effort is required. If only a small torque is needed 
to turn the wheels, the valve is unaffected, the booster does not operate, 
and steering is done manually in the usual way. If, however, the torque 
on the steering wheel exceeds a predetermined amount, the end thrust 
suffices to move the steering column slightly lengthwise, through compres- 
sion of centering springs. The valve spool, which moves with the steering 
column, is thus displaced from its neutral position, oil is forced to the 
appropriate side of the piston, and the booster functions. 

In addition to its relative simplicity, this type of booster has the ad- 
vantage that the steering effort required of the operator is readily adjusta- 
ble. Some operator effort has been found advisable for safety reasons, since 
a certain ^^feeF^ of the road is thereby obtained, which is absent if the 
entire steering load is taken by the booster. 
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MECHANICAL PROPERTIES OF FLUIDS 

Values of fluid properties are given at several places in the text. These 
places are listed below for easy reference. 

Art. 2.22. Bulk compression modulus of water. Specific-heat ratio, 
gas constant, and specific weight of gases. 

Art. 8.4. Kinematic viscosity: relation between Saybolt seconds and 
centistokes. 

Art. 12.4. Conversion factors for viscosity. 

Art. 12.5. Specific gravity of oils. 

Art. 12.11. Specific heat of oils. 

Art. 12.12. Thermal conductivity of oils. 

Art. 18.7. Kinematic viscosity of hydraulic fluids. 

The following tables give the density p, the viscosity p, and the kine- 
mati(; viscosity v as functions of temperature for several liquids and gases. 
The first two tables are for water and air, since these are the fluids most 
commonly used in engineering practice. 


Properties of Water at Atmospheric Pressure * 


Temperature 

Density 

Viscosity 

Kinematic viscosity 

DegC 

Deg F 

G /cm'’ 

Slug/ft® 

Dyne-sec/ cm* 

Lb-sec/ft* 

Cm* /sec 

Ft2/sec 

0 

32 

0.99987 

1.940 

1.794 X 10-^ 

3.746 X 10-^ 

1.794 X 10-2 

1.930 X 10-‘ 

4 

39.2 

1.00000 

1.941 

1.568 

3.274 

1.568 

1.687 

5 

41 

0.99999 

1.941 

1,519 

3.172 

1.519 

1.634 

10 

50 

0.99973 

1.940 

1.310 

2.735 

1.310 

1.407 

15 

59 

0.99913 

1.940 

1.145 

2.391 

1.146 

1.233 

20 

68 

0.998 

1.937 

1.009 

2.107 

1.011 

1.088 

30 

86 

0.996 

1.932 

0.800 

1.670 

0.803 

0.864 

40 

104 

0.992 

1.925 

0.654 

1.366 

0.659 

0.709 

50 

122 

0.988 

1.917 

0.549 

1.146 

0.556 

0.598 

60 

140 

0.983 

1.907 

0.470 

0.981 

0.478 

0.514 

70 

158 

0.978 

1.897 

0.407 

0.850 

0.416 

0.448 

80 

176 

0.972 

1.885 

0.357 i 

0.745 

0.367 

0.395 

90 

194 

0.965 

1.872 

0,317 

0.662 

0.328 

0.353 

100 

212 

0.958 

1.858 

0.284 

0.593 

0.296 

0.318 


* Data from the “ International Critical Tables" (abbreviation I.C.T.), McGraw-Hill Book Company, 
Inc., 1930. 
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Properties of Air at Atmospheric Pressci{e * 


Temperature 

Density 

Viscosity 

Kinematic viscosity 

Deg 0 

Deg F 

Cl/f'ni^ 

Slug/ft^ 

Dyiie-S(‘c/cni^ 

Lh-sec/ft'^ 

(5n‘Vsec 

J-’tVsec 

0 

32 

1.293X10"^ 

2.510X10”" 

1.709X10”^ 

3.568X10-7 

0.1322 

1.427X10”^ 

50 

122 

1.093 

2.122 

1.951 

4.071 

0.1785 

1.921 

100 

212 

0.946 

1.836 

2.175 

4.541 

0.2299 

2.474 

150 

302 

0.834 

1.619 

2.385 

4.980 

0.2860 

3.077 

200 

392 

0.74(> 

1.448 

2.582 

5.391 

0.3461 

3.724 

250 

482 

0.675 

1.310 

2.770 

5.784 

0.4104 

4.416 

300 

572 

0.616 

1.196 

2.946 

6.151 

0.4782 

5.145 

350 

662 

0.567 

1.101 

3.113 

6.500 

0.5490 

5.907 

400 

752 

0.525 

1.019 

3.277 

6.842 

1 0.6246 

6.721 

450 

842 

0.488 

0.947 

3.433 

7.168 

0.7035 

7.570 

500 

932 

0.457 

0.887 

3.583 

7.481 

0.7840 

8.436 


* Data from the I.C.T. 
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Properties of TjIqitii>s at Atmospheric Pressure * 


Tiunperature 

Density 

Viscosity 

Kinematic viscosity 

DeK('I)<'sF 

G/cin’’ |siug/rt'*, 

1 lyne-sei'/cm^l Lb-sec/ ft^ 

CmV«ec 

Ft^/sec 


( ^‘irhon Tetrachloride 


0 

32 

1.033 

3.170 

1.34 X 10~2 

2.80 X 10“^ 

0.82 X 10-^ 

20 

08 

1 .094 

3.094 

0.97 

2.02 

O.hl 

40 

104 

1.555 

3.018 

0.74 

1.54 

0.48 


Castor Oil 


20 

08 

0.9()0 

1.803 

9.80 

2.059 X 10-‘" 

10.27 

11.05 X 10-3 

40 

104 

0.940 

1.830 

2.31 

0.482 

2.44 

2.03 


Kth,yl Alcohol 


0 

32 

0.800 

1.504 

1.7(K) X 10“^! 

3.738 X 10-^ 

2.221 X 10-2 

2.390 X 10-® 

20 

1 08 

0.789 

1.531 

1.71(1 

3.583 

2.175 

2.340 

40 

104 

0.772 

1.498 

1.047 

3.439 

2.133 

2.295 

00 

140 

0.750 

1.407 

1.581 

3.301 

2.091 

2.250 


Glycerol 


30 

80 

1 .255 

2.430 

3.8 

7.9 X 10-3 

3.0 

3.2 X 10-3 

75 

107 

1 .220 

2.380 

0.24 

0.50 

0.20 

0.22 


Glycol 

25"”|' 77 I l.no r2,Tjr4T 6.174 [ 6.3(i3 X l()->r6.iw I 0.170 xjo'-’ 


Mercury 


0 

32 

13.00 

20.40 

1.0(1 X 10-2 

3.47 X 10-“ 

0.122 X 10-2 

0.131 X lO-*^ 

20 

08 

13.55 

20.30 

1.54 

3.22 

0.114 

0.123 

40 

104 

13.50 

20.20 

1.47 

3.07 

0.109 

0.117 

100 

212 

13.35 

25.91 

1.20 

2.63 

0.094 

0.101 


Methyl Alcohol 


0 

32 

0.810 

l.,')72 

0.808 X 10-^ 

1.687 X 10-3 

0.998 X 10-2 

1.074 X 10 3 

20 

68 

0.791 

1 .535 

0.593 

1.238 

0.750 

0.807 

40 

104 

0.773 

1.500 

0.449 

0.938 

0.581 

0.625 

00 

140 1 

0.753 

1.462 

0.349 

0.729 

0.463 

0.498 


White Mineral Oil (SAE 10) 


T5.5 

60 

oT875 

1.698 

1.29 i 

2.69 X lO-’’ 

1.47 

1.58 X 10-3 

49 

120 

0.855 

1 .660 

0.23C 

0.493 

0.276 

0.297 

93.5 

200 

0.835 

1.621 

0.062 1 

0.129 

0.074 j 

0.080 


White Mineral Oil (SAE 30) 


1 5.5 

60 

0.885 i 

1.718 

3.70 

7”73 X 10-3 1 

4.18 

4.50 X 10-3 

49 

120 

0.865 

1.679 

0.414 

0.864 

0.479 

0.515 

93.5 

200 

0.845 

1.640 

0.88 

0.184 

0.104 

0.112 


* Data for castor oil from “Smithsonian Phyeical Tables,” 8th ed., Smithsonian Institution, 1933. 
All other data from I.C.T., except for the white mineral oils. For these the density was furnished by the 
supplier, and the kinematic viscosity was measured at M.I.T. 
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The viscosity of a gas can be obtained from Sutherland's formula, as 
follows: 


.. .. 273 + C/ T \% 

n fio rp ^c\ 273 ) 

where /xo = viscosity at T = 273 C abs 

C = constant characteristic of the gas 
Values of mo and C for several gases are as follows: 



Mo 



Dyne-sec/cm* 

Lb-sec/ft* 

C 

Air* 

1.71 X 10-4 

3.57 X 10-7 

120 

Carbon dioxide 

1.42 

2.97 

240 

Helium 

1.89 

3.95 

80 

Hydrogen 

0.867 

1.81 

72 

Nitrogen 

1.66 

3.47 

no 

Oxygen 

1.89 

3.97 

131 


* Data for air from I.C.T. All other data from “Smithsonian Physical Tables," 8th ed., Smithsonian 
Institution, 1933. 


Plots of kinematic viscosity versus temperature are given below for 
air and water to facilitate computation of the Reynolds number. 



Temperature, Deg. F 



PROBLEMS 


Chapter II 


2.1. The motor for the hydraulic testing machine 
shown is capable of producing a thrust of 400 lb. It is 
desired to produce a stress (jf 150,000 lb per sq in. (based 
on initial area) in a standard tensile test s[>ecimen of 
0.505-in. diameter. What must be the area ratio of the 
two pistons A and B? 


4001b. 



2.2. The gauge pressure p — po at the liquid surface 
in the closed tank is 3.0 lb per sq in. Find h if the liquid in 
the tank is (a) water; (b) methyl alcohol; (c) mercury. 



2.3. If the pressure difference be- 
tween the two tanks is pa — Pb ~ 142 
Ib/ft* and zi - 36 in., Zi = 30 in., 23 
= 26 in., 24 - 29 in., find the specific 
weight of fluid X. 
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2 . 4 . If the specific weight of concrete is 
150 lb per cu ft, find the vertical reactions Ra 
and Rb for a unit length of the concrete dam. 



2 . 5 . A gate 3 ft square in a verti(!al dam is exposed to the atmosphen* on one side. 
It is located so far below the level of the watejr surface that the center of pressure is 
1 in. below the center of gravity of the gate. How far is the top of the gate below the 
water surface? 


2,6. A rectangular gate 4 by 8 ft, located in a 
slanting wall is held shut by a force F. If the gate 
weighs 500 lb, find F. 



2 . 7 . A rectangular gate 3 ft wide and 2 ft 
high is hinged at the top. Find the direction and 
magnitude of the moment tending to turn the 
gate about the hinge. 



2 . 8 . A container for liquid is made up of 
two hollow quarter cylinders hinged together 
along the edge 00 and held by a straf) at 
each end along the horizontal diameter. If the 
semi cylindrical container is completely filled 
with liquid of density p, find the tension T in 
each strap. 



Problem 2.8. 
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2.9. A (lam is composed of a straight vertical section 
20 ft high and a (piadrant of 10-ft radius. Find the mo- 
ment about P of the vvabu- forces on unit length of the dam. 


Water surface 

' " - " “ j 

) ft. ~_~_r 




P 


Pboblem 2 . 9 . 


2 . 10 . Find tlie forego per miit length F recpiired 
to keej) the gate closed. Neglect bearing friction 
and weight of gate. 



2.11. Determine the lioi izontal force jxir unit 
length F required to kee]) the S-shap(^d gate closed. 
Neglect friction in bearing O. 



Problem 2 . 11 . 


2.12. The si>ecific gravity of the 
right circa dar cylinder shown is 0.9. 
(a) P'ind the specific gravity of the un- 
known fluid, assuming the system to be 
in equilibrium as shown. (/>) Why is 
not this system in stable equilibrium? 
(c) When the system reaches equilibrium, 
where will the toj) of the cylinder be rela- 
tive to the interface between liquids? 



"Wgter 
[\MJn5now^^ 

K \\ \ \ ^'^ \\ \\\ \ 

\\\\\^ W'' \\\\N 

W \\ \\ \ \\ 

il\\ W \\ \\ \ \\ \\^ 

\\\\\\\ \\ \ \\ \N 


Problem 2 . 12 . 
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2 . 13 . A rectangular body of specific gravity % has length o, width 6, and height 
c (a > 6 > c). Determine the maximum value of c for stable flotation in water. 

2 . 14 . A long prism (specific gravity «) the cross section of which is an equilateral 
triangle of side a is assumed to float in water with one side horizontal and submerged 
to a depth t. (a) Find t/a as a function of «. (b) Find the raetacentric height for small 
angles of tilt if s = K- 

2 . 15 . A river barge of rectangular plan and cross section 60 ft long and 20 ft wide 
is loaded to a uniform depth of 4 ft with sand of specific weight 94 lb per cu ft. The 
unloaded barge weighs 50,000 lb, and its center of gravity is 2 ft above the center of its 
bottom. Find (a) the depth of immersion of the bottom of the barge; (6) the metacentric 
height for small angles; (r) the righting moment for a 1-deg angle of tilt. 

2 . 16 . A block 3 ft long, 2 ft wide, and ft high floats submerged half in water and 
half in oil of specific gravity 0.86. Find the specific gravity of the block and the 
metacentric height for small angles of tilt. 


2 . 17 . A rectangular block of specific 
gravity M is 4 ft long and has the cross 
section shown. Find the righting mo- 
ment when the block is tilted as indi- 
cated. 



PliOBLEM 2.17. 

2 . 18 . Find the pressure at an elevation of 9,000 ft if the lapse rate of the atmosphere 
is constant and equal to F \yer ft. The ground-level temperature is 60 F, and the 
barometer reading is 29.8 in. Hg. (The gas constant for air is 53.4 ft per deg F.) 

2 . 19 . The temperature of air at ground level To = 520 F abs, the pressure po 
- 15 Ib/in.® abs (psia). The lapse rate of the troposphere X = Hoo F/ft. The height 
of the tropfjsphere is 7 miles, (a) Find the heights above ground level at which 
p = po/2 and p = po/10. (b) Find the temperature at each level asked for in part (a). 

2 . 20 . A balloon filled with hydrogen (gas constant = 767 ft/deg F) reaches a 
maximum height of 6 miles above the earth. The following are known: 


W = weight of balloon, gondola, etc. (excluding gas), lb 2,000 

Lo — initial lift force (or the tension in mooring cable), lb 200 

To = ground-level temi)erature, deg F abs 525 

Po = ground-level pressure, psia 15 

X = atmospheric lapse rate, deg F/ft Hoo 


Assuming that, at any elevation, the pressure and temperature of the hydrogen 
are the same as those of the surrounding air, find the volume of hydrogen in the balloon 
at take-off and at the maximum height. 

2 . 21 . A balloon 6 ft in diameter is filled with hydrogen at ground-level pressure and 
temperature and sealed. The weight of balloon and load is 4 lb. (a) Neglecting any 
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change in volume of the balloon and using the pertinent data of the preceding problem, 
find the maximum height reached by the balloon, (b) Assuming the temperatures 
of the hydrogen and air to be the same, find the difference between the internal and 
external pressures. 

2 . 22 . A tank containing water slides down an inclined plane under the action of 
gravity. The angle between the plane and the horizontal is a. Find the angle between 
the water surface and the horizontal (a) if the surface is frictionlcss; (6) if the coefficient 
of friction between tank and surface is /i. 

2.23. An automobile manufacturer claims for his car an acceleration from 15 to 
50 mph in 13 sec in high gear. If a glass IJ-tube with vertical legs 2 ft apart is partly 
filled with water and used as an accelerometer, what is the difference in level of the two 
legs for this constant acceleration? For an initial speed of 15 mph, how fast would the 
car be going at the end of 13 sec if the difference in level were H in. larger? If it were 

in. smaller? 

2.24. A vertical cylindrical tank 2 ft in diameter and 4 ft in height contains a water 
layer 2 ft deep and an oil layer 1 ft deep. The sfx^cific gravity of the oil is 0.86. (a) At 
what rotational speed will the oil just reach the rim of the tank? (b) What is then the 
pressure at the intersection of the wall and the bottom? 

2.25. A vertical cylindrical tank 2 ft in diameter and 5 ft in height is half full of 
water, (a) Find the maximum speed with which it can be rotated without spilling any 
water, (b) If the same tank has a cover with a pinhole in the center, is (completely filled 
with liquid of si)ecific gravity 0.89, and is turned at 100 rpm, find the gauge pressure 
at the periphery of the top and bottom and at the center of the bottom. 


2.26. A U-tube containing water rotates about the 
vertical axis CA. (a) If the atmospheric pressure is 14.7 
psia, find the pressure at A for 100 rpnn. (b) Assuming 
the vapor pressure to be zero and neglecting the volume 
of liquid vaporized, find the height of the liquid surface 
in the vertical legs at 950 rpm. (c) What are the levels in 
the legs if the tube rotates about axis BD at 200 rpm? 


C 



2.27. An open can 1 in. in diameter is filled with mercury to a depth of 10 in. 
and whirled at constant angular velocity at the end of a wire. The bottom of the can 
is outermost and descnbes a circle of 3-ft radius in a vertical plane. If the minimum 
tension in the wire during a revolution is equal to zero and the weight of the can is 
neglected, find (a) the angular velocity; (6) the location and magnitude of the minimum 
gauge pressure in the mercury. 
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Chapter III 

3 . 1 . The magnitude of the relative 
velocity at the 8urface of a cylinder in 
two-dimensional incompressible flow is 
given by W — 2Wo sin 6, where W is tan- 
gent to the surfjice and ILo is the velocity 
of the distant fluid. At points A .and B 
construct the vector diagram of the rela- 
tive and absolute velocities. 


3 . 2 . A pipe 10 in. in diameter carries an unsteady flow of incompr(^ssi})le liquid. 
The pipe terminates in a nozzle 0 in. in diameter, find the vc'iocity and acceleration 
of the parallel stri^am leaving the nozzle at the insbint when the velocity and accelera- 
tion in the pipe are 12 ft i)er sec and 2 ft per scj sec. 

3 . 3 . A gas following the* law p = constant pT flows steadily in a horizontal pipe of 

constant cToss-se(;tional area A. If the flow is isothermal and the ratio of the pressunw 
at two sections is po/pi — , find the velocity ratio 

3 . 4 . (a) Incompressible fluid flows radially outw.ard in all directions from a fxnnt 
source. Assuming that the velocity depends only on r, the distance from the source, 
find V as a function of r. (b) Do the same for the axially symmetri(\al flow from a 
line source. 



3 . 6 . (a) A uniform parallel flow of velocity To is superposcnl on the flow from a 
point source discharging at a rate Q. Where is the resultant velocity equal to z(jro? 
(b) Answer the same question if the parallel flow is superposed on a line source of 
strength Q. 


as 


3 . 6 . Show that the rate of change of mass inside a control volume T) can be expressed 



3 . 7 . Standing waves are set uj) in a compressible fluid (‘ontained in a rigid pipe of 
constant cross-sectional area A. The density is uniform over every cross section but 
varies with time t and distance along the pij^e axis x, according to the law 


p = po = (pm — po) sin 


/27rcA . /27rx\ 


where po is tlu; average density, pm is the maximum density, c is the velocity of w.ave 
propagation in the fluid, and X is the wave length. Find the net rate of mass flow at 
any instant out of the hjngth of pipe bounded by tin; i)lanes x = 0 and x = X/4. 


Chapter IV 

4 . 1 . Water flows steadily at a rate of 0.6 cu ft per sec through a horizontal cone- 
shaped contraction the diameter of which decreases from 4.0 to 3.0 in. in a h'ligth of 
1.2 ft. Assuming that conditions are uniform over any cross s(‘ction find the rate 
of change of pressure in the direction of flow at the section 0.6 ft from the ends of the 
contraction. 
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4 . 2 . A two-dimensional duct con- 
tains a straight-sided (contraction. At a 
certain time the How per unit width is 

4.0 stj ft p(cr sec and is incn^asing by 

3.0 s(i ft [)cr sec“\ Assuming the veloc- 
ity to he uniform over any cross section 
find the acceleration at the section 
X — 0.75 ft. 


-^1=1.5 


I 1^ 

b, = 1.2ft. b 

1 


b2=0.6 ft. 

1 ^ 



PlUiBLEM 4.2. 


4 . 3 . Mnd pi — p 2 and Ai/. 42 in terms 

(3f Zi — 22, pa, Pb, ‘‘1.11(1 \\. 



4 . 4 , Air of density 2.38 X 10”^ slug per cu ft flows in the working section of a wind 
tunnel, in which the pressure is atmospheric. One leg of a U-tube c(jntaining alcohol of 
siiecific gravity 0.79 is attached to an impa(‘t tube inside the tunnel. The other leg of 
the U-tub(c is open to the atmosphere. Find the difference in the alcohol levels corre- 
sponding to a vc'locity of 90 mi)h in the working section. 


4 . 6 . (a) Determine the ratio 
(b) Pepeat for a slanted pipe. 


( 1 ) ( 2 ) 



4 . 6 . Water flows from a large open reservoir and discharges horizontally into the 
air, striking the ground a distance x from the nozzle. 

Zi = 30 ft (k — 5 in. 

22 = 20 ft (h — 3 in. 
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Neglecting friction, find (a) velocity Vz at nozzle exit; (b) velocity Vt and pressure pz 
in the pipe near the nozzle; (c) x (assuming parabolic path). 



4 . 7 . Water flows through the system shown. 


2i = 30 ft 
26 = 7 ft 
hz — 1.0 ft 


ds = 3 in. 
dz — (h ~ 5 in. 
dc = 2.5 in. 


The fluid in the manometers is mercury. Neglecting fri(5ti()n, find (a) discharge rate Q; 
{b)hz; {c)K 



4 . 8 . Air flows steadily from a 2-in.-diameter convergent nozzle in a large tank out 

into the atmosphere. The velocity in the tank far from the nozzle is negligible and the 
pressure there is 50 per cent greater than atmospheric pressure. The relation between 
pressure and density anywhere in the flow is == constant. At the nozzle outlet, 

the pressure is atmospheric and equal to 14.7 psia, and the density is 2.4 X 10~* slug 
per cu ft. Find the mass rate of flow through the nozzle. 

4 . 9 . Water in an open cylindrical tank 10 ft in diameter discharges into the at- 
mosphere through a nozzle 2 in. in diameter. Neglecting friction and the unsteadiness 
of the flow, find the time required for the water in the tank to drop from a level 16 ft 
above the nozzle to the 8-ft level. 
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4 . 10 . An irrotational twodimensional flow leaves a 
straight duct and enters a bend of the same width. Assum- 
ing a velocity distribution in the bend like that in a poten- 
tial vortex {Vr — constant), find the velocities at the inner 
and outer walls of the bend. 



4 . 11 . At a distance of 3 in. from the axis of a whirlpool the velocity is 13.1 ft p)er sec. 
At radii of 6 in. and 12 in. find the depression of the free surface below the level of the 
distant fluid. 

4 . 12 . A paddle wheel 6 in. in diameter rotates at 200 rprn inside a (closed circular 
concentric tank 2 ft in diameter completely filled with water. Assuming two-dimensional 
flow in a horizontal plane, considering the water inside the wheel to move as a forced 
vortex and that outside to move as a free vortex, find the difference in pressure between 
the rim of the tank and the center of the wheel. 


Chapter V 

5 . 1 . Water flows through the system shown. Neglect all friction losses except 
those occurring at sections 2 (reentrant pipe), 3 (open globe valve), 5 and 6 (90® elbows), 
7 (sudden enlargement). PJach loss in head is expressed as CV^I2g. 


Z\ 

= 20 ft 

D, 

= De = 3 in. 

Ce 

= 0.75 

Z2 

= 5 ft 


= 5 in. 

Ct 

= 0.41 (based on velocity 

24 

= 2 ft 

c. 

= 1.0 


in 3-in. pii)e) 

26 

= 9 ft 

Ca 

= 7.5 

Pi 

= Po = 15 psia 

K 

= 0.8 ft 






P"ind Fg and 



PaoBi^BM 5.L 
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5 <. 2 . A pump discharges water at a constant rate of 0.80 cii ft per sec. The total 
length of pipe between 2 and 6 is L = 600 ft, and the uniform diameter I) ~ 3 in. 
The loss due to friction in the straight pipe is given by ///pipo = 0.02 {L/ l))V‘^/2g, 
where V is the velocity in the pipe. The loss coefhcients for the cll)ows and valve* are 
the same as in the preceding problem, while the loss (roefheient for the sudden enlarge- 
ment at 6 is 1.0. {a) Eind the gauge pressure at 2. (/>) Neglecting losses in the inlet 

pipe and assuming a pump efficiency of 80 per cent, find the {)ow(‘r input to the pump. 



Problem 5.2. 

6 . 3 . Frictionless incompressible fluid 
is pumped steadily at a rate of 0.8 cu ft 
per sec by the apparatus shown. The 
density of the fluid is 1.6 slug per cu ft. 

At section 2, the pressure is 10 lb per sq 
in. gauge (psig), the velocity is 9.5 ft per 
sec, and the area A 2 — 0.04 st^ ft. At 
section 3, the pressure is 30 psig, and the 
area As == 0.03 sq ft. If the heat transfer 
to the apparatus is 1(X) Btu per min 
(1 Btu = 778 ft-lb), find the power input 
at the shaft. 

6 . 4 . An axial-flow fan absorbing 0.54 hp discharges 5,000 cu ft per min of air having 
a specific weight of 0.0765 lb per cu ft. A water-filletl manometer attachetl to the duct 
downstream from the fan shows that the static pressure at that point excei^ls atmospheric 
by K in. of water. If the air taken into the fan is drawn from a large room where the 
air is at rest at atmospheric pressure, find the loss upstream from the point where the 
manometer is attaerhed. (Duct diameter — 2 ft.) 

6 . 6 . An incompressible fluid flows past one side of a flat pln-te, as shown. The 
velocity at the leading edge of the plate is uniform and equal to To, while tla^ x com- 
ponent u at the trailing edge is distributed linearly across the thickness 62. Find the 
sum of the rates of heat transfer and intrinsic-energy transport out of the control surface 
abed. The result is to be given in terms of p, To, and 52. 


Vo 




Problem 5.5. 
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6.6. The eflicieney of the hydraulic 
turbine 7]^ is defined as the ratio of the 
actual power output to that which would 
subsist if were zero. The efficiency 
of the pump rjp is analogously defined in 
terms of 

VpVt — 

Qp = 0.354 ftVsec; 

Qp = 0.500 ftVsec 

llipa = 9 ft 

Find (a) z\ (b) power ()uti)ut of turbine; 
(r) loss in Mi(‘ tuibiiK', 


6 . 7 . Water flows between the three 
reservoirs as shown. 


Qai, 

= 0.15 ft’Vsec 


= 0.05 fP/sec 


= 30 ft 

Bicb 

= 10 ft 

iilCD 

= 20 ft 

^^KB- 

(b) What is the efficiency 


r}p of the turbine 77 {rjp is defined as in 
Prob. 5.0). (c) What is Uie power 

output of the tuihioe? 


6.8. For the turbine installation 
shown Hiab ^ ^ ^ ^ 

Hi DP = 4 ft. Find (a) velocity at B; 
(/>) power output of turbine; (c) efficiency 
of tui-biiu; rfp, defiiu'd as in Prob. 5.0 (all 
pipe 2-in. diameter). 





6 . 9 . Consider the machine in Prob. 5.8 to be a pump with all losses the same and 
the same reading on the pressure gauge as there given. If water is pumped from E to A, 
find (a) velocity at B; (h) power input to pump; (c) efficiency of pump. 
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Chapter VI 


6.1. A two-dimensional jet of incompressible 
fluid strikes a plane surface. Neglecting friction 
and gravity, find V 2 , Fa, ^2, and 63 in terms of p, 
Fi, i>i, and /3. Plnd also the direction and magni- 
tude of the force j)er unit length needed to hold 
the plate stationary. 



V 


6.2. Find the force F needed to prevent rotation of this 
pipe about the vertical axis 0. 



Problem 6.2. 


6.3. A locomotive pulls a tender at a constant velocity F = 59 ft/sec. The combined 
wind and wheel resistance is D = 400 lb. Water is being scoo]:>ed up at a constant rate 
Q - 10 ftVsec from a trough between the tracks, (a) P'ind the pull F exerted by the 
locomotive on the tender. (6) Find the horsepower developed by the locomotive. 


6.4. Incompressible fluid flows stead- 
ily through a two-dimensional series of 
fixed vanes, a few of which are shown. 
The velocity and pressure are constant 
all along sections 1 and 2. Find the reac- 
tions per unit length 72* and jf2y necessary 
to keep one vane in its fixed position. 
Neglect gravity and friction. 


0 ) ( 2 ) 



Problem 6 . 4 . 


6.6. Find 72* and By for the preceding problem if a loss ^ occurs between sec- 
tions 1 and 2. 


6.6. Water flows steadily through the 
horizontal pipe bend shown. 

Ai =* 0.1 sq ft /3 == 45 deg 
A 2 — 0.2 sq ft 
Fi = 20 ft/sec 
Pi « 20 Ib/in.* abs 
po =* 15 Ib/in.* abs 
Hi, , - 6.0 ft-lb/lb 

(a) Find 72, and By. (b) Show that, if no ex- 
ternal moment is exerted on the pipe, 72 must 
act through P, the intersection of the lines of 
Fi and F^, 
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6 . 7 . Ideal incompressible fluid of density p = 1.94 slugs/ft* flows steadily with 
respect to axes rotating in a horizontal plane at a constant rate N = 200 rpm. The 
relative velocities at two points on the same relative streamline are ITi = 20 ft /sec 
and 1^2 = 15 ft/sec, the flow going from 1 to 2. The normal distances from the axis 
of rotation are n = 1.6 ft and r 2 = 1.0 ft. If the two points are at the same elevation, 
find Pi — p 2 . 

6.8. Repeat the preceding problem if a loss of energy ^ = 2.50 ft-lb/lb occurs 
between points 1 and 2. 


6 . 9 . Water flows through the impel- 
ler of a centrifugal pump as shown. Find 
the torque exerted on the impeller and 
the power required to drive it. The ab- 
solute velocity of the wat^r at the en- 
trance has no tangential component. 

Q = 2 ft^/sec 

Ca) = 100 radians/sec 

ri = 2 in. 

7-2 = 6 in. 
b'i = yi in. 
ft = 120 deg 



6.10. Two horizontal fluid jets strike a flat 
plate, which is held in equilibrium by forces 
whose horizontal components are Fa and Fb. 
Find Fb and b in terms of pi, p 2 , 4i, A 2 , Fi, F 2 , 
a, c, and Fa. 



Problem 6.10. 


6.11. Gasoline is burned in this thrust augmenter at one-thirtieth the mass rate 
of air inflow at 1. The density and ve- 
locity of the air far in front of the aug- 
menter are 2.4 X 10“* slug p>er cu ft and 
200 ft per sec. Ai = 1.5sqft. The mean 
density of the combustion products at 2 
is 0.86 X 10”® slug per cu ft. Assuming 
pi = P2 = Pa and neglecting friction up- 
stream from 1, find the external force F 
on the augmenter. 

6 . 12 . Water flows past one side of 
a flat plate. The velocity is uniform at 
the leading edge and parallel to the plate, 
while at the trailing edge the parallel 
component varies linearly with y,u — ky 
for y ^ h. For y > h u ^ V. Assum- 
ing steady two-dimensional flow, find F, 
the parallel component of the supporting 
force per unit width. 
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6 , 13 . Water flows from the nozzle in this 
tank. 

= 1.0 sq ft Zi = 5.0 ft 

A 2 — 0.02 sq ft Z 2 = 0.5 ft 

a ~ H ft l3 = 60 deg 

Neglecting friction and the weight of the tank 
(but not that of the water), find the support- 
ing forces El, R^x, and Rzy> 



6 . 14 . Neglecting friction, compute 
th(^ axial force produced at flange I when 
water is discharged from this nozzle at 
100 gpm. 


1 


nr 


atsin. ► 

J1 - — 


Pkobi.km G.14. 


1 in. 

i 

7 


6 . 16 . Water flows steadily through 
this closed tank. No force is trans- 
mitted by the flexible union at 1. Neg- 
lecting friction, find the rate of flow and 
R<ix, Ray, and Rb, if 
Ai = 0.03 sq ft 5 = 2 ^ ft 

A 2 — 0.04 sq ft d = 2 ft 

h = 2ft Pi — Pa - to lb/in.2 



d = Oiam: ► 


Pj Water surface 1 

h 

— 




(1) 

RaT^ 

R 

ay ^ 

b 



Problem 0.15. 




1 


6 . 16 . Liquid flows steadily out of the reentrant 
(Borda) nozzle in the wall of this tank. Neglecting 
friction, find the ratio of the jet area to the nozzle area 
a/A (contraction coeificient). 



Problem 6.16. 
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6.17. Water having a constant ve- 
locity Vi strikes a vane moving with 
constant velocity U in the same direction. 
Neglecting friction and gravity, find Rx 
and Ry, the external forces on the vane, 
and the power output if 

Fi = 40 ft/sec U = 30 ft/sec 

Ai = 7r/144 sq ft fi = 20 deg 





Problem 6 . 17 . 


6.18. Water flows through the bend 
and discharges into the atmosphere at 2. 
Neglecting friction and gravity, find the 
supporting force and moment trans- 
mitted to the bend at the flange 1 if 
(> = 10 ftVsec, A 2 - 0.10 sq ft, Ai 
= 0.25 sq ft, h — 5 ft. 



Problem 6 . 18 . 


6.19. A piston at 2 is at rest at time 
t = 0 and is accelerated toward the right 
by the pressure of the fluid in the cylin- 
der. It is required that F be constant at 
all times, (a) Find AF at time t = 1 sec, 
assuming that friction and compressi- 
bility are negligible and that the x com- 
ponent of velocity is uniform over any 
area normal to the x direction, such as A 

Fluid density, p =1.6 slugs/ft* F = 100 lb 

dVo 

Steel density, p# =15 slugs/ft® = 10 ft/sec* 

Area of piston 1, Ai = 0.03 sq ft Zo(0) = 2 ft, /& = 1 ft 

Area of piston 2, A 2 = 0.01 sq ft lc{0) = 2 ft, e = 1 in. 

(h) Find the external supporting force R needed to hold the cylinder stationary, 

(c) Compare the values for AF and R with those obtained for steady flow, assuming 

V 2 — 10 ft/sec. 

6.20. Air flows steadily at a rate of 1 .082 slugs per sec with an upward component 
in a pipe 4 in. in diameter tilted at an angle of 30 deg to the horizontal. At section 1 , 
the pressure is 100 psia and the density is 0.0155 slug per cu ft. At section 2, 50 ft 
downstream, the pressure is 98 psia, and the density is 0.0152 slug per cu ft. Assuming 
the average density of the air between 1 and 2 to be the arithmetic mean of pi and pa, 
find the friction force exerted by the air on the wall of the 50-ft length of pipe. 



Problem 6 . 19 . 

. AF is to be expressed in terms of 
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Chapter VII 

By means of dimensional analysis simplify Probs. 7.1~7.5. 

7 . 1 . The period of a pendulum T is assumed to depend only on the mass m, the 
length the acceleration of gravity g, and the angle of swing 6. 

7 .2. The velocity of propagation V of surface waves on shallow liquid is assumed 
to depend only on the depth of the liquid A, the density p, and the acceleration of 
gravity g. 

7 . 3 . A mass m is mounted on a massless spring of spring constant k and subjected 
to a damping force proportional to the velocity. The damping constant is C. If the 
mass vibrates steadily under the action of a periodic force of amplitude Fo and fre- 
quency /, the maximum displacement xq is assumed to depend only on w, k, C, /, and Fq, 

7 . 4 . The velocity of sound propagation C in a liquid is assumed to depend only on 
the density p, the viscosity p, and the bulk compression modulus [see Eq. (2.11)]. 

7 . 6 . The thrust T of a propeller is assumed to depend only on the diameter /), the 
fluid density p, the viscosity p, the revolutions per unit time n, and the velocity of 
advance relative to the distant fluid V. 

7 . 6 . A ship 340 ft long moves in fresh water at 60 F at 30 mph. Find the kinematic 
viscosity of a fluid suitable for use with a model 12 ft long, if dynamical similarity is to 
be attained. 

7 . 7 . (a) The height h to which a liquid will rise in a small-bore tul>e owing to surface 
forces (the capillary rise) is a function of the specific weight of the liquid 7, the radius 
of the tube r, and the surface tension of the liquid o*. By dimensional analysis, find an 
expression for h involving nondimensional variables only, (b) If the capillary rise 
for liquid A is 1 in. in a tube of radius 0.010 in., what will be the rise for a liquid B 
having the same surface tension but four times the density of A in a tube of radius 
0.005 in,? 

7 . 8 . A test on a 12-in.-diameter model ship propeller indicates 50 per cent increase 
in the relative water speed behind the screw when the towing speed is 10 ft p)er sec and 
the rotational speed is 1,000 rpm. (a) Estimate the corresponding thrust on the model 
propeller shaft. (6) If the prototype propeller is to operate at 200 rpm at a forward 
speed of 25 ft per sec, what will be the thrust on the prototype shaft when operating at 
the same efl^ciency as the model? The fluid (water) has the same density for model and 
prototype. 


Chapter Vm 

8 . 1 , Oil of kinematic viscosity j/ = 4 X 10“* ft^/sec at room temperature flows 
through an inclined tube of % in. diameter. Find the angle a between the tube and 
the horizontal plane if the pressure inside the tube is constant along its length and the 
delivered quantity of oil Q = 5 ftVhr. The flow is laminar. 

8 . 2 . Find the quantity Q, the mean velocity V, and the maximum velocity Vmax 
of an oil of kinematic viscosity >/ == 14 X 10~* ft*/sec at room temperature flowing 
through an inclined tube of 1 in. diameter when the lost head per unit of length Hi/l 
» The flow is laminar. 

8 . 8 . A positive-displacement pump forces oil at a constant rate Q ■= 425 in.*/min 
through a copper tube, as shown, and into a bearing. The pressure pz where the oil 
enters the bearing is required to be 10 psig. The oil properties are p = 1.6 slugs/ft* and 
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p = 5.0 X lO'"^ ft^/sec. The velocity is constant across the cylinder diameter (section 1) 
and across the tube diameter at entrance (section 2). Effects of friction between 1 
and 2 are neglected, (a) Show that the flow in the tube is laminar, (b) Find the power 
output of the pump, (c) Find the percentage error in power for each of the following 
cases: (1) The difference in levels Zz — 22 is neglected. (2) The correction for develop- 
ment of the laminar flow pattern between 2 and 3 is neglected. 



8 . 4 . A steady laminar two-dimensional flow takes place between parallel fixed 
(a) Assuming the velocity to be parallel to the plates, the pressure to be 
independent of and that 

T = /X duldy^ show that 
- Pi 


2/xL 




(b) Show that the volume flow per unit depth 
is 

h ^ipi - P2) 

12 pL 



— ►tL 

_ i 4 

J 


1 y t 

2771 

— ►rL 


1 

L ► 





( 1 ) 


( 2 ) 

Problem 8.4. 


8 . 6 . A horizontal crack 0.01 in. wide and 10 in. long extends completely through a 
wall that is 10 in. thick. Water at 70 F stands on one side of the wall; the other side 
is open to the atmosphere. If the water surface is 10 in. above the crack, estimate the 
leakage rate through the crack. 

8 . 6 . Find Reynolds number for water at 50 F flowing (a) in a capillary tube of 
J'i in. diameter with a velocity of 4 in. per sec; (/>) in a pipe of 8 in. diameter with a 
velocity of 3 ft per sec; (c) in a pipe of 5 ft diameter with a velocity of 6 ft jjer sec. 

8 . 7 . What is the velocity for each of the three cases of the preceding problem when 
the flow changes from turbulent to laminar? 

8 . 8 . In order to obtain the same friction factor for water of 60 F flowing through a 
certain pipe and for air at the same temperature and at atmospheric pressure flowing 
through the same pipe, what must be the ratio of the volume rates of discharge? 

8 . 9 . Water flows steadily through a smooth circular pipe lying horizontally. The 
discharge rate is 1.5 cu ft per sec; the pipe diameter is 6 in. Find the difference in 
pressure between two points on the pijje separated a distance of 400 ft if the water 
temperature is 60 F. 

8 . 10 . Repeat the preceding problem assuming that the pipe is tilted upward in the 
direction of flow at an angle of 10 deg with the horizontal. 

8 . 11 . A new steel pipe 4 in. in diameter and 100 ft in length is attached to a large 
reservoir. The pipe slopes downward at an angle of 15 deg to its free end, which is 
50 ft below the water level in the reservoir. Neglecting all losses except those due to 
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pipe friction, find the rate of discharge. The water temperature is 50 F. A trial- 
and-error method must be used. 

8 . 12 . A fan is required for delivering 100 cu ft per sec of air at the upper end of a 
vertical smooth- walled duct 18 in. in diameter and 40 ft in length. Neglecting all 
losses except those due to pipe friction in the duct and assuming the fan to be located 
in a room in which the air is at atmospheric pressure, find the necessary power input to 
the fan. The air temperature is 80 F. What error is made if variation of atmospheric 
pressure with height is neglected? 

8 . 13 . Two pipe lines are connected to a large water reservoir and have free dis- 
charge at the outlet ends. One is 6 in. in diameter and 1,000 ft in length, with outlet 
12.5 ft below the reservoir water level. The other is 8 in. in diameter and 2,000 ft in 
length. The combined discharge rate is 2.00 cu ft per sec. Assuming that / = 0.018 
for each pipe and neglecting entrance losses, find how far the end of the 8-in. pipe is 
below the water level in the reservoir. 

8 . 14 . Solve the preceding problem if the 8-in. pipe is terminated by an open-gate 
valve and contains three standard 90-deg elbows, while the 6-in. pipe terminates in an 
open globe valve. The over-all discharge rate is assumed to be the same. 

8 . 15 . A smooth rectangular duct, 12 by 24 in. in cross section and 150 ft long, con- 
tains two 90-deg bends with a 16-in. inside radius. The free end of the duct is 15 ft 
higher than the inlet end. Find the reading (inches of water) of the water-filled U-tube, 
attached as shown, if the discharge rate is 75 cu ft per sec of air at 85 F. 


(2) 2 ft. 



PKOBL.EM 8.15. 


8 . 16 . Water flows uniformly through 
the rectangular open channel, as shown. 

The channel is made of finished concrete, 
for which the friction factor / = 0.0217. 

Find angle of slope /S. 

8 . 17 . Two identical parallel pipes leave a reservoir at a distance H below the water 

surface. Each pipe has length L, diameter /), and friction factor /. Two cross con- 
nections are located a distance aL apart. The 
length aL of one pipe lying between the connec- 
tions is closed, the flow being as shown in the 
figure. Find the percentage decrease in dis- 
charge if D = 6 in., / =* 0.020, L « 2,000 ft, 
a Neglect all minor losses and losses In 

branches. Problem 8.17. 




Problem 8.16. 
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8 . 18 . Water at 72 F is pumped 
through cast-iron pipes to reservoirs A 
and B. The discharge at the pump is 
3 cu ft per sec, while 0.8 cu ft per sec 
flows into B. Neglect friction loss in the 
intake pipe CD and other minor losses. 

(a) Find the head imparted to the water 
by the pump. (6) Find the head lost at 
valve X. 

Pboblem 8.18. 

8 . 19 . A straight 10-in. pipe 2 miles long ruiLS between two reservoirs of surface 
elevations 450 ft and 200 ft. A parallel 12-in. line 1 mile long is laid from the mid- 
point of the 10-in. hue to the lower reservoir. Neglecting all minor losses and assuming 
a friction factor of 0.02 in both pipes, find the increase in discharge rate caused by the 
addition of the 12-in. pipe. 

8 . 20 . An 18-in. pipe divides into 8- and 6-in. branches, which rejoin. If the 6-in. 
branch is 5,000 ft long, how long must be the 8-in. branch for the flow to divide equally 
when 5 cu ft per sec flow in the 18-in. pipe? The 8-in. branch is cast iron, and the 
6-in. branch is smooth. The water temperature is 65 F. 

8 . 21 . The pressure p 2 at a distance L down- 
stream from a sudden enlargement is equal to pi, 
the pressure at the enlargement. Assuming 
= V2Z) and a friction factor of 0.02, find L/D%, 


8 . 22 . Ethanol at 65 F flows in this cast-iron pipe. 

Pi - P2 = 3,500 lb/ft=* 

Zi — zi — 30 ft 
L - 150 ft 
Z) = 3 in. 

Find Q. 

Problem 8.22. 

8 . 23 . A gauge at 2 reads 78 lb per sq in. The measured torque on the pump shaft 
is 32.8 ft-lb, and the speed is 1,625 rpm. The discharge pipe is smooth and contains 
two 90-deg elbows. Neglecting loss in the short entrance pipe, find the pump efficiency. 

p. 







Problem 8.23. 
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8 . 24 . A pump that is capable of delivering any desired volume of water at 60 psig 
is connected by a horizontal 2-in. steel pipe 1,000 ft long to a machine requiring water 
at 20 psig. What is the maximum volume that can be delivered at 65 F? 

8 . 25 . An oil having a kinematic viscosity of 60 Saybolt universal seconds and a 
specific gravity of 0.86 flows through a 3-in. standard orifice in a 5-in. pipe. If the pres- 
sure drop across the orifice is 40 lb per sq in., find the rate of discharge. 

8 . 26 . Two horizontal pipes of equal length carry air and water, respectively, at 
60 F at velocities such that the Reynolds numbers and pressure drops for each are the 
same. Find the ratio of the mean air velocity to that of the water. 

8 . 27 . Water flows in turbulent fashion tlirough a smooth pipe of diameter D and 
a square pipe of area In which pipe will the pressure drop per unit length be greater 
if the discharge rates are the same? Explain. 


Chapter IX 

9 . 1 . Air leaves a reservoir in which the pressure and density are po and po and ex- 
pands isentropically through a convergent-divergent nozzle. The exit velocity Fj is 
1.70 times as great as the sound velocity in the reservoir. Find the ratio of the exit 
diameter to that at the throat d^/dt, p*/po, aod pa/po. 

9 . 2 . Suppose that a transverse shock occurs in the nozzle of the preceding problem 

at a section 2 where dk/dt = (a) Find Fi/Co and F2/C0, where Vi and Vi are 

the velocities immediately above and below the shock and Co is the sound velocity in 
the reservoir. (5) Find F3/F2, pj/po, and pa/po, where subscript 3 refers to the nozzle 
exit. 


9 . 3 . Derive Eq. (9.21). 

9 . 4 . Air leaves a reservoir in which the pressure and density are po and po and 
expands isothermally through a convergent-divergent nozzle. The exit velocity F3 
= l.TOVpo/po. (a) Find pt/po, the ratio of the throat pressure to that in the reservoir. 
if)) Find ds/dt, the ratio of exit to throat diameter, (c) Find d,/dr, where d, is the di- 
ameter where the local sound velocity occurs. 

9 . 5 . (a) If the friction factor / is assumed to be constant in an isothermal flow of 
gas through a horizontal tube, show that 


/^ _ 2 r p? 
d GL2GgRTi 


(1-^) 


\ vi! 

Pd 


where d and I are the diameter and length of the tube, G is the mass rate of flow per 
unit area, and subscripts 1 and 2 refer to the upstream and downstream ends of the 
tube, respectively. (6) If the critical velocity is reached in the tube, show that the 
above expression reduces to 

•2 = Pf _ 1 I ^VgRTi pi^^pt 
d pi Pi Pi Pi 

9 . 6 . (a) For an isothermal flow of air through a horizontal smooth pipe 0.1 ft in di- 
ameter, Ti ~ 540 F abs, pi « 30 Ib/in.*, and P2/P1 =* 0.5. The critical velocity is reached 
in this flow. Assuming the relation between friction factor and Reynolds number to 
be the same as for incompressible flow, find the length of the pipe. (5) Using the 
arithmetic mean of the initial and final velocities, estimate the time required for a 
sound wave to be propagated from the downstream to the upstream end of the pipe, 
and vice versa. 
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9 . 7 . What would be the maximum length of the pipe of the preceding problem 
if the mass flow per unit area were 1.5 times larger and pi and Ti were unchanged? 

9 . 8 . For an isothermal flow of air through a horizontal smooth pipe 0.1 ft in di- 
ameter, Ti ~ 700 F abs, pi — 1.0 lb/in.*abs, andp 2 /pi = 1.1. Assuming the critical ve- 
locity to be reached in this pipe and that subcritical speeds do not occur in it, find the 
length of the pipe. 

Chapter X 

10 . 1 . Find the terminal velocity of a steel sphere of specific weight y, = 0.28 Ib/in.* 
and 0.0175 in. diameter, falling freely in oil of specific weight yo = 0.032 Ib/in.* and 
viscosity p = 7.0 X 10“® Ib-sec/in.^ 

10 . 2 . A solid spherical particle of radius a and density p, is whirled in a horizontal 
circular path of radius r with a tangential velocity Vt by means of an inwardly spiraling 
flow of air of density p and viscosity p. Assuming that Stokes’s law applies, find the 
inward radial component of air velocity Vr. Assume that p« = C.O slugs/ft*, a = 8.0 
X 10-« ft, Vt = 150 ft/sec, M = 3.6 X lO"’ lb-8ec/ft^ r = ^ ft. 

10 . 3 . A disk 6 in. in diameter is set normal to the velocity of an air stream. The 
measured drag of the plate is 0.89 lb when the air velocity is 60 ft per sec and the air 
temperature is 80 F. Find the drag of a disk 15 in. in diameter similarly arranged in a 
flow of water having a velocity of 15 ft per sec and a temperature of 50 F. 


10.4. Find the steady-staU^ angular ve- 
locity CO of the foiir-(;up anemometer. Con- 
sider only the position shown, that is, arm Vq 
1-2 normal to Vq and arm 3-4 parallel to F©. p 
Neglecd any torque exerted by cups 3 and 4. 

Fo = 60 ft/sec, p = 2.4 X 10'‘*slug/fF. 


1 



10 . 6 . A rising spherical weather balloon 6 ft in diameter is filled with hydrogen 
of specific weight 0.00416 lb per cu ft. The specific weight of the surrounding air at 
that level is 0.0600 lb per cu ft. If the combined weight of the rubber envelope plus 
instruments is 6 lb, find the rising velocity F. (Temperature == 500 F abs.) 

10 . 6 . A sphere 8 in. in diameter is found to have a drag of 1.80 lb in air at 80 F 
having a relative velocity of 150 ft per sec. (a) Find the velocity at which the drag 
of a 2-ft sphere immersed in water at 50 F can be determined from the above data. 
(l>) What is the drag of the 2-ft sphere for the velocity found in a? 

10 . 7 . If the vertical component of the landing velocity of a parachute is equal to 
that acquired during a free fall of 6 ft, find the diameter of the open parachute (hollow 
hemisphere), assuming the total weight to be 250 lb and an air density of 2.4 X lO”*’ 
slug per cu ft. 

10 . 8 . A rectangular billboard 10 ft high by 50 ft long is erected on an open scaffold 
some distance above the earth’s surface. A 100-mph gale strikes the board normally. 
If the air density is 2.4 X 10“* slug per cu ft, find the total force due to wind pressure. 
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10.9. A bracing wire V 20 in. in diameter is found to vibrate at 930 cps when the 
speed of the airplane Is 60 mph. If the natural frequency of the strut is 500 cps, at what 
speed is the amplitude of vibration likely to become dangerously large? 

10.10. A flat plate 2 ft long is set parallel to a flow of air at a temperature of 70 F. 
The velocity of the air far from the plate is 40 ft per sec. (a) Find the maximum thick- 
ness of the boundary layer, (b) Find the over-all drag coefficient, (r) Find the total 
drag per unit width of the plate if the air covers both sides. 

10.11. Repeat the preceding problem if the plate is immersed in water at 60 F, 
assuming the Reynolds number to be unchanged. 

10.12. A flat plate 10 ft long is immersed in water at 60 F, flowing parallel to the 
plate with a velocity of 20 ft per sec. Neglect the laminar part of the boundary layer, 
(a) Find the approximate boundary-layer thickness at a: = 5 ft and x — 10 ft, where x is 
measured from the leading edge. (6) Find the over-all drag coefficient, (c) Find the 
total drag per unit width of the plate if the water covers both sides. 

10.13. A flat plate 4 ft long is immersed in air at 70 F flowing parallel to the plate 

at a speed of 50 ft per sec. Assume the critical Reynolds number is 5 X 10^. (a) At 

what distance from the leading edge does transition occur? (6) Plot the local drag 
coefficient 2ro/pF^ as a function of Vx/v, (c) Find the total drag per unit width of the 
plate. 

10.14. Find the ratio of the friction drags of the front and rear halves of a plate 
of total length I if the boundary layer is completely turbulent and follows the one- 
seventh-power law of velocity distribution. 

10.15. A ship 160 ft long requires 200 hp to overcome the resistance to motion at 
20 ft per sec. Find the friction and residual drags if the wetted area is 4,000 sq ft. 
Assume p = 1.94 slugs/ft® and = 1.2 X 10”‘ftVsec. 

10.16. A model vessel having a submerged surface area of 8.0 sq ft and length 
7.0 ft has a total drag of 0.95 lb when towed at a velocity of 5.14 ft per sec. Assume 
the friction drag of the submerged part of the hull to follow the same law as a flat plate 
of the same length, set parallel to the velocity, and covered with a completely turbulent 
boundary layer. The density and kinematic viscosity of the water are the same as 
in the preceding problem, (a) Find the friction drag of the model hull. (6) Find the 
total drag of a geometrically similar hull 25 times as long as the model when moving 
at corresponding speed. 


Chapter XI 

11.1. Given the stream function = Vy. (a) Plot the streamlines, (b) Find the 
X and y components of velocity at any point, (c) Find the quantity flowing between 
the streamlines y = 1 and y = 2. 

11.2. Find the stream function for a parallel flow of uniform velocity V making 
an angle with the x axis. 

11.3. Given the stream function ^ = Axy(A > 0). (a) Sketch several stream- 

lines. (6) Find the x and y velocity components at 0, 0; 1, 1; oo, 0; 4, 1. (c) Find 
the quantity crossing any line joining points 0, 0 and 1,1; points 1, 3 and 7, 5. 

11.4. Given the stream function ^ = Zx^y — y\ Express this in polar coordinates, 
recalling that sin 3^ *= 3 sin ^ cos* $ — sin* 6, Sketch the streamlines, and determine 
the magnitude q£ the velocity at any point. 
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11.6. A fluid Hows along a flat surface parallel to the x direction. The velocity u 
varies linearly with y, the distance from the wall, that is, u = ky. {a) Find the stream 
function for this flow, (b) Determine whether or not the flow is rotational. 

11.6. The flow in a laminar boundary layer on a flat plate is given approximately 
by the stream function 

4' = V^V + - j for 0 $ 3 / ^ 5 

where To is the velocity outside the boundary layer, 5 is the boundary-layer thickness, 
and y is the coordinate normal to the plate. Variation of 6 with x is neglected, (a) Sketch 
the streamlines, {h) Determine the velocity, rotation (vorticity), and shearing stress 
at any point if the viscosity is {jl, 

11.7. Show that in polar coordinates the rotation, or vorticity, is given by the 
expression 

^,Ye_ I dVr 
dr r r 66 

A A 

11.8. Given: Vr — - ^ Ve = — (A > 0). Find \f/, and sketch a few streamlines. 

r r 

11.9. In Prob. 11.1 to 1 1.4, find the velocity potential, and sketch lines of constant <t>. 

11.10. Given the velocity potential <f> — AS (A > 0). (a) Sketch lines of 0 =* con- 
stant. (b) Plnd the velocity components at any point (r,^). (c) Find and sketch a 

few streamlines. 

11.11. Given the stream function 4^ — {}i)r^ sin 0^)6. (a) Plot the streamline 
^ = 0. (6) Find the velocity at r = 2, ^ = 7r/3 and r = 3, ^ tt/G. (c) Find the 
velocity potential <t>. 

11.12. A two-dimensional flow of ideal incompressible fluid is composed of a parallel 
flow of velocity Fo, a source of strength Q, and sink of strength —Q, separated by a 
distance b in the direction of the parallel flow, the source being upstream from the sink. 
(a) Find the resultant stream function and velocity potential, (b) Find the distance 
from the upstream stagnation point to the source. 

11.18. Find the stagnation points on a cylinder of 1-ft radius if the velocity in the 
undisturbed stream Fo = 15 ft/sec and circulation F = — 90 fP/sec. 

11.14. (a) In order to have a lift force of 5 lb per ft of length on the cylinder of the 
preceding problem, how large must be the circulation if Fo = 15 ft/sec and the density 
is 2.4 X 10”® slug per cu ft? (b) Find the points of maximum and minimum pressure 
on the cylinder, (c) Plot the pressure distribution on the cylinder. 

11.16. A cylinder of radius a == 0.5 ft is submerged in a flow of ideal fluid having a 
velocity Fo = 60 ft/sec. If 2(p — po)/pFj = — 8 at the top of the cylinder, find the 
velocity at this point and the circulation. 

11.16. A long cylinder of radius a is immersed in air having velocity Fo and is 
rotated clockwise with an angular speed a? such that the observed flow pattern resembles 
the theoretical pattern in which the stagnation points coincide, (a) Find the theoretical 
lift coefficient. (5) Find co, assuming that the peripheral speed of the cylinder equals 
the maximum theoretical velocity of the fluid at the surface of the cylinder. 

11.17. In a two-dimensional flow of ideal fluid r)ast a cylinder of radius a the maxi- 
mum velocity is 6 times that of the undisturbed stream Fo. (a) Show that tb© nmximum 
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velocity occurs on the cylinder, (b) Find the circulation and the distance of the stag- 
nation point from the center of the cylinder. 

11 . 18 . A ship having a water-drag coefficient of 3.55 X lO”’* based on the wetted 
area of 1,000 sq ft has (in place of sails) two identical 20-ft-high cylinders, or rotors, 
each of which spins about a vertical axis. The ship moves on a fresh-water lake at a 
constant speed F,, which is parallel to the resultant force of the wind on the rotors. 
The absolute wind velocity is V. Assuming that F* = F/2 and that the lift and drag 
coefficients based on the projected rotor area are 10 and 5, respectively, find the radius 
a of the rotors. Assume the density of air to be 2.38 X 10”^ slug/ft^. 

11 . 19 . Let <l>c and be the velocity potentials for compressible and incompressible 

flow, respectively, about a given thin profile in a given altitude; <^c satisfies Eq. (11.50), 
and <t>i satisfies Eq. (11.51). (a) Show that Eqs. (11.50) and (11.51) are satisfied if 

4>i = k<l)c, where k is an arbitrary constant, (h) Using the condition that the slope of a 
streamline at the profile surface must be the same in both compressible and incompres- 
sible flow, show that k must equal UiVl — AP/Uct where Ui and Uc are the velocities 
of the distant fluid, (c) Verify Eq. (11.58). 

11 . 20 . An airfoil moves with a speed of 550 ft per sec at a given angle of attack, 
at sea level and at a 10,000-ft altitude. Taking the gas constant for air as 53.3 ft per 
deg F and assuming a sea-level temperature of 50 F and a lapse rate of J^oo F per ft, 
estimate the ratio of the lift c(3efficients and the ratio of the lifts. 

11 . 21 . A two-dimensional parallel flow of air is deflected by a flat plate set at an 
angle of 20 deg to the undisturbed flow. The stagnation temperature and pressure 
of the air are 60 F and 14.7 psia. The Mach number of the undisturbed flow is 2.02. 
(a) Find the pressure of the undisturbed flow, (b) Find the pressure on the high-pressure 
side of the plate and the angle of the shock wave set up at the leading edge of the plate, 
(c) By plotting an epicycloid, as in Fig. 11.45, find graphically the velocity on the low- 
pressure side of the plate, (d) Find the normal force i>er unit area of the plate. 

11 . 22 . From Eqs. (11.2) show that 

^ ^ ^ (<^P/P) -f dV^/2 ^ __ {dy/p) + dVV2 

dx dy V sin ds dQ 

where ds and P are as shown. Explain how this result 
proves the rotation to be independent of the choice of axes. 

11 . 23 . (a) Using the result of Art. 11.3 that (D/dt)[_{dv/dx) — (dw/d?/)] = 0, show 
that, although yf/i = kiy^/3 and = k 2 X ^/2 both satisfy Eqs. (11.2), their sum does not. 



Chapter Xn 

12 . 1 . A thrust bearing supports a total thrust of 3,000 lb. There are four slippers, 
each having Z * 6 = 3.00 in. The point of support of each slipper is at a distance of 
6 in. from the axis of the shaft and 1.83 in. from the leading edge. The shaft turns at 
750 rpm, and the oil viscosity is 6 X 10“* lb-sec per sq in. Assuming that the flow 
under each slipper is the same as that for a two-dimensional slipper bearing with sliding 
velocity equal to that under the point of support, find the angle of tilt of the slipper 
and the minimum film thickness. 
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12.2. The fixed shoe of a slider bearing is 2 in. long (in the direction of motion) 
and 4 in. wide and is fixed at an inclination of 4 min. The oil to be used has a viscosity 
of 40 centipoises at the operating temperature. The speed of the moving slider is 30 ft 
per sec. What load can the bearing carry if the minimum film thickness is not to be 
less than 0.002 in. for safe operation? 

12.3. Calculate the friction coefficient and total power requirements for the two 
bearings of a grinder, assuming the shaft and bearings to be practically concentric. 
Length of each bearing is 5.00 in., shaft diameter is 2.50 in., clearance ratio is 1 part 
per thousand, shaft speed is 1,500 rpm, total load on both bearings is 1,100 lb, oil viscos- 
ity is 5.84 X 10~* lb-sec per sq ft. 

12.4. The load capacity for a perfectly lubricated journal bearing can be defined 
as the load at which the minimum film thickness is half the radial clearance between 
shaft and bearing. The corresponding value of the Sommerfeld variable is 0.034. What 
is the load capacity of each of the bearings of the preceding problem if the effect of side 
leakage is neglected? 

12.6. A full journal bearing 6.4 in. long, 2 in. in diameter, and having 0.0018 in. 
diametral clearan(!e runs at 800 rprn. If the minimum film thickness for safe operation 
is not to be less than 0.0005 in., what oil viscosity at the oiierating temfierature is re- 
quired to carry a load of 3,000 lb? What is the power consumption? Neglect the effect 
of side leakage. 

12.6. If account is taken of side leakage in the bearing of the preceding problem, 
what oil viscosity will be required? 

12.7. The following are given for a journal bearing: shaft diameter D = l.(X) in., 
bearing length L = 2.00 in., clearance ratio D/C — 1,000, speed n = 50 rps, room 
temperature To = 80 F, specific weight of the oil y — 0.0314 Ib/in.®, specific heat of the 
oil c ~ 193 Btu-in./lb sec^ F, oil viscosity pt = 0.0250/7^ Ib-sec/in.^, where T is oil tem- 
perature in degrees Fahrenheit. Assuming that Petroff^s equation applies and neg- 
lecting any heat transfer from the bearing to the surroundings, determine the rate of oil 
flow needed to limit the oil temperature to 150 F, The oil enters the l)earing at room 
temperature. 

12.8. The friction coefficient for a journal bearing is given by 

g/=15(g/f + 5.0 

provided that (D/C)2(/xn/P) is not less than 0.006. If {D/Cy{nn/P) is less than 0.006, 
the bearing seizes. The viscosity of the oil is = 3.60/ T® Ib-sec/ft^, where T is in 
degrees Fahrenheit. The rate of heat transfer from the bearing is ofirDZ/CT — To) Btu 
per sec, where T and To are the temperatures of the oil and the surroundings, respec- 
tively. The following are known: n = 15 rps, Z> = 0.17 ft, L = 0.12 ft, D/C ^ 1,000, 
7^0 = 80 F, a =* 1.50 X 10~3 Btu /sec ft* F. There is no appreciable flow of oil through 
the bearing. Assuming the maximum allowable oil temperature to be 220 F, find the 
maximum allowable value of P, the load per unit projected bearing area. 

12.9. The friction coefficient for a journal bearing is the same as for the preceding 
problem; the limits on {D/C)\ixn/P) are also the same. The following are known: 
P = 800 Ib/in.*, n = 15 rps, D = 0.17 ft, L * 0.12 ft, D/C = 1,000, a - 1.60 X 10“* 
Btu/sec ft* F, To = 70 F, oil density p = 1.73 slugs/ft*, specific heat of oil c « 16.1 
Btu/slug F, rate of oil flow through bearing Q = 4.0 X 10“® ft*/sec. Assuming that the 
maximum oil temperature cannot safely exceed 180 F, find the maximum and minimum 
allowable values of viscosity. 
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12 . 10 . A 3-in. shaft rotating at 2,000 rpm carries an assembly that is free to rotate 
about it and is driven in the same direction by a 2.5-to-l gear reduction. The assembly 
carries an eccentric weight that applies a centrifugal load ecjuivalent to 5,000 lb at this 
speed. The oil has a viscosity of 3 centi poises at the o{)erating temperature. How 
long should each of the two shaft bearings be made if the safe minimum film thickness 
is 0.0002 in.? Follow the usual design practice of taking the clearance ratio as 1 part in 
a thousand. Neglect side leakage. 

Chapter XIV 

Mechanical efficiency rim = 1.00 in all problems for this chapter. 

14 . 1 . A Pelton turbine has a diameter of 78 in., a speed of 300 rpm, and a bucket 
angle = 165 deg (see Fig. 14.2, page 343). The exit diameter of the nozzle is 8 in., 
the base diameter is 12 in., and Cv and Cc are 0.97 and 0.80, respectively. (See pages 
154 and 156 for definitions of Cv and Cc.) (a) Find the maximum power output, neglect- 
ing loss at the buckets. (6) Find the efficiency of the turbine (wheel and nozzle com- 
bined). 


14 . 2 . The velocity diagrams for the 
runner of a Francis turl)ine are shown. 
The discharge is 159 cu ft per sec, the 
head is 350 ft of water, the speed is 410 
rpm, ri = 2.0 ft, ai = 18 deg, Vi — 117 
ft/sec, and the tangential component of 
the absolute velocity at the runner exit 
Vti is z(‘ro (cti = 90 deg). Find /3i, the 
torque, the output power, and efficiency. 


Problem 14 . 2 . 



14 . 3 . At 240 rpm the pressure at the entrance to a hydraulic-turbine runnier is 
27.5 psia, while that at exit is 4 psia. Referred to the figure of Prob. 14.2, the other 
data are 

a 2 = 90 deg n = 3.0 ft Wi = 55 ft/sec 

02 = 160 deg r 2 = 2.5 ft Zi = Z 2 

Compute the loss in the runner 


14 . 4 . Referred to the figure of Prob. 14.2, the data for a Francis turbine are 
0 = 113 ftVsec 0 ) — 4.50 radians/sec 


n = 4.67 ft 
ra = 4.00 ft 
ai = 12 deg 


Width of runner = b = 0.97 ft 
Loss in runner = — - ft 

p 2 = 5 psia 


Fla == 0 


Find the pressure pi at the runner entrance, and 


14 . 6 . A Pelton water wheel is 10 ft in diameter and operates at 250 rpm. (a) When 
operating at the theoretical condition for maximum efficiency, what head of water 
will be required at the inlet to the nozzle if the outlet diameter of the nozzle is 6 in., 
Cv * 0.98, and Cc *= 0.85? (5) If the specific speed of this turbine is 2.7, what is its 
over-all efficiency? 
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14.6. A Francis turbine operates under the following conditions (see the figure 
of Prob. 14.2): 

Wi = 5 ft/sec 

W 2 = 20.3 ft/sec 

CO =5 radians/sec 

r2 = 4 ft 

n — 5 ft 

0:2 = 90 deg 

Width of runner = 1 ft 

(a) Find the flow through the turbine, (b) Find the torque. 

14.7. A turbine develops 640 hp at an efficiency of 86 per cent under head of 40 ft 
when fitted with a cylindri(!al draft tube 5.0 ft in diameter. Determine the increase in 
power and effi(;ieney if a (jonioal draft tube 7.5 ft in exit diameter is substituted for the 
cylindrical one. Assume th(^ discharge, head, and speed to remain the same and that 
the losses in both draft tubes are th() same. Assume that Vt — 0 for each tube. 


14.8. A vertical cone-shaped draft tube 23 ft long is 6 ft in diameter at the top 
(section 1) and 8.4 ft in diameter at the bottom (section 2). The lower end of the tube 
is 5 ft below' th(5 tail-water level. The discharge rate is 810 cu ft per sec. Assume 
the loss in the tube to be ~ 0 -fi(F?, 2 / 2 ^) where F „2 is the axial velocity component 
at the exit, (a) If the circulation in the draft tube is zero, find the gauge pressure at 
the wall at 1. (h) If there is in the draft- tube a free vortex w ith a core of constant 

radius Vc and a constant circulation F, show that the kinetic energy resulting from the 
tangential velocity components that crosses section 2 per unit time is 




(r) Find the gauge pressure at the wall at 1 if F = 200 ftVseo and Tc = 0.50 ft, assum- 
ing that all the kinetic; cnc^rgy at 2 is dissipated. Use Eq. (5.9). 


14.9. A Kaplan turbine has a casing diameter of 16 ft, a hub diameter of 6 ft, a 
speed of 120 rpm, and a discharge of 7,000 cu ft per sec. The circulation just upstream 
from the runner is 2407r sq ft per sec and is zero in the draft tube, (o) Assuming shock- 
less entry of the water into the runner, find the entrance and exit blade angles at a 
5-ft radius, (b) Find the pow'er output. 

14.10. What type of turbine wall be required in order to develop 6,500 hp at 530 rpm 
under a head of 650 ft? If only 850 hp is to be developed, what type of turbine should 
be used? 


14.11. A model of a Francis turbine one-fifth of full size develops 4.1 hp at a speed 
of 360 rpm under a head of 5.9 ft. Find the speed and power of the full-size turbine 
when operating under a head of 19 ft. Assume that both model and full-size turbine are 
operating at maximum efficiency. 

14.12. In the development of the power of a certain river, it is found that the mean 
annual discharge is 6,(X)0 cu ft per sec and the mean head is 40 ft. What type of turbine 
should be selected if it is to run at 180 rpm, use half of the water available, and have an 
efficiency of 85 per cent? 

14.13. (a) Assuming that the maximum relative velocity on the blades of the 
turbine of Prob. 14.9. is 1.2 times as great as the relative velocity at the runner entrance, 
determine whether cavitation will appear first at the root or tip of the blades. (6) Neg- 
lecting the loss in the guide vanes and runner blades, assuming that the hydraulic 
efficiency Tj/rjm is 94 per cent, and taking atmospheric pressure as 14.7 psia and the 
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vapor pressure as zero, find the maximum allowable height of the turbine runner above 
the tail-water level. 


Chapter XV 

Mechanical efficiency rjm = 1.00 in all problems for this chapter. 

16 . 1 . The following are known for a centrifugal water pump (see figure of Prob. 6.9) : 

r\ — 2 in. 7*2 = 6 in. 

hi = 0.75 in. 62 = 0.50 in. 

pi — 120 deg P 2 = 150 deg 

N — 1,800 rpm 

The gauge pressure is 45 lb per sq in. at a point on the discharge pipe which is 6.0 ft 
above th(^ water level in the reservoir from which the pump draws water. The diameter 
of the discharge pipe is 6.0 in. N(‘glect losses in the entrance pipe, assume shockless 
entry of water onto the blades at 1, and take Vt^ = 0. (a) Draw the entrance and exit 
velocity diagrams, (b) Determine the discharge rate, (c) Find the shaft horsepower. 
(d) What is the efficiency? 

15 . 2 . A centrifugal pump operates at 150 radians pfT s(ic and requires 294 hp. 
Determine the flow through the pump if the absolute velocity of the water at the entrance 
has no tangential component and 

Ti = 8 in. 
fh — 1 in. 
p = 1.94 slugs/ft* 
ft = 135 deg 

(See figure of Prob. 6.9) 

16 . 3 . A 10-bladod axial-flow fan with guid(» vanes, hub, and housing draws in air 
from a room in which the air is at rest (see Fig. 15.6). The casing radius is 1.0 ft, the 
hub radius is 0.5 ft, the speed is 2860 rpm, p.i — pi = 14 Ib/ft^, and the air density is 
2.38 X 10“® slug per cu ft. At a radius r = ^6 ft the absolute tangential velocity of the 
air at 2, Vt^ = 26.3 ft/sec, and the angle between the relative air velocity Wi and cor is 
15 deg. (a) Find the discharge rate, (6) Find the tangential force per unit length on 
one blade at r — % ft. (c) Find the total torque exerted on the fan wheel, (d) What 
is the efficiency of the fan? 


16 . 4 . For the fan of the preceding problem, compute that part of the kinetic energy 
passing section 2 per second which results from the tangential velocity Vt.,. Assume, 
as usual, that rV* is independent of r. Note that, if the guide vanes are removed, all 
this kinetic energy will be wasted. Show then that, if friction in the guides is neglected. 


Vno = Vo 


ln(ro/ri) 

o)ro 1 — {ri/voY 


where Vng is the efficiency without guides, Vo is the efficiency with guides for the same 
input power and discharge, F<2,o is the tangential velocity at 2 at the casing, and co is 
the angular velocity. 


16 . 6 . A certain water pump tested at 2,000 rpm discharges 6.0 cu ft per sec against 
a head of 340 ft. At this capacity, the efficiency is 88 per cent. If a geometrically similar 
pump of twice the size runs at 1,500 rpm, find its discharge, head, and power for the 
same efficiency. 
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16 . 6 . The curves shown refer to a 
centrifugal pump A discharging water. 
A geometrically similar pump B having a 
diameter 50 per cent greater than that of 
pump A and discharging oil of specific 
gravity 0.84 operates at 1,750 rpm. Neg- 
lecting the effect of friction, find the head 
developed and the necessary horsepower 
input for pump B at its maximum effi- 
ciency. 



4 5 6 7 8 9 

Discharge, ft.Vsec. 

Problem 15 . 6 . 


16 . 7 . The following test data apply to a centrifugal water pump having impeller 
diameter D ~ 0.875 ft and running at n — 24.2 rps. 


Discharge, 

Ft^/sec 

Head, 

Ft of water 

Efficiency, 

/V 

2.23 

70 

72 

2.67 

67 

77 

3.12 

64 

84 

3.57 

60 

88 

4.02 

55 

86 

4.46 

44 

78 


Geometrically similar pumps having impeller diameters of 0.750 and 0.667 ft are 
available. Either of these can run at 29.2, 24.2, or 19.2 rps. (a) Select from among 
these the most suitable combination for a pump that is to produce a head of 51 ft of 
water at a discharge rate of 1 .90 cu ft per sec. (5) Compute the power input required 
for the pump chosen in part a. 

16 . 8 . The following are given for an axial-flow fan: Discharge rate — 20 ftVsec, 
pressure rise = 5.0 Ib/ft^, specnl = 1,200 rpm, casing radius = 0.60 ft. Air pressure 
and temperature are 14.7 psia and 70 F. The blades are to have NACA 4412 sections. 
Assuming that blades and guide vanes have the same value of €, the drag-lift ratio, 
determine a suitable hub radius, number of stages, number of blades, t, a, and 
a -h at hub and tip. (These symbols are defined in Art. 15.4.) 

16 . 9 . Derive Eq. (15.41). 

16 . 10 . Referring to the notation of Fig. 15.1, assume that a centrifugal compressor 
has blades which are radial at exit 3. Assume further that the flow is isentropic and 
the fluid a perfect gas. Using the results of Art. 15.5, plot ps/pi as a function of m/m* 
for several constant values of cors/Cs. Consider the following ranges of the variables: 

1.4 ^ ^ $ 2.0 0.7 < < 0.9 

Pl C/8 

Take At/Ai = Vs and A: = 1.4. Compare your plot with Fig. 15.13, 
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Chapter XVI 

16 . 1 . A 6-ft-diameter ship propeller develops a thrust of 4,000 lb in fresh water 
when the velocity of the ship is 25 mph (a) What is the ideal efficiency? (b) What 
is the absolute velocity of the slipstream at some distance from tlie propeller? 

16 . 2 . A i)ropeller of the scries shown in Fig. 16.6 is to absorb 1,000 hp at 1,200 rpm 
and a speed of 225 mph at s(ia level, (a) Determine the blade angle at the J^-radius 
point, the efficiency, and the diameter, (b) Find the thrust and ideal efficiency. 

16 . 3 . A three-bladed propeller 18 ft in diameter absorbs 3,000 hp at 800 rpm when 
moving at 400 mph at a 25,000-ft altitude. The efficiency is 0.81. (a) Find the thrust 
Fn and the torque T. (b) If, at the ?i-radius point, dFn/dr ~ 130 Ib/ft and dFtjdr 
= 145 Ib/ft, find dLjdr and dDjdr at this point. Neglect any additional velocity caused 
by contraction of the stream, (r) Assuming a lapse rate X = Hoo F/it, ground-level 
pressure and temperature of 14.7 psia and 60 F, and a lift coefficitnit of 0.35, find the 
blade width (chord) at the ?i-radius point. What is the drag coefficient of this blade 
element? 

16 . 4 . A model propeller 3 ft in diameter is tested in a wind tunnel having an air- 
stream si>eed of 300 ft per sec. The pressure and temperature of the air are 14.7 psia 
and 60 F. At a rotational speed of 40.5 rps, tliis i)ropeller absorbs 31.8 hp and produces 
a thrust of 47.0 lb. (a) What is the efficiency of the propeller? (6) A geometrically 
similar propeller 12 ft in diameter moves at 400 ft per sec relative to the undisturl)ed 
air. At what rotational speed can the power and thrust of this propeller be computed 
from the above model data if friction and compressibility are neglected? (c) Find the 
power and thrust of the 12-ft propeller if it operates at a 25,000-ft altitude. Assume 
ground-level conditions as above and a lapse rate of 3^oo F [)er ft. 

16 . 6 . Assuming steady flow with respect to a ram jet traveling at constant velocity 
through the atmosphere, find, by use of the momentum theorem, the force that must 
be exerted on the ram jet to enable it to pick up air at a constant mass rate m. What 
work is done on the ram jet per unit time by this force? 

16 . 6 . The velocities of liquid propel- 
lant and gaseous combustion products 
relative to a steadily moving rocket are 
shown in the figure. To a good approxi- 
mation, W\ (;an be neglected, and the 
heating value of the propellant Cp can be 
taken equal to /is, the enthalpy per unit 
mass of propellant entering the combus- 
tion chamber at 3. Show by applying 
the steady-flow energy equation that 



where ht is the enthalpy per unit mass 
by the equation 


of (burned) propellant at 2 and ijo is defined 

- ^ 
ep 
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16 . 7 . The velocities and mass rates 
of flow of air, gas, and licjuid fuel relative 
to a steadily moving jc^t-pro pulsion unit 
are shown in th(; figure*. To a good ap- 
proximation, W'l (;an be neglected, and 
e/nif — hittia 4- whe^re hi and hz 

are enthalpy per unit mass at 1 and 
3, respectively, (a) Show by applying 
the steady-flow energy e(|uation that 

Wl ^ W] Wa ^ rrif 
2 2 ?na + w/ -f- ni/ 


( 1 ) ( 2 ) 



I Fuel 
W 3 


Problem 16.7, 

, W'i nia , rtif 

h‘2 = o — 1 ^ i 

2 iHa + nif rria 4 W/ 


where r/o is deifined by the equation 

e./mj — hiima 4 w/) 

^0 = — — - 

e/Wf 

(b) Show that this definition of t]o is identie^al with that given in the preceding problem. 
(Note that e/m/ — Cj,7?q, for a given fuel.) 

16 . 8 . (a) If the efficiem^y rj of a jet-propulsion unit is defined as the ratio of the 
useful power output to the energy per unit time sui)])lied by the fuel, show (with the 
aid of the results of the preceding problem) that 

(1 4 - 1 

v = 27)0--^ J 

where x — Wi/Wx and a — yrif/nia. (b) Noting that to a good approximation a can 
be neglected in comparison with unity, plot rj/7}o as a function of x. 

16 . 9 . Assuming the maximum velocity of a V-2 rocket to be 5,130 ft i)er sec and 
neglecting air resistance and any variation in g, find the height to which the rocket will 
rise above the point where the maximum velocity is attained. 

16 . 10 . (a) Assuming that the initial and final weights of a V-2 rocket are 27,000 lb 
and 9,000 lb, respectively, that the relative jet velocity is constant and equal to 6,500 ft 
per sec, and that propellant is discharged at a uniform rate, find the height above the 
earth reached by the rocket at the end of the burning time of 60 sec. Neglect air 
resistance and variations in g. {b) What is the total height attained? (See preceding 
problem.) 

16 . 11 . A jet-propulsion unit uses 40 lb of air per pound of fuel at an over-all efficiency 
of 1 5 per cent when moving at a velocity of 8CK) ft per secL Assuming a value of rjo = 0.25, 
find the specific impulse (thrust per unit weight of fuel). 


Chapter XVII 

17 . 1 . A radial-bladed fluid coupling has the characteristic curve of Fig. 17.2 
corresponding to the larger value of Reynolds number. The specific gravity of the oil 
is 0.89. (a) What diameter must the coupling have to transmit a torque of 200 ft-lb 
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at 3,000 rpm and a slip of 5 per cent? (6) If the slip is doubled, what is the necessary 
diameter? 

17.2. An automobile has the following characteristics: Total weight is 3,000 lb; 
maximum engine brake torque is 150 ft-lb over a speed range of 1,000 to 3,600 rpm; 
reduction ratio in differential is 4 to 1 ; tire diameter is 28 in. ; a 1-ft-diameter fluid 
coupling having the upper characteristic curve of Fig. 17.2. is attached to the engine 
shaft, (a) What car speed is attained at an engine speed of 3,600 rpm if the torque 
transmitted is three-quarters of the maximum? (h) What is the approximate efficiency 
of th(j coupling under these conditions? (c) Assuming a constant engine speed of 3,600 
rpm and that the over-all drag of the car varies as the square of the car speed, find the 
engine torque, coupling efficiency, and car speed when the car (climbs a grade of 4 per 
cent. 

17.3. The torque cocflTicient of a fluid coupling of given design is found to follow 
the law 

Ct = = o.ooso/i - 

\ Up/ 

where T is the torque, p is the density of the operating fluid, Wp and oJa are the angular 
speeds of the primary and s(M‘.ondarv shafts, respectively, and D is the diameter. F^ind 
(jjp for a coupling 1 ft in diameter filled with oil of density 1.65 slugs per cu ft if the output 
is 15 hp and the efficiency is 98 per cent. 

17.4. A fluid coupling having diameter D — 1.20 ft transmits a torque T — 194 ft-lb 
at a slip of 3 per cent when connected to an engine shaft turning at 2,000 rpm. A 
geometrically similar coupling is to be used to deliver 20,000 hp to a propeller shaft 
turning at 600 rpm. Find the diameter of this coupling if it operates on oil of the 
same density as the other. 

17.6. A certain automotive hydrodynamic torque converter having the characteris- 
tics of Fig. 17.5 develops an output torque of 300 ft-lb at an output-shaft speed of 1,000 
rpm when operating at maximum efficiency, (a) What arc the input torque and speed 
under these conditions? (h) What is the efficiency? (c) If the input torque and speed 
are held constant and the output torque is doubled, what will be the output-shaft speed? 

17.6. Two torque converters of the same design having diameters D and D run 
at maximum efficiency. Both use the same kind of oil and are filled to the same fraction 
of the total volume. Neglect frictional effects, and assume that a>j, = 2wpandZ)' — D/2. 
(a) How do the torque ratios T^/Tp and T'JT' compare? (b) What is the value of 

17.7. A torque converter is to be designed which is similar to that described in 
Art. 17.5 and shown in Fig. 17.4, except that the trailing edges of the primary and 
secondary blades are curved backward, instead of being normal to the direction of 
blade motion. The trailing edges of the primary vanes make an (acute) angle ^2 with 
the tip velocity C0pr2. The trailing edges of the secondary vanes make an (acute) angle 
jSs with the tip velocity oj^rs. The guide vanes are the same as in Fig. 17.4. The con- 
verter is to give a torque ratio T^/Tp = 2.2 when the shock losses are zero. Under 
these conditions it is assumed that the friction losses amount to 14 per cent of the 
power input, f.c., the efficiency is 86 per cent. If n = 2.50 in., t% = 7.00 in., ft = 45 deg, 
A 57 sq in., = 200 radians /sec, and the specific weight of the oil is 0.0298 lb per 
cu in., find r 2 , ft, ft, and the input horsepower. 

17.8. A torque converter is identical with that shown in Fig. 17.4 and has n 
« 2.50 in., r 2 = 5.42 in., rz — 7.00 in., ft = 45 deg, and A - 57 sq in. {a) Taking 
only shock loss into account, set up an expression for the efficiency; combine this with 
Eq. (17.17) to determine Q tan ft/Awprs as a function of Wa/Wp. (5) What is the per- 
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centage variation of Q tan fit/AcOprs from a mean value? Is the assumption that this 
expression is constant justifiable as a first approximation in computing the optimum 
value of coa/c^p, as in Art. 17.5? (c) Find the approximate value of the maximum 

efficiency. 


Chapter XVm 

18 . 1 . A rotary displacement pump is tested at constant speed and full stroke by 
throttling the discharge to produce different values of Ap, the pressure rise across the 
pump. If the friction torque 7/ is constant, find the torque efficiency and power input 
in terms of Ap, Dp, T/, and cop. 

18 . 2 . A hydraulic! transmission consists of a variable-stroke pump and a fixed- 
stroke motor, having equal displacements. Dp = Dm- Assume a constant over-all 
torque efficiency of 90 per cent and a constant leakage rate of 5 per cent of the pump 
displacement per unit time {Qi = 0.05Dpcop). Plot the over-all efficiency as ordinate, 
using as abscissa (a) pump stroke and (6) percentage of maximum motor speed. 

18 . 3 . A hydraulic transmission comprising a constant-displacement pump and 
variable-displacement motor is to do work at a uniform rate of 20 hp over an output- 
si:)eed range of 800 to 1,800 rpm. Assuming a pressure rise of 1,700 lb per sq in. at the 
pump and reasonable values for the efficiencies involved, determine the approximate 
displacement per revolution of the hydraulic motor. 

18 . 4 . Calculate the leakage flow rate past a stationary piston if the piston length 
is 1.00 in., piston diameter is 1.00 in., pressure difference between the ends of the piston 
is 1,500 lb per sq in., viscosity of oil is 2.00 X 10"^ lb-sec per sq in., uniform radial 
clearance between piston and cylinder is 0.0010 in. Assume fully developed laminar 
flow throughout clearance space. 

Noi'e: Equation (12.10) is the starting point for the solution of this problem. 
The clearance is so small (!t)mpared with the radius of the piston that the flow may be 
considered identical with that between parallel planes. 


18 . 6 . Solve the preceding problem if the piston has a constant velocity of 10 ft 
per sec in the direction of the pressure drop. 


18 . 6 . A dashpot consists of a piston of diameter D and piston rod in a closed cylinder 
through both end plates of which the piston rod extends. The cylinder is completely 
filled with oil of viscosity which flows through four small holes of diameter d drilled 
axially through the piston, when the piston moves along the cylinder. The length of 
the piston is Z, and its mass is m. Neglect leakage, friction force on the piston, and 
compressibility; and consider both the cross-sectional area of the piston rod and that 
of the four holes to be negligible compared with 7rD*/4. (a) Assuming that Poiseuille^s 

law applies to the flow through the holes in the piston and neglecting the mass of the 
oil and piston rod, set up the equation of motion of the piston under the action of an 
external force Fo. (6) Show that the solution of this equation is 


X 


— fe-”^ 


- 1 + «<) 


if the displacement and velocity, x and dx/di^ are both zero at ^ = 0. The constant a is 
to be expressed in terms of known quantities 

18 . 7 , The following are given for an elevator driven by an electric motor through a 
hydraulic-displacement transmission: 
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Limiting acceleration of cab = ± ^ 

Limiting velocity of cab = d= 500 ft/min 

Distance between stops — 17 ft 

Assume a variable-stroke pump and a fixed-stroke motor, with Dp ^ Dm- Neglect 
leakage, (a) What is the relation between the stroke-control setting Sp and the speed 
of the motor shaft, com? (^) If the hydraulic-motor shaft is automatically geared to 
the stroke-control shaft at a distance h before a stop, determine k and the time required 
for the cab to travel a distance 0.99h. Assume that the cab is traveling initially at its 
limiting speed and that the initial deceleration has its limiting value, (c) Sketch the 
velocity-distance and velocity-time diagrams for single-floor operation. 

18 . 8 . The following additional information is given for the elevator of the preceding 


problem: 

Weight of cab, W 2,5001b 

Weight of counterweight, Wi 2,250 lb 

Radius of drum for cable, r 15 in. 

Leakage constant Qi/ApcopDp 5 X 10“® in.*/lb 

Displacement Dp — Dm 3.67 in.Vradian 

Pump speed Np — cop60/27r 600 rpra 

Motor torque efficiency Ptm LOO 


(a) Find the speed of the hydraulic motor at a cab speed of descent dz/dt = — 500 
ft/min. (b) Assuming that the cab just fails to oscillate when it is brought to rest and 
that the initial deceleration and velocity are d^zjdi^ = 0 and dzjdi — — 500 ft/min, 
find the value of h, (c) Compute the maximum deceleration. 

18 . 9 . Assuming that the stopping period for the elevator of the preceding problem 

begins at i = 0 and that the values of height, velocity, and acceleration at i = 0 are 
2 = = 10.8 ft, dzjdi = — 600 ft/min, find the time required for z to reach tin- 

value /i/lOO = 0.108 ft. Also determine the maximum deceleration during thestoi)ping 
period. 

18 . 10 . An ideal displacement servomechanism with proportional control has the 
following characteristics: Moment of inertia of load is 0.350 lb-in. sq sec, pump speed 
is 1,800 rpm, displacement of pump or motor is 2.00 cu in. per radian, pinion to ring-gear 
ratio of differential is 1 to 4, gear ratio from output shaft to differential is 1 to 1, pump 
stroke-control shaft turns 30 deg from neutral to full stroke, motor has a fixed stroke, 
(a) Compute the time constant ojq. (5) Plot aJdojiOi against adi when a velocity step 
signal ddijdt = coi = constant is applied at i = 0 and maintained for all later times. 
Assume 6o - ddo/dt = 0 at < = 0. 

18 . 11 . The servomechanism of the preceding problem is no longer supposed to be 

ideal but to have a leakage of 5 per cent of the maximum displacement of the pump 
when the pressure rise across the [)ump is 1,000 lb f)er sq in. The viscosity of the oil 
is 2.0 X 10“* lb-sec per sq in. {a) Compute the leakage cf^fficient Ci defined in Eq. 
(18.15). (5) Determine the value of the elastic coefficient [Eq. (18.32)] at which 

the system becomes unstable, (c) If has twice this limiting value, plot the response 
curve, as in F’ig. 18.27. 

18 . 12 . An ideal linear hydraulic servomechanism has proportional-plus-derivativc 
control, ».e,, 


d 
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(a) Show that the transfer function f for this servomechanism is expressible in the form 

1 + f _ z/(ji)rOa 

f " 2 -f C./G. ^ 

(b) Make a rough plot of this transfer function, similar to Fig. 18.25, and determine 
therefrom the stability (criterion and the a|)proximate form of the frequency-response 
curve. What is peculiar about the limiting value of the response as the frequency 
increases? (r) Compute the transient response to a displacement step function di — Ci. 

18 . 13 . An ideal linear hydraulic servomecdianism has proportional-plus-integral 
control, i.e., 

Si. = c.idi - do) + - 0 „) dt 


(a) Sliow that the transfer funetinn f for this servomechanism is expressible in the form 


1 + r 

f 


Cx)p(CgZ -j- Ha) 


x + 1 


(b) Make a rough plot of tliis transfer function, similar to Fig. 18.25, and determine 
therefrom the stability criterion and the approximate form of the frequency-response 
curve, (c) D(d-ermine the transient response to a velocity step signal dOi/dt — ci)» 
= constant, and show that the steady-state error is zero. (Note the statement at the 
end of Art. 18.12 regarding steady-state error and shape of the transfer-function curve.) 
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cal similitude in, 116 
around a corner, compression, 270 
expansion, 268 
in a nozzle, 164 
in a pipe, 176-179 
Compressible fluid, statics of, 45^ 53 
Compression modulus, 45 
Compressor, centrifugal, 376-380 
Conduits, incompressible flow in, 122/. 
Conservation of mass, 56/ 

Continuity equation, 56/. 

Continuum, 4 
Contraction, sudden, 153 
Convection, 27 
Coulomb, C., 331 

Critical Mach number, definition of, 206 
of high-speed airfoil, 210 
Croft, H., 149 

Cyclic flow, energy equation for, 82 
Cylinder, flow pattern for, without circu- 
lation, 226 

Cylinder (of internal-combustion engine), 
lubrication of, 338 

D 

d’Alembert’s principle, 41, 113 
Dayton, R., 337 
Density, definition of, 11 
of oil, 283 

of various fluids, 449-452 
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Diameter, equivalent, 149 
Diffuser efficiency, 348 
Dimensional analysis, 14, 98^. 
of compressor, 378 
of propeller, 385 
of pump or fan, 366 
of turbine, 353 

Dimensional homogeneity, 104 
Dimensional system, 102 
Discharge coefficient, for nozzle, 156, 157 
for orifice, 157, 158 
Doublet, 225 
Down-wash velocity, 244 
Draft tube, 348 
Drag, definition of, 182 
Drag coefficient for compressible flow, for 
an airfoil, 211 
for projectiles, 211 
for sphere, 213 
subsonic, 207 
supersonic, 211-214 
transonic, 207-210 
for cylinder, 201 
definition of, 183 
for flat plate normal to flow, 198 
for low-drag airfoil, 196-197 
for a sphere, 201 
for surface vessel, 204-206 
for various bodies, 183 

{See also Laminar boundary layer; 
Turbulent boundary layer) 

Dry friction, mechanism of, 33 1 -335 
Dry den, H,, 135, 194 
Dynamical equations of ideal fluid, ^2ff, 
Dynamical similitude, 113 

E 

Eksergian, R., 409, 412 
Elevation, measurement in atmosphere, 49 
PJnergy, internal, 79 
intrinsic, 81 

Energy of adhesion, 319 
Energy balance for a slipper bearing, 298 
Energy equation, 80^. 
and Euler equation, 83 
for moving axes, 86 
for rotor, 95 

Enlargement, sudden, 152 
Enthalpy, definition of, 172 
Entropy, change in a shock wave, 175, 273 
definition of, 174 


Equilibrium, of atmosphere, isothermal, 
47 

polytropic, 48 
conditions for, 18 
definition of, 15 
dynamic, 41 
of floating bodies, 34 
of submerged bodies, 32 
Equivalent diameter, 149 
Equivalent length for a pipe fitting, 151 
Ernst, H., 332, 336 

Error of a servomechanism, definition of, 
429 

Euler, L., 14 
Euler’s equation, 67 
and energy equation, 83 
for pumps, 362 
for turbines, 346 

F 

Fanno line, 176 

First law of thermodynamics, 79 
Flash point, 284 
Floating bodies, 34-40 
Flow, laminar and turbulent, 10 
rotational and irrotational, 10 
Fluid, definition of, 1 

perfect (or ideal), definition of, 3 
Fluid coupling, analysis of, 406-408 
description of, 404-406 
as vibration damper, 408 
Fluid mechanics, definition of, 1 
Fottinger, H., 410 
Force, 99 

Forces, on an element of ideal fluid, 64-66 
Free surface, and gravity force, 116 
Friction coeflicient, values for various 
amounts of additive, 322 
values for various materials, 334 
values for various surface finishes, 327 
Friction drag, definition of, 184 
Friction factor, for compressible flow in a 
pipe, 178 
definition of, 125 
Fritsch, W., 139 
Froude, W., 116, 121, 204 
Froude number, physical significance of, 
114 

Froude’s law, 120 
Fuhrmann, G., 187, 225 
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G 

Gas, definition of, 3 
Gauges, pressure, 31 
Gebelein, H., 148 
German standard nozzle, 156, 157 
German standard orifice, 157, 158 
Glauert, H., 259 
Gradient, 17 
Gravity, efTe(;t on jet, 69 
Gravity force, 15 
and free surface, 116 
Gravity potential energy, 68 
Grease, 324 

H 

Hagen, G., 122, 130 
Hagen-Poiseuille law, 130 
Helmholtz, H. von, 14, 198, 199, 254 
Hersey, M., 282 
Hodograph method, 273 
Hodograph plane, 269 
Hofmann, A., 149 
Hot-wire anemometer, 135 
Hydraulic accumulator, 424 
Hydraulic circuits, 416-417 
Hydraulic press, 24 
Hydraulic radius, 149 
Hydraulic transmissions, auxiliaries, 423- 
424 

circuits for, 416-417 
description of, 414^16 
error-controlled (see Servomechanisms) 
operating fluids for, 424-425 
pumps and motors for, 417-423 
theory of, 425-429 
Hydraulic turbines, 341^. 
axial-flow, 352-353 
impulse, 341-345 
mixed-flow, 345-351 

Hydrodynamic lubrication, definition of, 
278 

theory of, 285ff. 

Hydrostatic equation, 18^. 

applications of, 22^. 

Hydrostatic paradox, 24 

I 

Impulse turbine, 341-345 
Induced drag, 245 


Induced velocity, 235 
Inertia force, 41 
Intermittent ram jet, 389 
Internal energy, 79 
Intrinsic energy, 81 
Irrotational motion, 73 

J 

Jet propulsion, 389^. 

Jones, B. M. (Sir Melville Jones), 249 
Joukowski, N., 14, 239, 247 
Journal bearing, criteria for safe operation, 
312 

dynamically loaded, 306 
with forced oil circulation, 310 
friction coefficient for, 304 
side leakage in, 305 
theory of, 301 ff. 

K 

K4rm4n, Th. von, 122, 139, 147, 148, 189, 
192, 199 

Kelvin, Lord, 14 
Kinematic viscosity, 126, 131 
for various fluids, 449-452 
Kingsbury, A., 281, 290, 306, 316 
Kirchhoff, G., 14, 198, 199, 254 
Kutta, W., 14, 239, 247 
Kutta- Joukowski law, 239 

L 

Lamb, H., 14 

Laminar boundary layer on a flat plate, 
drag coefficient for, 188 
thickness of, 188 
Laminar flow in a pipe, 128-134 
development of, 131-134 
Laminar sublayer in a smooth pipe, 137 
Lanchester, F., 14, 243 
Langhaar, H., 123, 132 
Laplace’s equation, 221, 232 
Lapse rate, 48 
Lasche, O., 313 
Lift, on a cylinder, 239 
definition of, 182 
for a finite wing, 243^. 
for an infinite wing, 239 
in supersonic flow, 265 
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Lift coefficient, for compressible flow, sub- 
sonic, 258 

supersonic, 263-265 
definition of, 241 
Liquid, definition of, 3 
Lubricants, molecular structure of, 316 
raonomolecular film of, 320 

M 

Mach angle, 162 
Mach line, 162, 267 
Mach number, 7, 73 
physical significance of, 117-119 
Madison, R., 149 
Magnus effect, 237 
Manometers, 23, 27-31 
Mass, 100 

Merchant, M., 332, 336 
Metacenter, 36 
Metacentric height, 37-39 
Michell, A., 281, 290 
Millikan, C., 144 
Mixed-flow turbines, 345 
Mixing length, 145 

Molecular structure of lubricants, 316 
Molecule and continuum, 11-12 
Momentum equation for a boundary 
layer, 189 

Momentum principle, S7ff. 

Momentum theory, of a propeller, 381 
of a windmill, 387 

Monomolecular film of lubricant, 320 
Morgan, F., 306, 313 
Muskat, M., 306, 313 

N 

Newton, Isaac, 87, 100 
Newton’s second law of motion, 62 
Nikuradse, J., 123, 142, 144, 146 
Noncircular conduits, 148 
Nozzle, compressible flow in, 164Jf, 
for flow measurement, 155 
shock wave in, 170-176 

O 

Oil, specific gravity of, 283 
specific heat of, 284 
Oiliness, 316 


Orifice, discharge from, 69 
for flow measurement, 156 

P 

Parallel flow, 222 
Parker, J., 149 
Path line, 55 
Pelton turbine, 341-345 
Perfect fluid, definition of, 3 
Perturbation theory, for subsonic flow, 259 
for supersonic flow, 266 
Petroff, N., 280 
Petroff equation, 300 
Physical similitude, 112 
Pi (U) theorem, 105^. 

Pipe, incompressible flow in, 122^. 

Pipe bends, 149 

Pipe fittings, 151 

Piston ring, lubrication of, 338 

Pitot, 70 

Pitot-static tube, 71 
Pitot tube, 70 
Point source of sound, 160 
Poiseuille, J., 122, 130, 282 
Polar diagram, 248 
Polar molecule, 319 
Potential, gravity, 19 
Potential energy, 20 

Potential functions for fluid motion, 2l7ff. 
Potential vortex, 76 
stream function for, 234 
velocity potential for, 234 
Prandtl, L., 14, 122, 145, 244, 246, 259,269 
Pressure, center of, 26 
definition of, 13 
gauge, 22 

measurement of, 27-31 
static distribution in liquid, 20 
on walls, 25 

Pressure distribution, on a cylinder, 226 
on a rounded body, 202 
Pressure drag, definition of, 184 
Pressure force, 15-17 
Pressure gauges, 31 
Profile drag, 248 

Jones’ method for measuring, 249-252 
Propeller, blade-element theory of, 384 
dimensional analysis of, 385 
ideal efficiency of, 383 
momentum theory of, 381 
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Propeller and engine, efficiency of, 391 -*394 
Properties of fluids, 45, 449 
Propulsive (ideal) efficiency, 383 

R 

Ram jet, 389 

advantages and limitations of, 396 
efficiency of, 391-394 
intermittent, 389 
Rankine, W., 225 
Rayleigh, Lord, 14, 121, 239 
Rayleigh line, 176 
Relative motion, 54 
Residual drag, 204 
Resistance law, for rough pipe, 141 
for smooth pipe, 139 

Reynolds, O., 115, 122, 134, 135, 137, 280, 
282 

Reynolds number, critical value of, for a 
flat plate, 192 
for a rounded body, 201 
physical significance of, 114 
for pipe flow, lower critical value of, 
122, 135 

ui)per critical value of, 134 
Reynolds stress, 137 
Ridler, K., 333 
Rise time, definition of, 433 
relation to cutoff frequency, 435 
Rocket, 390 

Rocket mechanics, 397-403 
Rocket propellants, 402 
Rolling friction, 337 
Rotation, of a fluid particle, 74^., 221 
uniform, 43 
Rotational motion, 77 
Roughness of pipes, 125 
Running in, 337 

S 

Saybolt second, 131 
Say bolt viscometer, 131, 282 
Schlichting, H., 194 
Schlieren apparatus, 169 
Second law of motion, 62 
Secondary flow, in bends, 149 
in a rectangular duct, 149 
Seizure of a bearing, 336 
Separation, from a boundary, 10 


in compressible flow, 208 
from a rounded body, 201 
from a wing, 253 

Servomechanisms, analysis of ideal, 431- 
436 

analysis of nonideal, 440-445 
definition of, 429 
description of, 429-431 
types of feedback in, 445 
valve-controlled, 446 
Shearing stress, apparent, 124, 136 
Ship-model tests, 120 
Shock wave, 6 
in a nozzle, 170-176 
oblique, 270 
and rotation, 272 
thickness of, 174 
Silicone, 324 
as a hydraulic fluid, 425 
Similitude, 112J’. 

Sinclair, II., 409 
Sink, 223 

Slipper bearing, center of pressure for, 295 
frictional force for, 296 
load for, 295 

pressure distribution for, 294 
velocity distribution for, 291 
Solid, elastic, 3 
plastic, 3 

Sommerfeld, A., 281, 315 

Sommerfeld variable, 303 

Sound, point source of, 160 

Sound propagation in a fluid stream, 165 

Sound velocity, 117 

Source, 223 

Sources and sinks, method of, 224 
Specific gravity of oil, 283 
Specific heat of oil, 284 
Specific speed, of pump or fan, 368 
of turbine, 356 
Specific volume, 45 
Stability, of floating bodies, 36 
of submerged bodies, 33 
Stagnation pressure, in supersonic flow, 
179 

effect of compressibility on, 72 
Starting vortex, 241 
Statics, 5, Ibff. 

Steady flow, definition of, 55 
Steady-flow equations for mass, energy, 
and momentum, 96 
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Steering booster, 447-448 
Stokes’ law, 185 
Stream function, 218^^. 

Stream tube, 55 
Streamline, 55 
Submerged bodies, 32-i34 
Subsonic motion of a body, 162 
Sudden contraction, 153 
Sudden enlargement, 152 
Supersonic motion of a body, 163 
Surface, of discontinuity, 9 
free, of liquid at rest, 21 
Surface roughness, measurement of, 
326 

Sweepback, 275 
Swift, H., 308 

T 

Taylor, G., 148 

Terminal velocity, of airplane, 258 
of sphere, 203 

Thermal conductivity of oil, 285 
Thermodynamics, first law of, 79 
Thoma, D., 358 
Thomsons’ theorem, 232 
Thrust bearing, 290 
Time constant, 433 
Tollmien, W., 194 
Torque, 91 

Torque converter, analysis of, 410-412 
combined with coupling, 412 
description of, 409-410 
Torricelli, E., 69 
Torricelli’s formula, 69 
Tower, B., 280 
Trailing vortex, 243 
Transfer function, 436-440 
Transition on a fiat plate, 193 
Transition layer in a pipe, 138 
Transition temperature, 320 
Turbojet, 389 

advantages and limitations of, 395 
efficiency of, 391-394 
Turbulence in a pipe, 134^^^. 

Turbulence mechanism, 144 


Turbulent boundary layer, on a fiat plate, 
drag coefficient for, 192, 193 
thickness of, 192 
Turbulent core in a pipe, 138 
Two-dimensional flow, definition of, 59 

U 

Units, 102 
Uranium, 401 

V 

V-2 rocket, 401 
Velocity, critical, 6 
for leaving the earth, 400 
of sound, equations for, 117 
Velocity coefficient for a Venturi meter, 
154 

Velocity distribution, in the entrance 
length of a pipe, 123 
in a pipe, laminar flow, 129 
turbulent flow, 143 
relation to shear stress, 129 
Velocity fluctuations in turbulent flow, 13c 
Velocity potential, 230 
Venturi meter, 153 
Viscometer, capillary tube, 130 
Saybolt, 131 

Viscosity, definition of, 2 
of oil, 281 

of various fluids, 449-452 
Viscosity index, 283 
Vortex pair, 236 
Vortex ring, 237 
Vorticity {see Rotation) 

W 

Wall-velocity law for a turbulent flow, 138 
Wave length, 161 
Wear, 336 
Weight, specific, 15 

{See also Gravity force) 

Weisbach, J., 153 
Whirlpool, 77 
Windmill, 387 
Wulff, J., 330 






